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ČVUT v Praze



K čemu slouž́ı SVD

• PCA

• Aproximace matićı nižš́ı hodnosti (low rank approximation)

• Rozpoznáváńı obličej̊u (eigenfaces)

• Ortogonálńı Prokrust̊uv problém

• Latentńı sémantická analýza

• Nástroj pro numerické výpočty
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PCA

Databáze genomu (m ≈ 200 000 proměnných) pro n = 1400

Evropanů byla proḿıtnuta na k = 2 hlavńı komponenty:
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Point Cloud Alignment

https://simonensemble.github.io/posts/2018-10-27-orthogonal-procrustes/ 3
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SVD teoreticky



SVD: motivace

• Spektrálńı rozklad čtvercové symetrické matice A ∈ Rn×n,

kde V ∈ Rn×n je ortogonálńı a Λ ∈ Rn×n je diagonálńı:

A = VΛVT

• Tedy lineárńı zobrazeńı Rn → Rn vyjáďrené matićı A je až na

transformaci soǔradnic jen škálováńı s matićı Λ

Otázka

Najdeme pro libovolnou matici A ∈ Rm×n ortogonálńı matice

U ∈ Rm×m,V ∈ Rn×n a diagonálńı matici S ∈ Rm×n, aby platilo

A = USVT ?
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SVD: konstrukce

Vstup: A ∈ Rm×n, r := rankA, p := min{m, n}

1. Spočti spektrálńı rozklad ATA = VΛVT

2. Definuj

si :=


√
λi i = 1, . . . , r

0 i = r + 1, . . . , p

a matici S ∈ Rm×n, má na diagonále s1, . . . , sp a jinde 0

3. Definuj ui :=
1
si
Avi pro i = 1, . . . , r

4. [u1 . . .ur ] ∈ Rm×r doplň na ortogonálńı matici U ∈ Rm×m

Výstup: U ∈ Rm×m,V ∈ Rn×n a S ∈ Rm×n
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SVD: existence

Věta

Pro každou matici A ∈ Rm×n plat́ı

A = USVT = s1u1v
T
1 + · · ·+ srurv

T
r ,

kde diagonálńı matice S ∈ Rm×n má na diagonále singulárńı č́ısla

s1 ≥ · · · ≥ sp ≥ 0 a ortogonálńı matice

U =
[
u1 · · ·um

]
∈ Rm×m, V =

[
v1 · · · vn

]
∈ Rn×n

maj́ı ve sloupćıch levé/pravé singulárńı vektory.
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Různé verze SVD

A = USVT

Plná

U ∈ Rm×m, S ∈ Rm×n, V ∈ Rn×n

Redukovaná

U ∈ Rm×p, S ∈ Rp×p, V ∈ Rn×p

Rank-minimálńı

U ∈ Rm×r , S ∈ Rr×r , V ∈ Rn×r
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Př́ıklad: SVD úzké matice

m = 3, n = 2

Redukované i rank-minimálńı
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SVD geometricky

Lineárńı zobrazeńı s matićı A ∈ Rm×n je až na transformace

soǔradnic v Rn i Rm jen škálováńı s matićı S:

Obrázek: Solomon - Numerical Algorithms
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Singulárńı č́ısla vybraných matic

• s1 = · · · = sn = 1 pro ortogonálńı matici řádu n

• si (A) = |λi (A)| pro sym. matici A ∈ Rn×n, kde i = 1 . . . , n,

nap̌r. pro Hilbertovu matici A =
[

1
i+j−1

]
ij
řádu n a n = 100

plat́ı s1 = 2.1827, . . . , s100 ≈ 10−17

• Černob́ılý obrázek b́ıgla je matice 3456× 4608 s plnou

řádkovou hodnost́ı, singulárńı č́ısla jsou v grafu s log10 stupnićı
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Aplikace SVD



Nejbližš́ı matice nižš́ı hodnosti pomoćı SVD

A ∈ Rm×n, A = USVT, s1 ≥ · · · ≥ sp, p = min{m, n}

Věta (Eckart-Young)

Nechť k ≤ p. Řešeńım úlohy

min {∥A− B∥2 | B ∈ Rm×n, rankB ≤ k}

je matice

B∗ = s1u1v
T
1 + · · ·+ skukv

T
k .
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Norma matice a SVD

Tvrzeńı

Pro každou matici A ∈ Rm×n hodnosti r plat́ı

∥A∥ =
√
s21 + · · ·+ s2r .

