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Prerequisities: Conditional independence

A - someone Is good student How can you measure it?
'B|- full transcript of records
C - average grade

p(A|BiC) = p(A |B) Is this true? Why?
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A - someone Is good student How can you measure it?
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Complete states
Complete states: xg,X1,...,Xt € R"

Def: A is conditionally independent on C given Biff p(A|BlC) = p(A|B)

Def: State X,—l|is complete iff future X, is conditionally independent on past given X;=¢

Conseqguences:
state-transition probability: p(x¢|x:—1,u:) = p(x X, wr, Xo:t—2, Z1:¢—1, U1:6—1)
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Complete states
Complete states: xg,X1,...,Xt € R"

Def: A is conditionally independent on C given Biff p(A|BlC) = p(A|B)

Def: State X,—l|is complete iff future X, is conditionally independent on past given X;=¢

Conseqguences:
state-transition probability: p(X¢|Xt—1, W) = p(X¢|X¢—1, Ut, X0:t—2, Z1:4—1, U1:t—1)

measurement probability: p(zt|Xt) = p(Ze \.7 X0:t—1,Z1:t—1, Ul:¢)

C
past

@_,...

@56? @56? & @g

\




Factor graph

Can | get the optimal X; from this factor graph?
Can | estimate X; recurrently?




Bayes filter

Initialization: bel(xq) , t = 1




Bayes filter

Initialization: bel(xq) , t = 1

How do you estimate probability distribution of x1?



Bayes filter

Initialization: bel(xq) , t = 1

Prediction step (action u; performed):

@(Xt) — /p(xt|xt_1,ut)bel(xt_l)dxt_l
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Bayes filter

Initialization: bel(xq) , t = 1

Prediction step (action u; performed):

bel(xe) = [ ploxxi1, w)bel (e
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How do you update probability distribution of x1 after the blue measurement?



Bayes filter

Initialization: bel(xq) , t = 1

Prediction step (action u; performed):

@(Xt) — /p(xt|xt_1,ut)bel(xt_l)dxt_l

Measurement update (hnew z; received):

bel(x;) = 1 - p(z:|x;)bel(x;)
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Initialization: bel(xq) , t = 1
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bel(xt) = p(Xt|z1:t1 1,U1:t) ... prior belief (prob. distr. of current state without
considering the current measurement z)



Bayes filter

Initialization: bel(xq) , t = 1

Prediction step (action u; performed):

@(Xt) — /p(xt|xt_1,ut)bel(xt_l)dxt_l

Measurement update (hnew z; received):

bel(x;) = 1 - p(z:|x;)bel(x;)

Repeat forever

t=t+1

bel(xt) = p(Xt|z1:t1 1,U1:t) ... prior belief (prob. distr. of current state without
considering the current measurement z)

bel(X{) = p(Xt|z1:t,U1t) osterior belief (prob. distr. of current state with

considering the current measurement z)



Bayes filter - derivation
Conseqguences:

measurement probability: p(zt|x¢) = p(Ze|Xt, X0:t—1,Z1:4—1, U1:¢t)
state-transition probability: p(X¢|x¢i—1,0s) = P(X¢|X¢—1, W, X0:4—2, Z1:6—1, U:t—1)
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Bayes filter - derivation

Conseqguences:
measurement probability: p(zt|x¢) = p(Ze|Xt, X0:t—1,Z1:4—1, U1:¢t)
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Bayes filter - derivation
Conseqguences:

measurement probability: p(zt|x¢) = p(Ze|Xt, X0:t—1,Z1:4—1, U1:¢t)
state-transition probability: p(X¢|x¢—1,u¢) = p(X¢|X¢—1, W, X0:6—2, Z1:4—1, U1:4—1)

bel(Xt) — p(Xt|Zl;t, U1:t) — p(Xt‘Z’uZl:t! 1, ulit)

sr P(Z¢[Xt, Z10r 1, U1:t) @P(X¢|Z1¢r 1,U1:t) o, ,
- = 1 ap(z¢|Xt) ap(Xt|Z1:t1 1,U1:t)
p(zt‘zl:t! 11U1:t)

LTP , , ,
= L ap(z¢[xi)a p(Xe|Xtr 1,210 1, U1:0) ap(Xer 1]Z1:00 1, U1:0)AX¢r 1

Cl

= lLap(zi|xi)a pXi|Xe 1, Ue) ap(Xer 1|Z1:t1 1, U1:t)AXt1 1

M(Xt)
= L ap(z¢[x¢) @ p(X¢|Xgr 1, Ut) abel(Xer 1)dX¢r 4



bel(Xt) =

1. Initialization: bel(xg) , t = 1
2. Prediction step (hew actlon u; performed):

3. Measurement update (new z, received):

4. Repeat from 2:
t=1+1
_ bel
belix) LX)
bel(x)

bel(x,) bel(x,) bel(x,)

bel(x;)




bel(xt) = ! ap(z¢|xt) @a p(X¢[Xt 1,ut) abel(Xy 1)dXq 1
b@l(Xt)

1. Initialization: bel(xg) , t = 1

2. Prediction step (new action u; performed): Is there any reason to optimize

bel(xe) = [ ploxxi1, w)bel (e FG through LM?

