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4 Background
e Autoencoders
e KL divergence
e (Generative models
4 Variational Autoencoders

e Evidence Lower Bound, Variational Optimization, Reparameterization
e Hierarchical VAEs, Diffusion






Autoenco

4+ Motivation / goals:

ders

e Nonlinear dimensionality reduction (data compression)

e Learning of features / internal structure in the data in unsupervised way
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4+ Usage:
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¢ Learning: E .+ [L(x,x’)} = Egmp {L(:z:,fg(gsp(:v)))}
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Reconstruction error,

e.g., L(r,s') = |[|z"— x|

e Efficient representations, unsupervised pretraining, anomaly detection



Autoencoders
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Reconstruction error,

e.g., L(z,x") = ||z’ —z|

+ Variants: noisy manifold
Igli@n (Exwp* Es~ a0, {L (33, f@(gw(x + 5)»” — denoising g
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_8 .:.\
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L(z, fo(g9,(x))) + vagw(aj)HF} — contracting .

e Learn representations robust to small changes in the input

e Latent space becomes more smooth (similar codes reconstruct similar images)



Autoencoders

4 Example of latent space continuity / smoothness:

e Interpolation in the latent space between 3 and 8:
(MNIST data, 2-layer MLPs, 16-dim latent space, training: 10 epochs)
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4 Limitations:

CAE

e No principled way to sample new data

e There may be clusters and gaps in the latent space

e No probabilistic interpretation






KL Divergence

¢ Let p(x) and g(x) be two probability distributions.
¢ Kullback—Leibler divergence of p and q is

év)
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e Definition allows p(z) =0 by the extension lim,_,oplogp =0

e Defined when supp(p) C supp(q), i.e. ¢(x) =0 = p(x) =0
¢ Properties:

o Dy, is a divergence: Dgy(pl|q) > 0 with equality iff g =p

e Non-symmetric: Dxy,(pl|q) # Dxr(q||p)

e Invariant under change of variables




KL non-negativity

¢ Non-negativity: Dk, (p|lg) >0

o let y(x) = %

e The inequality > _p(x) log% > 0 is equivalent to ) _p(x)logy(x) <0

e Observe that log is concave, apply Jensen's inequality:

o > p(x)logy(x) <log) p(x)y(x)=1log)  q(x)=1ogl=0.
¢ From strict concavity follows that Dky,(p|lq) =0 iff p=¢q

log(y)

—Tog y»

log(p1y1 + p2y2)
p1log(y1) + p2log(yo)
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KL Asymmetry

Minimizing forward KL divergence:

mqiﬂ Dx1.(pl|q)

min
q

/ p(z)(log p(z) — log q(x))dx

Minimizing reverse KL divergence:
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mqin Dx1.(q||p)

min
q

/ 1(z)(logq(x) — log p(x))dz

Example: ¢ is Gaussian
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e Approximates well on average in p
e Matches moments for ¢ in EF (e.g. Gaussian)

e Suffices to sample from p(x)

0.14

0.12

0.10

0.08

0.06

0.04

0.02

0.00

e Approximates well on average in q
e Selects a mode

e Requires log(p)



Generative Models @
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Generative models: Given training data 7 ={z;|¢=1,..., N} drawn i.i.d. from an

unknown distribution p*(x), the goal is to learn a model that allows to generate random

instances of x similar to x ~ p*(x).
Approach this task by using latent variable models:

¢ fix a latent noise space Z and a distribution p(z) on it,
® design a neural network fy that maps Z to the feature space X,

¢ learn its parameters 6 so that the resulting distribution pg(x) “reproduces” the data

distribution.

latent space Z image space X

decoder /

—1
¢ E.g. maximum likelihood learning: logpg(x) :logpz(fg_l(x))—l—logdet dfedx(x)

— normalizing flow model, need invertible fy with tractable determinant Jacobian



(Gaussian) Variational Autoencoders

@ Prior distribution p(z): A (0,1)

¢ Decoder: conditional distribution py(x|2): N (fg(2),

o1

e fo(z) is a (deep, convolutional) decoder network Z — X .

¢ Sampling: z ~ p(z), x ~ p(x|z), induced marginal distribution pg(x)

latent space Z

decoder

image space X
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Ezrvp(z) [p(ZC‘Z)]

pe(x|z)
encoder

qp(2|z)

¢ Encoder (inference model): g,(z|x) will be learned to approximate the decoder

posterior py(z|x) (i.e. probabilistic inverse)

¢ Likelihood: logpy(x) = E.~q,(z|a) 10gp9($|z)p(2’)—10gqgo(2|$)} if g,(z|x) = po(z|z)



Variational Evidence Lower Bound (ELBO) @

¢ Want to maximize the log-likelihood of the data evidence (# ommited): 12
L=> logp(zi) =) log ) p(z;|2)p(2)
h Evic?ernce difficult?rlrgeneral ?
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Evidence Lower Bound (ELBO)

Holds for any distribution ¢ (z|x;) by Jensen inequality

¢ Proof using KL (omitting the outer sum in i):

p(z,2)
logp(x Zq 2|z) log Zq z|z) (logp z) —log )
q(z|z)
N——
Evidence term ELBO term




ELBO Optimization @

13

2)p(2)
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L(0) <ELBO(6,q) ZZQ | ;) log ((

= Byt o 108902 )] + Eonr [Dra(a21) [ p(2))] (1)
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data fitness part “regularizer”

Log-Likelihood

¢ Variational EM: $

e For current ¢ maximize in 0 /.

