
Relative motion from known 
correspondences

Karel Zimmermann

Absolute orientation on SE(2) and SE(3) manifolds and its closed-
form solution



xt … robot poses
zmi

t … 2D points from pointcloud

…… local coordinate frame

Relative motion from two point cloud scans

= arg min
t,θ ∑

i

Rθz
mi
1 + t − zmi

2

2

How many points are in a usual  
pointcloud?

= arg min
x,y,θ ∑

i
[cos(θ) −sin(θ)

sin(θ) cos(θ) ] zmi
1 + [x

y] − zmi
2

2

Do we really want to keep all  
these factors/equations in the factorgraph?

Can I do it?
Correspondences typically missing.
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Pose estimation from known correspondences

xt
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Pose estimation from known correspondences
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xt+1
xt

Pose estimation from known correspondences



xt+1
xt

p1
<latexit sha1_base64="9+oIXGNRhQD41k07sm4VAb534lw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5cV7AM6Q8mkmTY0kwlJRhiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmVtfWNzq7pd29nd2z+oHx51dZIqQjsk4Ynqh1hTzgTtGGY47UtFcRxy2gund4Xfe6JKs0Q8mkzSIMZjwSJGsLGS78fYTMIol7OhN6w33KY7B1olXkkaUKI9rH/5o4SkMRWGcKz1wHOlCXKsDCOczmp+qqnEZIrHdGCpwDHVQT7PPENnVhmhKFH2CYPm6u+NHMdaZ3FoJ4uMetkrxP+8QWqimyBnQqaGCrI4FKUcmQQVBaARU5QYnlmCiWI2KyITrDAxtqaaLcFb/vIq6V40vcum+3DVaN2WdVThBE7hHDy4hhbcQxs6QEDCM7zCm5M6L86787EYrTjlzjH8gfP5Ax7Skbo=</latexit>

q1
<latexit sha1_base64="+uoEXodBjHWZsM3OQUhChINTne0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00oWy2m3bpZhN3X4QS+je8eFDEq3/Gm//GbZuDtg4sDDPv8WYnTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKvh9THIZR/jjpeb1qza27M5Bl4hWkBgWaveqX309YFnOFTFJjup6bYpBTjYJJPqn4meEpZSM64F1LFY25CfJZ5gk5sUqfRIm2TyGZqb83chobM45DOznNaBa9qfif180wugpyodIMuWLzQ1EmCSZkWgDpC80ZyrEllGlhsxI2pJoytDVVbAne4peXSfus7p3X3buLWuO6qKMMR3AMp+DBJTTgFprQAgYpPMMrvDmZ8+K8Ox/z0ZJT7BzCHzifPyBZkbs=</latexit>

q2
<latexit sha1_base64="AUs1WH7BxHXkz4rXHORtlLE/m6k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRV0GXRjcsK9gFNKJPppB06mcR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkNve7T1QqlogHPU1pEOORYBEjWFvJ92Osx2GUPc4GjUG15tbdOdAq8QpSgwKtQfXLHybExFRowrFSfc9NdZBhqRnhdFbxjaIpJhM8on1LBY6pCrJ55hk6s8oQRYm0T2g0V39vZDhWahqHdjLPqJa9XPzP6xsdXQcZE6nRVJDFochwpBOUF4CGTFKi+dQSTCSzWREZY4mJtjVVbAne8pdXSadR9y7q7v1lrXlT1FGGEziFc/DgCppwBy1oA4EUnuEV3hzjvDjvzsditOQUO8fwB87nDyHdkbw=</latexit>

p2
<latexit sha1_base64="hiqk3EAkTzMJ/fdEz5f1+bZWBT8=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA/oDCWTZtrQTCYkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OKDnTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6iRVhHZIwhPVD7GmnAnaMcxw2peK4jjktBdO73K/90SVZol4NDNJgxiPBYsYwcZKvh9jMwmjTM6HjWG15tbdBdA68QpSgwLtYfXLHyUkjakwhGOtB54rTZBhZRjhdF7xU00lJlM8pgNLBY6pDrJF5jm6sMoIRYmyTxi0UH9vZDjWehaHdjLPqFe9XPzPG6QmugkyJmRqqCDLQ1HKkUlQXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ91G3buquw/NWuu2qKMMZ3AOl+DBNbTgHtrQAQISnuEV3pzUeXHenY/laMkpdk7hD5zPHyBWkbs=</latexit>