Discrete probability distribution
3. Measurement update (new z, received): will suffer from curse of dimensionality

bel(x;) = 1 - p(z¢|x¢)bel(x;) => Let’s return to Gaussians
IN continuous space

4. Repeat from 2: _

{=1+1
m(xo b@l(Xl) X 112> @ p(Xg /X27 113) be](x3)
b@l(X()) p(}q\XOv \11)




System model

Linear system:
Xt = AtXp 1+ Biug
Zi = CiXq

Let’s add Gaussian noise



System model

Linear system with Gaussian noise: Non-linear system with Gaussian noise:
P(X¢|Xtr 1,Ut) = Ny, (AtXer 1+ Brug, Ry) P(X¢|Xtr 1,Ut) = Ny (T (X1 1,Ut), Ry)

P(zZt[Xt) = Nz (CiXt, Qt) P(zZt|Xt) = Nz (h(Xt), Qt)

AT
-
-
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P(Xt[Xt1 1,Ut) = Ny, (AtXt1 1+ Biug, Ry)
P(zi[Xt) = Nz (CiXt¢, Qt)

Linear system with Gaussian noise:

Gaussian
1. Initialization:gel(xo) 1

2. Prediction step (hnew 4dction u; performed):

hel I, = Aidy, 1+ Bru
bel(x;) = /p(Xt|Xt—1>Ut)bel(Xt—l)dXt—1 . Attlt' ! e

3. Measurement update (new z, received):

bel(x¢) = 1 - p(z¢|x;)bel(x;) Intuition behind prediction step

4. Repeat from 2:
t=t1+1




Intuition benhind prediction step

Linear system:
Xl‘ — AZ‘XZ‘—I —+ Btllt

_1 + B,

-----------------& -------------

=AX

X




Intuition benhind prediction step

Linear system with Gaussian noise:
pX[x,_j,u) = V(x5 Ax,_; +Bu, R)

_1 + B,

- mmmm NS o EEEEEEEEEEEE -

=AX

X

bel(x 1)




Intuition benhind prediction step

Linear system with Gaussian noise:
P |x,_,u) =N(X,; AX, _ 1+But, R)

U N e

Atl 1

bel(x,_;) :: N (X_15 Hemps 242)

Expectation IS linear mapping
{y} = E{Ax+ b} = AE{x} +b = AX+Db
Covarlance IS as follows:

E{(y-y)¥y-y)'}

IE{ :(Ax +b) — (AX + b)] [(Ax +b) — (AX + b)] T}

[E{ :A(x _ i)] [A(x _ i)] ' }
IE{A(x —R)(x-%)TAT }
A[E{ x-D)X-%)7 }AT
AC,AT

See section 3.2.4 in the
probabillistic robotics book

for the full derivation.



P(Xt[Xt1 1,Ut) = Ny, (AtXt1 1+ Biug, Ry)
P(z:[Xt) = Nz (CiXt, Qi)

Linear system with Gaussian noise:

Gaussian
1. Initialization:gel(xo) ot

2. Prediction step (new 4ction A; performed): bel(xt) = Ny, (I, ! )

E(Xt) — )bel(xt_l)dxt_l
3. Measure _ V gz, received)
bel(x;) =

.’ ' ‘\5. '- Zf‘ .: ! ?. f ’t... 5
YRRy WA gy
: 2. .. \“. i ¥ Uy
4. Repeat fi "T8E
t — t -+ 1https://cs.wikipedia.org/wiki/T homas_Bayes

bel(x;)



1. Initialization:
bel(xo) = N (X¢; Mo = o !







10 1 0
P(X¢|Xtr 1,Ut) = N Xy; 0 1 Xt1 1Tt 0 1 Ut,
$_%& $_%&
A B, 4
’ 1 0 02 0\
$_%0&' $_%&
1. Initialization: Ct 0
bel(xp) = N (X¢; Hg = 0 P

