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Ondřej Franek

Prerequisites

Def: Event A is conditionally independent on C given B iff p(A |B,C) = p(A |B)

Def: State xt−1 is complete iff future xt is conditionally independent on past given xt−1

Consequences:

• State-transition probability:

p(xt|xt−1,ut) = p(xt|xt−1,ut, x0:t−2, z1:t−1, u1:t−1) (1)

• Measurement probability:

p(zt|xt) = p(zt|xt, x0:t−1, z1:t−1, u1:t) (2)

Figure 1: Complete state ilustration.

Bayes Filter

The Bayes filter is an algorithm for probabilistic state estimation in dynamic systems. It
predicts the state of a system over time, given control inputs and sensory measurements.
The filter performs two main steps in a repetitive manner: prediction and measurement
update.
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• Initialization: The belief of the initial state is represented by bel(x0) at time t = 1.

• Prediction Step: Given the control action ut at time t, the prediction step com-
putes a prior belief state:

bel(xt) =

Z
p(xt|xt−1,ut) bel(xt−1) dxt−1 (3)

• Measurement Update: Upon receiving a new measurement zt, the measurement
update refines the predicted belief to produce a posterior belief state:

bel(xt) = η p(zt|xt) bel(xt) (4)

where η is a normalization constant that ensures the posterior belief is a valid
probability distribution by integrating to 1.

Kalman Filter

The Kalman filter is a powerful algorithm used for estimating the state of a system over
time. It operates on a simple yet effective principle: predict the future state, then update
this prediction with new observations. It handles systems with uncertainties and noise
quickly and effectively, making it widely utilized.

Linear System with Gaussian Noise

The Kalman filter assumes a linear system with Gaussian noise.

xt = Atxt−1 +Btut +wt (5)

zt = Ctxt + vt (6)

where At, Bt, Ct are matrices that define the system dynamics, ut is the control in-
put, xt is state vector and w ∼ N (0,Rt) and v ∼ N (0,Qt) are the transition and
measurement noise with covariance matrices Rt and Qt, respectively. This implies that
all probability distributions involved are Gaussian, which simplifies computation. The
state-transition and measurement probabilities are modeled as follows:

p(xt|xt−1,ut) = N (xt;Atxt−1 +Btut,Rt) (7)

p(zt|xt) = N (zt;Ctxt,Qt) (8)

Implementation of Kalman Filter

Combining the principles of the Bayes filter (equations 3 and 4), with prerequisities (equa-
tions 1 and 2) and the properties of linear Gaussian systems (equations 7 and 8), we can
derive the Kalman filter update equations:
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• Prediction step (new action ut):

�t = At�t−1 +Btut (9)

Σt = AtΣt−1A
⊤
t +Rt (10)

bel(xt) = N (xt;�t,Σt) (11)

• Measurement update (new measurement zt):

Kt = ΣtC
⊤
t (CtΣtC

⊤
t +Qt)

−1 (12)

�t = �t +Kt(zt −Ct�t) (13)

Σt = (I−KtCt)Σt (14)

bel(xt) = N (xt;�t,Σt) (15)

where �t is the estimated mean, Σt is the estimated uncertainty (covariance), and Kt is
the Kalman gain which minimizes the estimated uncertainty.

In the following picture 2, we can see the propagation of the state estimate and
its uncertainty through a linear function in the prediction step. The Green Gaussian
represents the prior belief, and the Red Gaussian represents the posterior belief.

Figure 2: Linear system propagation.

Kalman Filter Example: Squeezes Gaussian

In this example of a Kalman Filter, the state of a system is represented by position and

velocity of the robot. The state can be expressed as a vector x =
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