Pose estimation from known correspondences

6

Estimate odometry measurement: zodom = arg min
t,θ ∑

i

Rθpi + t − qi
2



xt+1

xt
7

Pose estimation from known correspondences
Estimate odometry measurement: zodom = arg min

t,θ ∑
i

Rθpi + t − qi
2



xt+1
xt

p1
<latexit sha1_base64="9+oIXGNRhQD41k07sm4VAb534lw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5cV7AM6Q8mkmTY0kwlJRhiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmVtfWNzq7pd29nd2z+oHx51dZIqQjsk4Ynqh1hTzgTtGGY47UtFcRxy2gund4Xfe6JKs0Q8mkzSIMZjwSJGsLGS78fYTMIol7OhN6w33KY7B1olXkkaUKI9rH/5o4SkMRWGcKz1wHOlCXKsDCOczmp+qqnEZIrHdGCpwDHVQT7PPENnVhmhKFH2CYPm6u+NHMdaZ3FoJ4uMetkrxP+8QWqimyBnQqaGCrI4FKUcmQQVBaARU5QYnlmCiWI2KyITrDAxtqaaLcFb/vIq6V40vcum+3DVaN2WdVThBE7hHDy4hhbcQxs6QEDCM7zCm5M6L86787EYrTjlzjH8gfP5Ax7Skbo=</latexit>

q1
<latexit sha1_base64="+uoEXodBjHWZsM3OQUhChINTne0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00oWy2m3bpZhN3X4QS+je8eFDEq3/Gm//GbZuDtg4sDDPv8WYnTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKvh9THIZR/jjpeb1qza27M5Bl4hWkBgWaveqX309YFnOFTFJjup6bYpBTjYJJPqn4meEpZSM64F1LFY25CfJZ5gk5sUqfRIm2TyGZqb83chobM45DOznNaBa9qfif180wugpyodIMuWLzQ1EmCSZkWgDpC80ZyrEllGlhsxI2pJoytDVVbAne4peXSfus7p3X3buLWuO6qKMMR3AMp+DBJTTgFprQAgYpPMMrvDmZ8+K8Ox/z0ZJT7BzCHzifPyBZkbs=</latexit>

q2
<latexit sha1_base64="AUs1WH7BxHXkz4rXHORtlLE/m6k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRV0GXRjcsK9gFNKJPppB06mcR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkNve7T1QqlogHPU1pEOORYBEjWFvJ92Osx2GUPc4GjUG15tbdOdAq8QpSgwKtQfXLHybExFRowrFSfc9NdZBhqRnhdFbxjaIpJhM8on1LBY6pCrJ55hk6s8oQRYm0T2g0V39vZDhWahqHdjLPqJa9XPzP6xsdXQcZE6nRVJDFochwpBOUF4CGTFKi+dQSTCSzWREZY4mJtjVVbAne8pdXSadR9y7q7v1lrXlT1FGGEziFc/DgCppwBy1oA4EUnuEV3hzjvDjvzsditOQUO8fwB87nDyHdkbw=</latexit>

p2
<latexit sha1_base64="hiqk3EAkTzMJ/fdEz5f1+bZWBT8=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA/oDCWTZtrQTCYkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OKDnTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6iRVhHZIwhPVD7GmnAnaMcxw2peK4jjktBdO73K/90SVZol4NDNJgxiPBYsYwcZKvh9jMwmjTM6HjWG15tbdBdA68QpSgwLtYfXLHyUkjakwhGOtB54rTZBhZRjhdF7xU00lJlM8pgNLBY6pDrJF5jm6sMoIRYmyTxi0UH9vZDjWehaHdjLPqFe9XPzPG6QmugkyJmRqqCDLQ1HKkUlQXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ91G3buquw/NWuu2qKMMZ3AOl+DBNbTgHtrQAQISnuEV3pzUeXHenY/laMkpdk7hD5zPHyBWkbs=</latexit>

