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Lecture 10: Variational Autoencoders

✦ Background 

• Autoencoders 

• KL divergence 

• Generative models 

✦ Variational Autoencoders 

• Evidence Lower Bound, Variational Optimization, Reparameterization 

• Hierarchical VAEs, Diffusion
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Autoencoders
3✦ Motivation / goals: 

• Nonlinear dimensionality reduction (data compression) 

• Learning of features / internal structure in the data in unsupervised way

<latexit sha1_base64="8EQXdyJrjyIJhhG79zI9RHnUCvg="></latexit>

Observation space X
<latexit sha1_base64="n47ftmFq3coriKMCLwk8rSQxFO4="></latexit>Latent space Z

<latexit sha1_base64="8EQXdyJrjyIJhhG79zI9RHnUCvg="></latexit>

Observation space X

<latexit sha1_base64="jDIWK5DnwTWLy8ptAK6NIXOuZpw="></latexit>x <latexit sha1_base64="dDiF0f1xWt+JUlKVjcoJfdLlCRs="></latexit>z
<latexit sha1_base64="p9rKCjqHJeX/Ug/frlz2c6ICKs0="></latexit>

xÕ

✦ Usage: 

• Efficient representations, unsupervised pretraining, anomaly detection

<latexit sha1_base64="KjGAB0ePFFGV1ipZG+8+AdkSBT4="></latexit>Decoder
f◊(z)

<latexit sha1_base64="GEWZbud++YjSp32Cm5zI00FrLgQ="></latexit>Encoder
gÏ(x)

<latexit sha1_base64="0Aflp2vE9AWu+OGUyp1Ca88CkVU="></latexit>Reconstruction error,
e.g ., L(x,xÕ) = ÎxÕ ≠xÎ

<latexit sha1_base64="+Q9JhqNYgziYDgAUUSFM+zF+irs=">AAAELHicjVPdatswGHWa/XTeT9vtcjdizVg6QkjC1o1BoawEdtFBRn+hSo2sfLFFLFlISptM+JX2HHuA3Yyx2z3HpDprmxTKPgw6HJ1zLH/+FMuMadNq/awsVe/cvXd/+UH48NHjJyura08PdT5WFA5onuXqOCYaMibgwDCTwbFUQHicwVE82vH7R2egNMvFvplK6HOSCDZklBhHRavfcQwJE5YZ4OwrFCH2CO0CUYKJ5ENYw9 </latexit>

⌅ Learning: Ex≥pú

Ë
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<latexit sha1_base64="8EQXdyJrjyIJhhG79zI9RHnUCvg="></latexit>

Observation space X
<latexit sha1_base64="n47ftmFq3coriKMCLwk8rSQxFO4="></latexit>Latent space Z

<latexit sha1_base64="8EQXdyJrjyIJhhG79zI9RHnUCvg="></latexit>

Observation space X

<latexit sha1_base64="jDIWK5DnwTWLy8ptAK6NIXOuZpw="></latexit>x <latexit sha1_base64="dDiF0f1xWt+JUlKVjcoJfdLlCRs="></latexit>z
<latexit sha1_base64="p9rKCjqHJeX/Ug/frlz2c6ICKs0="></latexit>

xÕ

<latexit sha1_base64="KjGAB0ePFFGV1ipZG+8+AdkSBT4="></latexit>Decoder
f◊(z)

<latexit sha1_base64="GEWZbud++YjSp32Cm5zI00FrLgQ="></latexit>Encoder
gÏ(x)

<latexit sha1_base64="0Aflp2vE9AWu+OGUyp1Ca88CkVU="></latexit>Reconstruction error,
e.g ., L(x,xÕ) = ÎxÕ ≠xÎ

<latexit sha1_base64="TpCk/r7lBQDZfeD1ok/25y/6yfs="></latexit>

min
◊,Ï

1
Ex≥pú

Ë
E”≥N (0,Á)

Ë
L

!
x,f◊(gÏ(x+ ”))

"ÈÈ
– denoising

Ë
max
Î”ÎÆÁ

1
L

!
x,f◊(gÏ(x+ ”))

