Relative motion from known
correspondences

Absolute orientation on SE(2) and SE(3) manifolds and its closed-
form solution

Karel Zimmermann
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Relative motion from two point cloud scans
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Canl do it?
Correspondences typically missing.

How many points are in a usual
pointcloud?

Do we really want to keep all

these factors/equations in the factorgraph?
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Estimate odometry measurement: z°%°™ = arg mm Z || Rop;,+t—q; ||
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Pose estimation from known correspondences

Estimate odometry measurement: z°%°™ = arg mm Z || Rop;,+t—q; ||

Apply only single odometry factor: arg min Hw2r(Xt+1, X,) — %;’gom)”z
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Pose estimation from known correspondences

Estimate odometry measurement: z°%°™ = arg mm Z || Rop,+t—q; ||

Apply only single odometry factor; arg min Hw2r(Xt+1, X,) — 2°°°™)||*
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o Is it linear least squares problem
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Absolute orientation problem in SE(2)
z2°%°™M = arg mm Z ” Rgp; +t — q; ”

Substitution:
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Absolute orientation problem in SE(2)
z2°%°™M = arg mm Z ” Rgp; +t — q; ”

. 1
Substitution: P} =P~ — Z Py €=~ Z q,
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Absolute orientation problem in SE(2) Do you see any special
P+p a4 Optimize for @ properties?

\

z0dom — arg mm Z ” Rp.+t—q; ”— arg mm Z |R,p; — quz + [|Ryp + t — ql|?

X

Substitution: P,- = P; — N Z DP; q,- = (; — N 2 (F Can be a\ways Zer0
’ by appropriate choice of t

Depends only on @
Solution: 0* = arg m@in Z IRyp; — qéHZ
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Absolute orientation problem in SE(2)
Optimize for @ Set t to make it zero

z0dom — arg mm Z ” Rop;.+t—q, ”— arg mm Z |R,p; — quz + [|Ryp + t — ql|?

)

Substitution: P,- = P; — N Z DP; q,- = (; — N 2 (F Can be a\ways Zer0
’ by appropriate choice of t

Depends only on @
Solution: 0* = arg m@in Z |Ryp; — qlsz t* = arg mtin | Ryg«p +t — qll° = q — Ry.p
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Absolute orientation problem in SE(2)

z0dom — arg mm Z ” Rop;.+t—q, ”— arg mm Z |R,p; — quz + [|Ryp + t — ql|?

X

Substitution: P,- = P; — N Z DP; q,- = (; — N 2 (F Can be a\ways Zer0
’ by appropriate choice of t

Solution: 0* = arg m@in Z IRp; — qll|* t* = arg mtin IRs,HP +t—qlI*> =q—Ry.p
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Absolute orientation problem in SE(2)

o =argmin 3 | Rp+t=a| " = argmin Z IRop; — QI + IRy + ¢ —\qHz
Substitution: P{=P;~— Z P 4i=4i-— 2 q; Can be always 760
' ! by appropriate choice of t
b g
Solution: g% = argmin ) IRyp; — qilI* = 227
v .

t* = arg mtin |Ry.p +t — qll° =q — R,.p
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Absolute orientation problem in SE(2)

0* = argmin ) IRgp; - g’

. minz [cos(@) —sin(@)] D - g,
- e sin@@) cos@ | [pi| T |4

P.q

2
cos(0)p, — sm(O)p, — q,
= arg min Z
0

sin(@)p, + cos(O)p, — q,

pP.q



Absolute orientation problem in SE(2)

0* = argmin ) IRgp; - g’

. minz [cos(@) —sin(@)] Py B q;
— et sin(@)  cos(9) | |p, q,

p/,(1/

2
cos(Q)p, — sin(@)py, — g,
= arg min Z
0

sin(@)p,, + cos(Dpy — g,

p/,q/

—_— . / ! o) / 2 /2 / / 2
= arg mgm Z (Px cos(6) — p, sin(0) — qx) + (px sin(d) + p, cos(0) — qy)
p.q



Absolute orientation problem in SE(2)

* . / YA, ! 2 ;o , , 2
0™ = arg meln Z} (px cos(6) Py s1n(&) qx) + (px s1in(&) +py cos(0) — qy)
P.q
Derivative: Z 2(py cos(0) — pysin(0) — q) - (—p, sin(0) — p, cos(0))
p.q

+ 2(p,sin(@) + pcos(d) — q}) - (p,.cos(8) — p;sin(6)) =0

Simplify: Y’ p® - (— cos(6)sin(6) + sin(6)cos(6)) Expand brackets +
o factor out p-monomials

—I,— pf - (sin(&’)cos(&’) — cos(6’)sin(6’))

+ PPy (— cos?(0) + sin*(0) + cos*(0) — sinz(é’))

T Py (q)’c sn(®) — g, C?S(H) ) Is there anything that
+ p}- (grcos(0) + g;sin(0)) =0 cancels out?
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Absolute orientation problem in SE(2)

f* = arg min Z (P cos(0) — pysin@) — q;)” + (pysin(@) + p; cos(d) — Q§)2

0
P.q’
Derivative: Z 2(py cos(0) — p,sin(0) — qy) - (—p, sin(0) — p, cos(6))
P.q
+  2(p,sin(f) + p§ cos(f) — q§) - (p;.cos(0) — p§ sin(d)) =0
Simplify: Y pE—{—cost@)sintP+sintPeos(s Expand brackets +

factor out p-monomials

, ,
xy

T Py (q; sn(®) — g, C?S(H) ) Is there anything that
+ p}- (grcos(0) + g;sin(0)) =0 cancels out?
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Absolute orientation problem in SE(2)

f* = arg min Z (P cos(0) — pysin@) — q;)” + (pysin(@) + p; cos(d) — Q§)2

0
P.q
Derivative: Z P, (g,sin(@) — gjcos(@)) + p,- (g.cos(0) + g,sind)) =0
P.q
Solve: ), Pi+(g:tan(®) — q) + - (g, + g, tan(0)) 0