Pose estimation from known correspondences

8

zodom

Estimate odometry measurement: zodom = arg min
t,θ ∑

i

Rθpi + t − qi
2



xt+1
xt

p1
<latexit sha1_base64="9+oIXGNRhQD41k07sm4VAb534lw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5cV7AM6Q8mkmTY0kwlJRhiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmVtfWNzq7pd29nd2z+oHx51dZIqQjsk4Ynqh1hTzgTtGGY47UtFcRxy2gund4Xfe6JKs0Q8mkzSIMZjwSJGsLGS78fYTMIol7OhN6w33KY7B1olXkkaUKI9rH/5o4SkMRWGcKz1wHOlCXKsDCOczmp+qqnEZIrHdGCpwDHVQT7PPENnVhmhKFH2CYPm6u+NHMdaZ3FoJ4uMetkrxP+8QWqimyBnQqaGCrI4FKUcmQQVBaARU5QYnlmCiWI2KyITrDAxtqaaLcFb/vIq6V40vcum+3DVaN2WdVThBE7hHDy4hhbcQxs6QEDCM7zCm5M6L86787EYrTjlzjH8gfP5Ax7Skbo=</latexit>

q1
<latexit sha1_base64="+uoEXodBjHWZsM3OQUhChINTne0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00oWy2m3bpZhN3X4QS+je8eFDEq3/Gm//GbZuDtg4sDDPv8WYnTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKvh9THIZR/jjpeb1qza27M5Bl4hWkBgWaveqX309YFnOFTFJjup6bYpBTjYJJPqn4meEpZSM64F1LFY25CfJZ5gk5sUqfRIm2TyGZqb83chobM45DOznNaBa9qfif180wugpyodIMuWLzQ1EmCSZkWgDpC80ZyrEllGlhsxI2pJoytDVVbAne4peXSfus7p3X3buLWuO6qKMMR3AMp+DBJTTgFprQAgYpPMMrvDmZ8+K8Ox/z0ZJT7BzCHzifPyBZkbs=</latexit>

q2
<latexit sha1_base64="AUs1WH7BxHXkz4rXHORtlLE/m6k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRV0GXRjcsK9gFNKJPppB06mcR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkNve7T1QqlogHPU1pEOORYBEjWFvJ92Osx2GUPc4GjUG15tbdOdAq8QpSgwKtQfXLHybExFRowrFSfc9NdZBhqRnhdFbxjaIpJhM8on1LBY6pCrJ55hk6s8oQRYm0T2g0V39vZDhWahqHdjLPqJa9XPzP6xsdXQcZE6nRVJDFochwpBOUF4CGTFKi+dQSTCSzWREZY4mJtjVVbAne8pdXSadR9y7q7v1lrXlT1FGGEziFc/DgCppwBy1oA4EUnuEV3hzjvDjvzsditOQUO8fwB87nDyHdkbw=</latexit>

p2
<latexit sha1_base64="hiqk3EAkTzMJ/fdEz5f1+bZWBT8=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA/oDCWTZtrQTCYkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OKDnTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6iRVhHZIwhPVD7GmnAnaMcxw2peK4jjktBdO73K/90SVZol4NDNJgxiPBYsYwcZKvh9jMwmjTM6HjWG15tbdBdA68QpSgwLtYfXLHyUkjakwhGOtB54rTZBhZRjhdF7xU00lJlM8pgNLBY6pDrJF5jm6sMoIRYmyTxi0UH9vZDjWehaHdjLPqFe9XPzPG6QmugkyJmRqqCDLQ1HKkUlQXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ91G3buquw/NWuu2qKMMZ3AOl+DBNbTgHtrQAQISnuEV3pzUeXHenY/laMkpdk7hD5zPHyBWkbs=</latexit>