"2È
– adversarially robust

Ë
L

!
x,f◊(gÏ(x))

"
+

...ÒÏgÏ(x)
...
2

F

È
– contracting

✦ Variants:

• Learn representations robust to small changes in the input 

• Latent space becomes more smooth (similar codes reconstruct similar images)

noisy manifold
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✦ Example of latent space continuity / smoothness: 

• Interpolation in the latent space between 3 and 8: 
(MNIST data, 2-layer MLPs, 16-dim latent space, training: 10 epochs)

CAE:

DAE:

✦ Limitations: 

• No principled way to sample new data 

• There may be clusters and gaps in the latent space 

• No probabilistic interpretation
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KL Divergence
<latexit sha1_base64="D8aUZzUSICqVt08iil4S2XQhZ8M="></latexit>

⌅ Let p(x) and q(x) be two probability distributions.
⌅ Kullback–Leibler divergence of p and q is

DKL(pÎq) =
ÿ

x

p(x) log
p(x)

q(x)

• Definition allows p(x) = 0 by the extension limpæ0p logp = 0

• Defined when supp(p) ™ supp(q), i.e. q(x) = 0 ∆ p(x) = 0

⌅ Properties:
• DKL is a divergence: DKL(pÎq) Ø 0 with equality i� q = p

• Non-symmetric: DKL(pÎq) ”= DKL(q Îp)

• Invariant under change of variables
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KL non-negativity
<latexit sha1_base64="BMCUTGp1fx2wx88FyFIkW3uxgBk=">AAAFUHicjVRdb9MwFM1KByN8bfDIi8WK6KRRtRMMNGnSpDGEYEBhn9IyVY57k1r1V2OnNIQ8wE/kjd/AH+ANnDbd2m6asKr69Piec6+vr+orRrWp13/Nla6V56/fWLjp3rp95+69xaX7h1rGEYEDIpmMjn2sgVEBB4YaBscqAsx9Bkd+dzs/P+pDpKkU+yZRcMpxKGhACTaWai3N/fZ8CKlIqQFOv0LmejlCH6R4KiC0UX1qkg </latexit>

⌅ Non-negativity: DKL(pÎq) Ø 0

• let y(x) = q(x)
p(x)

• The inequality
q

x p(x) log p(x)
q(x) Ø 0 is equivalent to

q
x p(x) logy(x) Æ 0

• Observe that log is concave, apply Jensen’s inequality:

•
q

x p(x) logy(x) Æ log
q

x p(x)y(x) = log
q

x q(x) = log1 = 0.

⌅ From strict concavity follows that DKL(pÎq) = 0 i� p = q

Non-negativity
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<latexit sha1_base64="3oNV5F0Jz5CCAnlQrVKGU+fa4zs="></latexit>

logy2

<latexit sha1_base64="k/FoujG4SU5gx0cuhQexu+rlcvg="></latexit>

logy1

<latexit sha1_base64="t3sxAxOQbyn9n6oC2U9vTfTfMJU="></latexit>

log(p1y1+p2y2)
<latexit sha1_base64="fxq9wiXvQClT5e4ArLrFtfeXt3U="></latexit>

p1 log(y1)+p2 log(y2)

<latexit sha1_base64="whfTr8OhZtjykPwaItV8cfJEHyQ="></latexit>

log(y)

<latexit sha1_base64="jkjVu0L5Z0b6RCbRElswEViYXOA="></latexit>y

<latexit sha1_base64="ywuafXz80NqQx1S0XCLCin6nRzI="></latexit>

⌅ Non-negativity: DKL(pÎq) Ø 0

• let y(x) = q(x)
p(x)

• The inequality
q

x p(x) log p(x)
q(x) Ø 0 is equivalent to

q
x p(x) logy(x) Æ 0

• Observe that log is concave, apply Jensen’s inequality:

•
q

x p(x) logy(x) Æ log
q

x p(x)y(x) = log
q

x q(x) = log1 = 0.