2. Prediction step (hew action u;):

bel(xt) = Ny, (I, ! )
Hi = AtHy 1+ Brug

L= Ayl 1A'tl + Ry




10 1 0
p(Xt‘Xt! ]_,Ut) = N Xt 0 1 Xtr 11 0 1
$_%&' $_%&'
At Bt
' 1 0 02 0\
p(Zt‘Xt)_ N z; 0 1 Xt 1, 0 1
$_0%0&' $_%&
1. Initialization: of 0 Qt. 09 0
bel(xo) = N(Xt; Mo= 4 ' o= 5 ;)

2. Prediction step (hew action u;):

bel(xt) = Ny, (I, ! )
Hi = AtHy 1+ Brug

L= Ayl 1A'tl + Ry

U,

0\
1
&

1
0
&%

A

R+

ew measurement
Z
1

X

consistent
measurement

recelived



1 0O 1 0O

PXe[Xer 1, U) = N Xes g Xea+ g0y
$%0&! $%0&!
, LA e
| 1 0 0.2 0
$%0&! $ &
1. Initialization: Ct 9 Q. 0o 0
bel(xo) = N(Xo; Ho= o ' 0= 5 ;)

2. Prediction step (hew action u;):
bel(x) = Ny, (I, 1)
Hi = AtHy 1+ Brug
= Al 1A'tl + Ry

3. Measurement update (new z;):

bel(x;) = Ny (11, ! o) bel(x,)

My = By + Ke(Ze ! City)
| . = (]| KtCr)!_t

p(Xl

Kt — |_th'[ (Ctl_tC'l[ + Qt)" 1

Ut,

4

1
0
&%

R7

consistent
easurement

\xg, \11>




1 0O 1 0O \

| 1 0 :
p(Xt‘X’[! 1; Ut) — N Xt1 O 1 Xt! 1 + O 1 Ut, O 1 Where IS
S-%& %L S N& the most prob x2?
- - A . B ‘T Rt New measurement|received
: \ . .
0(z:|X:) = N z; (1) (1) Xi1 1, O(')Z (1) ) fz iInconsistent
AR & 0H8" measyrement
1. Initialization: Ct 5 Qe 05 0 2-
— : — | — ' ,
Del(xo) = N (Xo; K, o' ° 0 1) H consistent
2. Prediction step (hew action u;): | easurement
bel(Xt) = Ny, (F¢,! t)
Hi = AtHy 1+ Brug

= Al 1A'tl + Ry
3. Measurement update (new z;):

bel(x) = Ny, (! o)

Ky =1 tCi (Ct!_tci + Qy)
e = B+ Ke(ze! Ciy)

| . = (]| KtCr)!_t




(Xt]|X u)—NIX' ! O”x + ! Oﬂu 1 0°
P(X¢ [Xtr 1,Ut) = t g 1 Xt'1 0o 1Y o 1
$_%&' $_%& $_%&'
: . At . \Bt : R+
p(zt‘xt) = N z; (]5 (:2 Xt1 1, O(')Z (:z N Inconsistent
AR & 0H8" measyrement
1. Initialization: Ce . Qt, 0o 0 2
belxo) = N (Xo; Mo = 0 1 0= 0 1 ) consistent
2. Prediction step (hew action u;): easurement
bel(Xt) = Ny, (Hy, ! t)
Hi = AtHy 1+ Brug

= Al 1A'tl + Ry
3. Measurement update (new z;):

bel(x) = Ny, (! o)

Ky =1 tCi (Ct!_tci + Qy)
e = B+ Ke(ze! Ciy)

| . = (]| KtCr)!_t




1 0O

0 1
$_%&'
A ¢

P(Xt|Xtr 1,Ut) = N Xi; Xtr 1 T

1 0 02 0\

P(zt]|Xt) = N Z; 0 1 Xt1 1, 0
$_%0&' f_0%&

1. Initialization: Ci 5 Qt

bel(X()): N(XO; U, = 0 1o =
2. Prediction step (new action u;):
bel(x) = Ny, (I, 1)
Hi = AtHy 1+ Brug
= Al 1A'tl + Ry
3. Measurement update (new z;):

bel(x) = Ny, (! o)

Ky =1 tC{ (Ct!_tC'![ + Qy)
He = Hy + Ke(ze ! Coty)

| . = (]| KtCr)!_t




KF example: state = (x ... position, v ...velocity)

1 1 1 0 001 o \
p(xt‘xt! 1,Ut) — NXt O 1| Xt! 1 T O 1| Ut, 001 [O]
$_%& $_%& $_%&_ What happens after
A Bt Rt the prediction step?
Zi|X¢) = N 1 0 X¢r 1, 0.3
Pladx) = Ne oloog X1 1 goie
c, 0, bel(x)