Pose estimation from known correspondences

9

Apply only single odometry factor:

zodom = arg min
t,θ ∑

i

Rθpi + t − qi
2

Estimate odometry measurement:

arg min
xt,xt+1

∥w2r(xt+1, xt) − zodom)∥2

zodom



10

Pose estimation from known correspondences

xt+1xt

arg min
xt,xt+1

∥w2r(xt+1, xt) − zodom)∥2Apply only single odometry factor:

zodom = arg min
t,θ ∑

i

Rθpi + t − qi
2

Estimate odometry measurement:

Is it linear least squares problem?



Absolute orientation problem in SE(2)

11

p1
<latexit sha1_base64="9+oIXGNRhQD41k07sm4VAb534lw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5cV7AM6Q8mkmTY0kwlJRhiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmVtfWNzq7pd29nd2z+oHx51dZIqQjsk4Ynqh1hTzgTtGGY47UtFcRxy2gund4Xfe6JKs0Q8mkzSIMZjwSJGsLGS78fYTMIol7OhN6w33KY7B1olXkkaUKI9rH/5o4SkMRWGcKz1wHOlCXKsDCOczmp+qqnEZIrHdGCpwDHVQT7PPENnVhmhKFH2CYPm6u+NHMdaZ3FoJ4uMetkrxP+8QWqimyBnQqaGCrI4FKUcmQQVBaARU5QYnlmCiWI2KyITrDAxtqaaLcFb/vIq6V40vcum+3DVaN2WdVThBE7hHDy4hhbcQxs6QEDCM7zCm5M6L86787EYrTjlzjH8gfP5Ax7Skbo=</latexit>

p2
<latexit sha1_base64="hiqk3EAkTzMJ/fdEz5f1+bZWBT8=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA/oDCWTZtrQTCYkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OKDnTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6iRVhHZIwhPVD7GmnAnaMcxw2peK4jjktBdO73K/90SVZol4NDNJgxiPBYsYwcZKvh9jMwmjTM6HjWG15tbdBdA68QpSgwLtYfXLHyUkjakwhGOtB54rTZBhZRjhdF7xU00lJlM8pgNLBY6pDrJF5jm6sMoIRYmyTxi0UH9vZDjWehaHdjLPqFe9XPzPG6QmugkyJmRqqCDLQ1HKkUlQXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ91G3buquw/NWuu2qKMMZ3AOl+DBNbTgHtrQAQISnuEV3pzUeXHenY/laMkpdk7hD5zPHyBWkbs=</latexit>

q2
<latexit sha1_base64="AUs1WH7BxHXkz4rXHORtlLE/m6k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRV0GXRjcsK9gFNKJPppB06mcR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkNve7T1QqlogHPU1pEOORYBEjWFvJ92Osx2GUPc4GjUG15tbdOdAq8QpSgwKtQfXLHybExFRowrFSfc9NdZBhqRnhdFbxjaIpJhM8on1LBY6pCrJ55hk6s8oQRYm0T2g0V39vZDhWahqHdjLPqJa9XPzP6xsdXQcZE6nRVJDFochwpBOUF4CGTFKi+dQSTCSzWREZY4mJtjVVbAne8pdXSadR9y7q7v1lrXlT1FGGEziFc/DgCppwBy1oA4EUnuEV3hzjvDjvzsditOQUO8fwB87nDyHdkbw=</latexit>