⌅ From strict concavity follows that DKL(pÎq) = 0 i� p = q
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Minimizing forward KL divergence: Minimizing reverse KL divergence:
<latexit sha1_base64="QvamLQ5SnfqqyzbuNXyCJr5U4R8="></latexit>

min
q

DKL(qÎp)

min
q

⁄
q(x)(logq(x)≠ logp(x))dx

<latexit sha1_base64="jITKx2m8WanQRMNORLGqkJy3M4s="></latexit>

min
q

DKL(pÎq)

min
q

⁄
p(x)(logp(x)≠ logq(x))dx

<latexit sha1_base64="BZsavR9Al/g1ZShTr3evjWcufJQ="></latexit>

p(x)
<latexit sha1_base64="1egjWkmcXqOWLeM6WQ91xfBLLUo="></latexit>

q(x)
<latexit sha1_base64="BZsavR9Al/g1ZShTr3evjWcufJQ="></latexit>

p(x)

<latexit sha1_base64="1egjWkmcXqOWLeM6WQ91xfBLLUo="></latexit>

q(x)

<latexit sha1_base64="k506Dl1nGHHNmOCiDphE3kR9Mvg="></latexit>Example: q is Gaussian

<latexit sha1_base64="E9SM/SnlNyrpuByltpGjWhPcqwQ=">AAAEK3icjVPLbtNAFHUaHiW8WliyGdEgpVKxkorXBqmoCrCgUlAorVRH0XhynYwyLzzjNsHyJ/EdfAArEFv+gzuNW+oUIUaWfHzmnDN37oxjI7h17fb32kr9ytVr11dvNG7eun3n7tr6vY9WZymDfaaFTg9jakFwBfuOOwGHJgUqYwEH8XTXzx8cQ2q5Vh/c3MBA0rHiCWfUITVc+xrFMOYq5w4k/wxFI/LoaND4K09eGZPqGZ </latexit>

• Approximates well on average in p

• Matches moments for q in EF (e.g. Gaussian)
• Su�ces to sample from p(x)

<latexit sha1_base64="kr6W5xYvGhtzgeoJJSnv+R2dSjQ="></latexit>

• Approximates well on average in q

• Selects a mode
• Requires log(p)

9

KL Asymmetry
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Generative models

Generative models: Given training data T = {xj | j = 1, . . . ,¸} drawn i.i.d. from an
unknown distribution pd(x), the goal is to learn a DNN model that allows to generate
random instances of x similar to x ≥ pd(x).

Approach this task by using latent variable models:
⌅ fix a latent noise space Z and a distribution p(z) on it,

⌅ design a neural network d◊ that maps Z to the feature space X ,

⌅ learn its parameters ◊ so that the resulting distribution p◊(x) “reproduces” the data
distribution.

latent space image space

decoder
<latexit sha1_base64="4ATP9T8erMD9UHmfGysEaHypk3E="></latexit>

f◊

<latexit sha1_base64="OIhVrceIWmlSYCulEI0Nhf0Flds="></latexit>

⌅ E.g. maximum likelihood learning: logp◊(x) = logpZ(f
≠1
◊ (x))+ logdet

df≠1
◊ (x)

dx

— normalizing flow model, need invertible f◊ with tractable determinant Jacobian

<latexit sha1_base64="slN7UbiYb6d7klmPP6npX7re5VM="></latexit>

Generative models: Given training data T = {xi | i = 1, . . . ,N} drawn i.i.d. from an
unknown distribution pú(x), the goal is to learn a model that allows to generate random
instances of x similar to x ≥ pú(x).

Approach this task by using latent variable models:

⌅ fix a latent noise space Z and a distribution p(z) on it,
⌅ design a neural network f◊ that maps Z to the feature space X ,
⌅ learn its parameters ◊ so that the resulting distribution p◊(x) “reproduces” the data

distribution.
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Generative models

Generative models: Given training data T = {xj | j = 1, . . . ,¸} drawn i.i.d. from an
unknown distribution pd(x), the goal is to learn a DNN model that allows to generate
random instances of x similar to x ≥ pd(x).