Relativńı chybu aproximace matice A matićı B∗ hodnosti nejvýše k

urč́ıme ze singulárńıch č́ısel matice A:

• Pro k = 1, . . . , r − 1 dostaneme

∥A− B∗∥
∥A∥

=

√
s2k+1 + · · ·+ s2r
s21 + · · ·+ s2r

• Pro k = r , . . . , p plat́ı B∗ = A a chyba je 0
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Komprese obrázku b́ıgla pomoćı SVD

k = 5, chyba 17%, 5 × (3456 + 4608) k = 20, chyba 9%, 20 × (3456 + 4608)

k = 200, chyba 4%, 200 × (3456 + 4608) Originál 3456 × 4608
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PCA pomoćı SVD

Matice A = [a1 . . . an] ∈ Rm×n má ve sloupćıch datové vektory ai ,

p̌redpokládáme ā = 0. Proḿıtáme je na podprostor dimenze k.

Řešeńı

1. Spočti redukované SVD A = USVT

2. Označ X = [u1 . . .uk ] ∈ Rm×k

3. Levé singulárńı vektory ui (vlastńı vektory matice AAT) tvǒŕı

ortonormálńı bázi hledaného podprostoru dimenze k

4. Soǔradnice proḿıtnutých bodů jsou sloupce matice XTA

5. Optimálńı hodnota úlohy (absolutńı chyba) je s2k+1 + · · ·+ s2p
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Př́ıklad (1)

n = 3 recenzenti hodnot́ı m = 4 filmy body 0, . . . , 5.

Po normalizaci pr̊uměry dostaneme A a kovariančńı matici:


5 4 1

5 5 0

0 0 5

1 0 4

 , A =


1.67 0.67 −2.33

1.67 1.67 −3.33

−1.67 −1.67 3.33

−0.67 −1.67 2.33



1
3AA

T =


2.89 3.89 −3.89 −2.56

3.89 5.56 −5.56 −3.89

−3.89 −5.56 5.56 3.89

−2.56 −3.89 3.89 2.89


Existuj́ı ve sledované databázi pouze k = 2 typy filmů? 15



Př́ıklad (2)

• Matice A má singulárńı č́ısla s1 = 7.05, s2 = 1, s3 = 0 a levé

singulárńı vektory jsou u1,u2,u3

• PCA pro k = 2: klademe X = [u1 u2] a matice soǔradnic

datových vektor̊u proḿıtnutých do rngX je

XTA =

[
−2.88 −2.88 5.74

−0.71 0.71 0

]

• Chyba aproximace je s3 = 0
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Eigenfaces (1)

• Datové vektory a1, . . . , an jsou fotky obličej̊u (m pixel̊u)

• Uvažujeme vysťreděnou matici A = [a1 . . . an] ∈ Rm×n

• Matice levých singulárńıch vektor̊u X = [u1 · · ·uk ] ∈ Rm×k

obsahuje k charakteristických obličej̊u (eigenfaces)

• Novou fotku c ∈ Rm vyjáďŕıme v soǔradnićıch XTc ∈ Rk

a nalezneme k ńı nejbližš́ı sloupec v XTA ∈ Rk×n
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Eigenfaces (2)

Obrázek: Solomon - Numerical Algorithms
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Point Cloud Alignment (Ortogonálńı Prokrust̊uv problém)

https://simonensemble.github.io/posts/2018-10-27-orthogonal-procrustes/

• Matice A = [a1 . . . an] ∈ Rm×n a B = [b1 . . .bn] ∈ Rm×n

• Hledáme ortogonálńı matici X ∈ Rm×m minimalizuj́ıćı
n∑

i=1

∥Xai − bi∥2 = ∥XA− B∥2

Optimálńı řešeńı

X∗ = UVT, kde BAT = USVT je redukované SVD
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