P.q
Z tan(0) - (pxq, + Pyay) + Py — Pgy) =0
p.q’

pzc:l’pqu vk ny - ny
Q* = arctan = arctan

2 P+ Py Hy. + H,,
p.q

H = 2 p’l.q’l.T ... covariance matrix
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Absolute orientation problem in SE(2)

¢ =argmin 3 | Rp+t=a " - argmmZ IRop; — QI + IRy + ¢ —\qHz
Substitution: P; = Pp; — ~ Z P, q=q — ~ Zl: q; Can be always 7670

by appropriate choice of t

TN N

~J ~/

P 1 Depends only on @

Solution: H = Z p’l.q’l.T ... covariance matrix

H —H
0* = are min R.p’ — q’||* = arctan = >
g mi Zi,u i~ gl ( 0 Hw)

t* = arg mtin |Rpp +t — qll> = q — R,.p

We solved absolute orientation problem for SE(2),
can we do it for SE(3)
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Absolute orientation problem in SE(3)

7" = argn:li{n; ” Rp+t—q || - argIEIi{nZ |\Rp;—q§\|2+ HRf)+t—(]\H2

: : /] __ 1 /I 1
Substitution: P =Pi= 2Py 4i=4;=+ 24, Can be always zero
! ! by appropriate choice of t
P ] Depends only on R
Solution: H= ) pq,' ... covariance matrix with SVD decomposition H = USV”

R* = arg min Z |Rp; — qlfH2 = VU'
R

t* = argmin [|[R*p+t — q||* = q— R*p
t

Python:

IO
-

H @
u, S, V np.linalg.svd(H, full matrices=True)
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summary

o Static environment + known correspondences is required assumption

* (Given 3D-3D (or 2D-2D) correspondences, globally optimal alignment in L2 has
closed-form solution (i.e. least-squares solution constrained on SE(3) manitold)

- Applications:
o |idar-Lidar or Lidar-Robot Calibration
e | ocalization from (un)known correspondences
o Computer graphics for alignment of 3D models

 Next: Localization from unknown correspondences |ICP
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R* t* =

Proof [Arun-TPAMI-87]

arg min Z IRp; +t — qil|5 =
RESO(3),teER3 <

20



];{’>l<7 t>l<

Proof [Arun-TPAMI-87]

arg min Z IRp; +t — qil|5 =
RESO(3),teER3 <

argmin ~ » ||R(p;+p)+t—q; —qf3 =
RESO(3),teR3
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];{’>l<7 t>l<

Proof [Arun-TPAMI-87]

arg min Z IRp; +t — qil|5 =
RESO(3),teER3 <

argmin ~ » ||R(p;+p)+t—q; —qf3 =
RESO(3),teR3

argmin Y [|Rp; —q; +Rp+t—q]3 =
RESO(3),teR3 < —_——
t/
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];{’>l<7 t>l<

Proof [Arun-TPAMI-87]

arg min Z IRp; +t — qil|5 =

ReSO(3),teR3

argmin ~ » ||R(p;+p)+t—q; —qf3 =

ReSO(3),teR3 <

argmin Y [|Rp; —q; +Rp+t—q]3 =

ReSO(3),teR3 <

argmin > (Rp] —q; +t)
ReSO(3)teR3 5

t/
(Rp, — q; +t') =
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R* t* =

Proof [Arun-TPAMI-87]

arg min Z IRp; +t — qil|5 =

RcSO(3),tERS3

arg min Z |IR(p; +P) +t—q; —dlz =

RcSO(3),tERS3

arg min Z |Rp; —a; + Rp+t—q]5 =

RcSO(3),tERS3

arg min Z(Rpé —q; +t) (Rpi; —q; +t') =

RcSO(3),tERS3

= argmin

Z |Rp; — q;l|5 + 22 Rp; — q;)t’' +|t'||5 =

RcSO(3),tERS3

=0
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R* t* =

Proof [Arun-TPAMI-87]

arg min Z IRp; +t — qil|5 =

RcSO(3),tERS3

arg min Z |IR(p; +P) +t—q; —dlz =

RcSO(3),tERS3

arg min Z |Rp; —a; + Rp+t—q]5 =

RcSO(3),tERS3

arg min Z(Rpé —q; +t) (Rpi; —q; +t') =

RcSO(3),tERS3

= argmin
RcSO(3),teR3

arg min

Z |Rp; — q;l|5 + 22 Rp; — q;)t’' +|t'||5 =

=0
Z IRp; — q;llz + [|t]]3

RcSO(3),tERS3

we can reach secondtermzeroby t =q— Rp =t~
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Proof [Arun-TPAMI-87]

= argmin Y |Rp}—q}[5+ [[t']3
ReSO(3),teR3 <

we can reach secondtermzeroby t =q— Rp =t~
argmin » |Rp; — qj||3 = argmax » q;' Rp; =

ReSO(3) ReSO(3)
= arg maxz qu-T Rp; = arg max trace RPQ' =VU'
RcSO(3) T/ ~~~"~~ RES0(3) 7
;g b,
argmax trace RR*USV' expand into two rotations
R’ R*€S0O(3)
arg max trace R’ VU USV' = arg max trace R’ (VVS) (VSV)' =
R’€50(3) N RESoE) ———
A AT

T/ ?
— arg max a, Ra, =E
R/€S0(3) ZL: / ;R’az-

trace BA' = Z a' b,