Approach this task by using latent variable models:
⌅ fix a latent noise space Z and a distribution p(z) on it,

⌅ design a neural network d◊ that maps Z to the feature space X ,

⌅ learn its parameters ◊ so that the resulting distribution p◊(x) “reproduces” the data
distribution.

latent space image space

decoder

<latexit sha1_base64="9ytbGv2mryQbkcI8/ZJxLM1pYIc="></latexit>encoder
qÏ(z |x)

<latexit sha1_base64="FUaT7eECocGKGHhiyr2hgMSJF2M="></latexit>

p◊(x |z)

<latexit sha1_base64="tdIkflUV+p0nprk0VjBndAqx+4c="></latexit>

⌅ Prior distribution p(z) : N (0,I)
⌅ Decoder: conditional distribution p◊(x |z) : N (f◊(z),‡2I)

• f◊(z) is a (deep, convolutional) decoder network Z æ X .
⌅ Sampling: z ≥ p(z), x ≥ p(x |z), induced marginal distribution p◊(x) = Ez≥p(z)

#
p(x|z)

$

<latexit sha1_base64="v+G3jjbQLPn+MPs0jtb2skOkVGg=">AAAE63icjVJdaxNBFN3UqHX9avXRl8FGSCCGpGgVoVAsAR8UIrUf2ClhdvcmO2S+OjNpk2z3V/gmvvpf/Av+CV/10dnuJk1SEIeFPZy559x7595AMWpss/mztHKjfPPW7dU7/t179x88XFt/dGDkUIewH0om9VFADDAqYN9Sy+BIaSA8YHAYDHaz+8Mz0IZK8cmOFZxw0he0R0NiHdVdLxGEA+hTkVALnE4g9XGGUIKDHmqLUE </latexit>

⌅ Encoder (inference model): qÏ(z|x) will be learned to approximate the decoder
posterior p◊(z|x) (i.e. probabilistic inverse)

⌅ Likelihood: logp◊(x) = Ez≥qÏ(z|x)

Ë
logp◊(x|z)p(z)≠ logqÏ(z|x)

È
if qÏ(z|x) = p◊(z|x)
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Variational Evidence Lower Bound (ELBO)
<latexit sha1_base64="ITp/sBIQLp70LjLk+70poWrOALM=">AAAH9XicjVVdb+NUEPV2W7KEry08wsOIZitHSqOkgl2EVGnVpdIKuiJo6XbRuoqu7Ylz1fvh2tdtEte/gV/AG+KV38Mf4Zm5ttsmacrWsuLJ8cyZ8ZmT2I8FT02v98+DtYfrGx80Hn3Y/OjjTz797PHm529SnSUBHgVa6OStz1IUXOGR4Ubg2zhBJn2Bx/7pC3v/+ByTlGv1q5nGeCJZpPiIB8wQNNxc/93zMeIq5wYln2HR9G </latexit>

⌅ Want to maximize the log-likelihood of the data evidence (◊ ommited):

L =
ÿ

i

logp(xi)

¸ ˚˙ ˝
Evidence

=
ÿ

i

log
ÿ

z

p(xi |z)p(z)

¸ ˚˙ ˝
di�cult in general

=
ÿ

i

log
ÿ

z

q (z |xi)
p(xi|z|p(z)

q (z |xi)
Ø

ÿ

i

ÿ

z

q (z |xi) log
p(xi |z)p(z)

q (z |xi)
¸ ˚˙ ˝

Evidence Lower Bound (ELBO)

Holds for any distribution q (z |xi) by Jensen inequality

<latexit sha1_base64="3UQKxM8YheSLCmcJLDTEIIo4Yds=">AAAIB3icjVXbbttGEGWcuHLVS+L0sS+DWg4oQBYko02CAgYCpwaC1kFVpI5TZA1hSY6ohfZCk0tHEs0P6Gf0C/pW9LWf0b/prCjbkmw3JghxdXbmzPDMIRkkUmS20/n33tr9B+uf1DY+rX/2+RdfPny0+fhtZvI0xKPQSJO+C3iGUmg8ssJKfJekyFUg8TgYvXT7x2eYZsLoX+0kwRPFYy0GIuSWoP7mgz9YgLHQhbCoxBTL+j </latexit>

⌅ Proof using KL (omitting the outer sum in i):

logp(x)