2. Prediction step (new action u: performed):
Hi = AtHy 1t B t Ut
!_t = Al ¢ 1A + R;

,r
i
r
!
#
bel(x() = Ny, (H¢, " ¢) #




KF example: state = (x ... position, v ...velocity)

(X¢|Xt1 1,uU¢) = N - 1”x b T Oﬂu 001 0
P(Xt|Xt1 1,Ut) = Ny, 0 1 Xt'1 o 1 Yt 001
$_%&' $_%&' $_%&_
A B R,
Z:1Xy) = N 1 O#x. , 0.3#\
Plzixe) = Nz oo 2 X1 32
C Qt

2. Prediction step (new action u: performed):
Hi = AtHy 1t B t Ut
!_t = Al ¢ 1A + Ry

bel(x:) = Ny, (I, T 1)
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A B R,
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KF example: state = (x ... position, v ...velocity)

(X¢|Xt1 1,U¢) = N - 1”x s 2 Oﬂu 001 0
P(Xt|Xt1 1,Ut) = Ny, 0 1 Xt'1 o 1 Yt 001
$_%&' $_%&' $_%&_
A B R,
Z:1Xy) = N 1 O#x. , 0.3#\
Plzixe) = Nz oo 2 X1 32

C¢ Qt

2. Prediction step (new action u: performed):
Hi = AtHy 1t B t Ut
!_t = Al ¢ 1A + Ry

bel(x:) = Ny, (I, T 1)




KF example: state = (x ... position, v ...velocity)

(X¢|Xt1 1,Ut) = N - 1”x s 0 Oﬂu 001 0
p t t! 1, 4t) — Xt O 1 tl 1 O 1 () 001 -
$_%0& $_%0& $_%&_ Can you explain
A 5 Rt the gaussian skew?
Zi[X¢) = N 1 0 Xt 1, 0.3
Pladx) = Ne oo X 1 gtk T )
2. Prediction step (new action u: performed): [

Hi = Atly 1+ Brug
!_t—AItI]_A + Ry

bel(x:) = Ny, (I, T 1)




KF example: state = (x ... position, v ...velocity)

e 0 = N 11 _ 1 0 ] 001 0" \Posmonszassurement

$_%0&' $_%0&' $_%&_ What happens after
At B 1 Rt the measurement step?

' Ll H\
Zi[X¢) = N 1 0O X¢r 1, 0.3
Pladx) = Neo oloo@ X0 1 g3k T )
C. 0, bel(x;)
2. Prediction step (hew action u: performed): |
He = Aty 1+ Brug {

Fe= A o 1A't' + Ry
bel(x:) = Ny, (I, 1)
3. Measurement update (hew Zt received):
Ky =11Cy (Ct! (Cy + Q) *
He = Ut"'K (Zt! Ctli)
L= (1D KeCy)!
bel(Xt) = Ny, (M, ! t)




KF example: state = (X ..

(Xt|X u;)= N 1 1”x + 1 0
P(Xt|Xt1 1,Ut) = Ny, o 1 Xt'1 0 1
$_%&' $_%&'
At Bt
Z:I1Xy) = N 1 O#x. , 0.3#\
Plzexe) = Nz oy @ X1 33
C Qt

2. Prediction step (hew action u: performed):

Hy = Aty 1+ Brug
Fe= A o 1A't' + Ry
bel(x;) = Ny, (K, ! o)

3. Measurement update (new z; received):

Kt = I_tC,'[ (Ctl_tC'I( T Qt) :
Hi = Mt + Kt(zt | Cth)

e =(1! K{C)!

bel(Xt): NXt(“t’! t)

. position, v ...velocity)
\
Ut, O 01 O 81 ZS — 5
$ 0@ Velocity = (x5-x0)/5
R = (5-3)/5=0.4




Summary Kalman Filter

Kalman filter is optimal observer of the current state for linear systems

under Gaussian noise for complete states
't can also estimate previous states via Kalman smoothing

Kalman filter is Bayes filter where measurement and transition
orobabilities are linear-gaussians.

't nicely scales to higher dimension but the linearity and
gaussianity yields significant limitations

e Example 18-dimensional state space

e Dicrete bel: Each dimension 10 discrete values => 1018 parameters

e (Gauss. bel: var+mean continuous Gaussians ===> 18A2

Extended Kalman filter removes the linearity assumption
but loses the optimality

18=342 params