— like supervised learning from pairs x, z

q(z|x) = pg:(2|z)
I bound tightness

e For current § maximize in g: q(z|z) — any
6)75
In practice we will optimize (1) but due to identity
ELBO(6,q) = L(6) ~ B,y [Dic (a(= | ) || po(212))] 2)

this is equivalent to approximating the decoder posterior in the reverse KL



ELBO Optimization: Amortized Inference @
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L(0) <ELBO(6,q) ZZQ | ;) log ((lli)(z)

— ]E:crvp*,zwq(z | x) [logPQ(aj ‘ Z)] +Eaﬁ~p* [DKL(Q(Z ‘ 37) H p(Z))l (1)

\ &

~\~ ~~

data fitness part “regularizer”

ELBO(6, q)

Inexact steps are Ok --
we have a global lower bound!

q
\/ 0
¢ Consider parametric encoder q,(z|2) = N (2, u,(x),051), modeled in terms of a (deep,

convolutional) encoder network e, () = (p,(x),0,(x)) — amortized inference model.

¢ Dxi(q.(2|) || p(2)): since both Gaussians factorize, can be computed in closed form.
v

¢ Remains to estimate (stochastically) gradients in ¢ and ¢



ELBO Optimization: Reparameterization Trick @
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ELBO(0,9) = Eonpr [y, 2 2 08 Po(z|2) — Dicia,(=]2) || p(2)

¢ VyEg, (2 )x)logpe(z|2): use SGD by sampling 2z ~ q,(z|z). v/
¢ VB, (2| logpe(x|2): this gradient is critical.

We can not replace E (. |,) by a sample z ~ g, (z|x), because it will depend on ¢!

Re-parametrisation trick: Simple solution for Gaussians:

z~N(p,0?) <= e~N(0,1) and z =0+ p
Now, if © and o depend on ¢:

vgoEzNN(u@,%Q)[f(z)] = Ve a0, [f(asog "‘/%0)} =K. ono,1) [vsof(acpg + /iso)}



Overall, the learning step for a (Gaussian) VAE is pretty simple:

ELBO Optimization @
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Fetch a mini-batch x from training data

o s W=

apply the encoder network g,(z) — (py(2),04,(2))

compute the KL-divergence D r1.(q,(%|x) || p(2))

sample a batch z ~ q,(z|x) with reparameterization

apply the decoder network fy(z) — ug(z) and compute logpg(x|z)

combine the ELBO terms and let PyTorch compute the derivatives and make an SGD
step.

Strengths and weaknesses of VAEs

concise model, simple objective (ELBO), can be optimised by SGD v
local optima, posterior collapse: some latent components collapse to g, (2;|z) = p(2;:),
and decoder does not depend on them, i.e. they carry no information. X

amortised inference models ¢, (% |x) have not enough expressive power to close the gap
between L(#) and ELBO(6, ) for complex data distributions X



Example: Latent Space Smoothness

4+ MNIST latent space bilinear interpolation
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Hierarchical Variational Autoencoders @

Closing the gap between L(6) and Lp(6,p):

The latent state z consists of variable groups z1,..., zm,.
m—1 m—1
po(,2) =p(zm) | | po(zilz=i) po(z|2);  ao(212) = gplzm|2) | [ @olzil 250 2).
i=1 i=1

The encoder shares parameters with the decoder, by @ Q e
assuming

<— shared —

(]9,90(27;|Z>z',$) O<p9(2¢|2>¢)d7;(2i,33,</?)7 0 Q Q

where the functions d; are hidden layer outputs of a
deterministic encoder network whose forward direction

is reverse to the factorisation order of the model.



Hierarchical Variational Autoencoders @
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Hierarchical VAEs can be learned by maximising ELBO.

For instance

Drr(qp(z]2) || p(2)) = Drr(@p(zm|2) | p(2m))+

/dzm Go(2m | ) Dr (o (2m—1|2m, ) || Po(2m—1]2m)) + ...

A. Vahdat et al., NeurlPS 2020: A Deep Hierarchical VAE trained on CelebA data.




Diffusion Models ®

pext1|Xt
G0 — - H@ @H H
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Diffusion models are homogeneous hierarchical VAEs with the latent spaces same as
image: Z, = X.

¢ The encoder q(xy, |zi—1) = N (x4, /1 — Bixy_1,5:1) is fixed and gradually adds
Gaussian noise to the data. (diffusion forward process)

¢ The decoder is given by py(xi_1| ¢, 8:) ~ N (x4_1, o(xs,t),02I) and is implemented by
a deep network (typically a UNet). Its parameters 6 are shared for all .

The limiting distribution of the encoder (for t — 00) is pixel-wise independent Gaussian
noise.

The limiting distribution of the trained decoder matches the data distribution.



J. Ho et al.,

Diffusion Models

NeurlPS 2020, Denoising diffusion probabilistic models
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