¸ ˚˙ ˝
Evidence term

≠
ÿ

z

q(z|x) log p(x,z)

q(z|x)
¸ ˚˙ ˝

ELBO term

=
ÿ

z

q(z|x)
1
logp(x)≠ log

p(x,z)

q(z|x)

2

=
ÿ

z

q(z|x)
1

≠ log
p(x,z)

p(x)q(z|x)

2

=
ÿ

z

q(z|x) log q(z|x)
p(z|x) = DKL(q(z|x)Îp(z|x)) Ø 0.
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ELBO Optimization
Variational EM Algorithm

30

Log-Likelihood

<latexit sha1_base64="ld5qRNeTfRmbR2jO97fwEEgG65o="></latexit>

q(z|x) = p◊t(z|x)

<latexit sha1_base64="U53kF2IMw0MIlnZ8jo3MBesZn0o="></latexit>

◊t

<latexit sha1_base64="BG2kxHOyCoYLoicJ2dzs8fK7/Vw="></latexit>

q(z|x) – any
bound tightness

<latexit sha1_base64="4u7V9myKIuJt0hV2doGowo3vm/0="></latexit>

ELBO(◊, q) =
ÿ

i

ÿ

z

q(z|xi) log
p◊(xi|z)p◊(z)

q(z|xi)

= Ex≥pú,z≥q(z|x)

Ë
logp◊(x,z)

È
+Ex≥pú,z≥q(z|x)

Ë
H(q(z|x))

È

Like supervised learning

<latexit sha1_base64="GaQJBORbXFRvF3K1OKfqEzJyODg="></latexit>

⌅ Variational EM Algorithm:

• M-step: For current q maximize ELBO in ◊ – like supervised learning (forward KL)

• E-step: For current ◊ maximize ELBO in q – variational inference (reverse KL)

<latexit sha1_base64="KqJy4sd9y29+gCc377z61X7lj9w=">AAAESnicjVPLbhMxFJ00BcrwaAtLNhYJUhdJlFRQEBJSpSqIRSsFlT6kThR5PDeJFb+wPSWpmT/kB/gBPoAdYoMnmZQkrRDWSD5z7rnn2td2rBg1ttn8Xlorr9+5e2/jfvjg4aPHm1vbT06NTDWBEyKZ1OcxNsCogBNLLYNzpQHzmMFZPDrI42eXoA2V4pOdKOhyPBC0Twm2nupt/YhiGFDhqAVOryALoxyhU6zpVIEZah+9DW </latexit>

⌅ Variational EM:
• For current q maximize in ◊

— like supervised learning from pairs x,z

• For current ◊ maximize in q:

In practice we will optimize (1) but due to identity

data fitness part “regularizer”

<latexit sha1_base64="BAqcJOvjJr51/x3EziZPYbHsZno="></latexit>

L(◊) Æ ELBO(◊, q) =
ÿ

i

ÿ

z

q (z |xi) log
p◊ (xi |z)p(z)

q (z |xi)

= Ex≥pú,z≥q(z |x)

#
logp◊(x |z)

$
¸ ˚˙ ˝

+Ex≥pú
#
DKL(q(z |x) Î p(z))

$
¸ ˚˙ ˝

(1)

this is equivalent to approximating the decoder posterior in the reverse KL

<latexit sha1_base64="+z3aN0IHKfd0CvYNUDUMo5IeN7E="></latexit>

ELBO(◊, q) = L(◊)≠Ex≥pú
#
DKL(q(z |x) Î p◊(z|x))

$
(2)
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Variational EM Algorithm
31<latexit sha1_base64="4u7V9myKIuJt0hV2doGowo3vm/0="></latexit>

ELBO(◊, q) =
ÿ

i

ÿ

z

q(z|xi) log
p◊(xi|z)p◊(z)

q(z|xi)

= Ex≥pú,z≥q(z|x)

Ë
logp◊(x,z)

È
+Ex≥pú,z≥q(z|x)

Ë
H(q(z|x))

È

Like supervised learning

<latexit sha1_base64="GaQJBORbXFRvF3K1OKfqEzJyODg="></latexit>

⌅ Variational EM Algorithm:

• M-step: For current q maximize ELBO in ◊ – like supervised learning (forward KL)

• E-step: For current ◊ maximize ELBO in q – variational inference (reverse KL)

<latexit sha1_base64="TZYi+Dqn8RIEPYJBusqnS2HMOf0="></latexit>

◊

<latexit sha1_base64="tXvKESXvFc6EjtDK3BiWlGp62OY="></latexit>q

<latexit sha1_base64="6ekHiBmT/ortsgbpv1EEcKPr0/M="></latexit>

ELBO(◊, q)

Inexact steps are Ok --  
we have a global lower bound! 

ELBO Optimization: Amortized Inference

data fitness part “regularizer”

<latexit sha1_base64="BAqcJOvjJr51/x3EziZPYbHsZno="></latexit>

L(◊) Æ ELBO(◊, q) =
ÿ

i

ÿ

z

q (z |xi) log
p◊ (xi |z)p(z)

q (z |xi)

= Ex≥pú,z≥q(z |x)

#
logp◊(x |z)

$
¸ ˚˙ ˝

+Ex≥pú
#
DKL(q(z |x) Î p(z))

$
¸ ˚˙ ˝

(1)

<latexit sha1_base64="sQpFDEzoQihkHuE6wIdMl4czifM=">AAAHaHicjVVtbxtFEL6aUhfzlsAHhPiyql1kS44VW6QgqkqVkggQLzK0aaNmTbS3N+db+Xb32N1L7GzvJ/Br+Ao/hL/Ar2DWdtLYDi335cbPzj7zzNzMOC5yYd3u7t+3am/dfvtO/e47jXffe/+DD7e2P3pmdWk4HHGda3McMwu5UHDkhMvhuDDAZJzD83iyH86fn4GxQqunblbASLKxEqngzCF0ul37nMYwFsoLB1JcQNWgwS </latexit>

⌅ Consider parametric encoder qÏ(z |x) = N (z,µÏ(x),‡2
ÏI), modeled in terms of a (deep,

convolutional) encoder network eÏ(x) = (µÏ(x),‡Ï(x)) — amortized inference model.
⌅ DKL(qÏ(z |x) Î p(z)): since both Gaussians factorize, can be computed in closed form.
X

⌅ Remains to estimate (stochastically) gradients in ◊ and Ï
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ELBO Optimization: Reparameterization Trick

<latexit sha1_base64="0qjqY46zhFpnM+GARlSLPI2sAOE=">AAAJbHicpVZtbxtFEL4GDMnx1gDfKqSBXJFTXMu2oKBUkao2UZEIxRDSRPW61t7d+Lzy7e31dp237f05/gX/gE9I8ImPzJ0dx3acAOJk6UbPzTzztjNrP42FNo3Gr7dW3niz8tbbq2vuO+++9/4Ht9c/fK7VKAvwIFCxyo58rjEWCR4YYWI8SjPk0o/x0B8+Kb4fHmOmhUp+NmcpdiWPEtEXATcE9dYrHWA+RiKx+GpUYvdyFy </latexit>

ELBO(◊,Ï) = Ex≥pú

Ë
EqÏ(z |x) logp◊(x |z)≠DKL(qÏ(z |x) Î p(z))

È

⌅ Ò◊EqÏ(z |x) logp◊(x |z) : use SGD by sampling z ≥ qÏ(z |x). X
⌅ ÒÏEqÏ(z |x) logp◊(x |z) : this gradient is critical.

We can not replace EqÏ(z |x) by a sample z ≥ qÏ(z |x), because it will depend on Ï!

Re-parametrisation trick: Simple solution for Gaussians:

z ≥ N (µ,‡2
) ≈∆ Á ≥ N (0,1) and z = ‡Á+µ

Now, if µ and ‡ depend on Ï:

ÒÏEz≥N (µÏ,‡Ï2)[f(z)] = ÒÏEÁ≥N (0,1)

#
f(‡ÏÁ+µÏ)

$
= EÁ≥N (0,1)

#
ÒÏf(‡ÏÁ+µÏ)

$



16

ELBO Optimization
<latexit sha1_base64="XMIPffZgtCjFdamKsIRtQweY33g="></latexit>

Overall, the learning step for a (Gaussian) VAE is pretty simple:

Fetch a mini-batch x from training data

1. apply the encoder network gÏ(x) ‘æ
!
µÏ(x),‡Ï(x)

"

2. compute the KL-divergence DKL(qÏ(z |x) Î p(z))

3. sample a batch z ≥ qÏ(z |x) with reparameterization

4. apply the decoder network f◊(z) ‘æ µ◊(z) and compute logp◊(x |z)
5. combine the ELBO terms and let PyTorch compute the derivatives and make an SGD

step.

Strengths and weaknesses of VAEs

⌅ concise model, simple objective (ELBO), can be optimised by SGD X
⌅ local optima, posterior collapse: some latent components collapse to qÏ(zi |x) = p(zi),

and decoder does not depend on them, i.e. they carry no information. 7

⌅ amortised inference models qÏ(z |x) have not enough expressive power to close the gap

between L(◊) and ELBO(◊,Ï) for complex data distributions 7



Example: Latent Space Smoothness
17✦ MNIST latent space bilinear interpolation
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Hierarchical Variational Autoencoders

<latexit sha1_base64="EOfO9chptCao5993/bvisx4WUU0="></latexit>

Closing the gap between L(◊) and LB(◊,Ï):

The latent state z consists of variable groups z1, . . . ,zm.

p◊(x,z) = p(zm)
m≠1Ÿ

i=1

p◊(zi |z>i)p◊(x |z); qÏ(z |x) = qÏ(zm |x)
m≠1Ÿ

i=1

qÏ(zi |z>i,x).

The encoder shares parameters with the decoder, by
assuming

q◊,Ï(zi |z>i,x) Ã p◊(zi |z>i)di(zi,x,Ï),

where the functions di are hidden layer outputs of a
deterministic encoder network whose forward direction
is reverse to the factorisation order of the model.
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Hierarchical Variational Autoencoders

<latexit sha1_base64="cn+bWAK8XtXRYJaO4vdQ7q2RThw="></latexit>

Hierarchical VAEs can be learned by maximising ELBO.

For instance

DKL(qÏ(z |x) Î p(z)) = DKL(qÏ(zm |x) Î p(zm))+
⁄

dzm qÏ(zm |x)DKL(qÏ(zm≠1 |zm,x) Î p◊(zm≠1 |zm))+ . . .

A. Vahdat et al., NeurIPS 2020: A Deep Hierarchical VAE trained on CelebA data.
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Diffusion Models
10/11

Di�usion Models

Di�usion models are homogeneous hierarchical VAEs defined on image sequences
x0,x1, . . . ,xt, . . ..

⌅ The decoder is given by p◊(xt≠1 |xt) and is implemented by a deep network (typically a
UNet). Its parameters ◊ are shared for all t.

⌅ The encoder q(xt, |xt≠1) = N (
Ô
1≠—txt≠1,—tI) is fixed and gradually adds Gaussian

noise to the data.

The limiting distribution of the encoder (for t æ Œ) is pixel-wise independent Gaussian
noise.

The limiting distribution of the trained decoder matches the data distribution.

<latexit sha1_base64="IvpB9F4fSq2RGpYoertDKTOtOwY="></latexit>Di�usion models are homogeneous hierarchical VAEs with the latent spaces same as
image: Zi = X .

⌅ The encoder q(xt, |xt≠1) = N (xt,
Ô
1≠—txt≠1,—tI) is fixed and gradually adds

Gaussian noise to the data. (di�usion forward process)
⌅ The decoder is given by p◊(xt≠1 |xt,—t) ≥ N (xt≠1,µ◊(xt, t),‡2

tI) and is implemented by
a deep network (typically a UNet). Its parameters ◊ are shared for all t.

The limiting distribution of the encoder (for t æ Œ) is pixel-wise independent Gaussian
noise.

The limiting distribution of the trained decoder matches the data distribution.
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Di�usion Models

J. Ho et al., NeurIPS 2020, Denoising di�usion probabilistic models

Diffusion Models

J. Ho et al., NeurIPS 2020, Denoising diffusion probabilistic models