q1
<latexit sha1_base64="+uoEXodBjHWZsM3OQUhChINTne0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00oWy2m3bpZhN3X4QS+je8eFDEq3/Gm//GbZuDtg4sDDPv8WYnTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKvh9THIZR/jjpeb1qza27M5Bl4hWkBgWaveqX309YFnOFTFJjup6bYpBTjYJJPqn4meEpZSM64F1LFY25CfJZ5gk5sUqfRIm2TyGZqb83chobM45DOznNaBa9qfif180wugpyodIMuWLzQ1EmCSZkWgDpC80ZyrEllGlhsxI2pJoytDVVbAne4peXSfus7p3X3buLWuO6qKMMR3AMp+DBJTTgFprQAgYpPMMrvDmZ8+K8Ox/z0ZJT7BzCHzifPyBZkbs=</latexit>

Substitution:

zodom = arg min
t,θ ∑

i

Rθpi + t − qi
2



Absolute orientation problem in SE(2)

12

x p1
<latexit sha1_base64="9+oIXGNRhQD41k07sm4VAb534lw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5cV7AM6Q8mkmTY0kwlJRhiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmVtfWNzq7pd29nd2z+oHx51dZIqQjsk4Ynqh1hTzgTtGGY47UtFcRxy2gund4Xfe6JKs0Q8mkzSIMZjwSJGsLGS78fYTMIol7OhN6w33KY7B1olXkkaUKI9rH/5o4SkMRWGcKz1wHOlCXKsDCOczmp+qqnEZIrHdGCpwDHVQT7PPENnVhmhKFH2CYPm6u+NHMdaZ3FoJ4uMetkrxP+8QWqimyBnQqaGCrI4FKUcmQQVBaARU5QYnlmCiWI2KyITrDAxtqaaLcFb/vIq6V40vcum+3DVaN2WdVThBE7hHDy4hhbcQxs6QEDCM7zCm5M6L86787EYrTjlzjH8gfP5Ax7Skbo=</latexit>

p2
<latexit sha1_base64="hiqk3EAkTzMJ/fdEz5f1+bZWBT8=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA/oDCWTZtrQTCYkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OKDnTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6iRVhHZIwhPVD7GmnAnaMcxw2peK4jjktBdO73K/90SVZol4NDNJgxiPBYsYwcZKvh9jMwmjTM6HjWG15tbdBdA68QpSgwLtYfXLHyUkjakwhGOtB54rTZBhZRjhdF7xU00lJlM8pgNLBY6pDrJF5jm6sMoIRYmyTxi0UH9vZDjWehaHdjLPqFe9XPzPG6QmugkyJmRqqCDLQ1HKkUlQXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ91G3buquw/NWuu2qKMMZ3AOl+DBNbTgHtrQAQISnuEV3pzUeXHenY/laMkpdk7hD5zPHyBWkbs=</latexit>

q2
<latexit sha1_base64="AUs1WH7BxHXkz4rXHORtlLE/m6k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRV0GXRjcsK9gFNKJPppB06mcR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkNve7T1QqlogHPU1pEOORYBEjWFvJ92Osx2GUPc4GjUG15tbdOdAq8QpSgwKtQfXLHybExFRowrFSfc9NdZBhqRnhdFbxjaIpJhM8on1LBY6pCrJ55hk6s8oQRYm0T2g0V39vZDhWahqHdjLPqJa9XPzP6xsdXQcZE6nRVJDFochwpBOUF4CGTFKi+dQSTCSzWREZY4mJtjVVbAne8pdXSadR9y7q7v1lrXlT1FGGEziFc/DgCppwBy1oA4EUnuEV3hzjvDjvzsditOQUO8fwB87nDyHdkbw=</latexit>

q1
<latexit sha1_base64="+uoEXodBjHWZsM3OQUhChINTne0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00oWy2m3bpZhN3X4QS+je8eFDEq3/Gm//GbZuDtg4sDDPv8WYnTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKvh9THIZR/jjpeb1qza27M5Bl4hWkBgWaveqX309YFnOFTFJjup6bYpBTjYJJPqn4meEpZSM64F1LFY25CfJZ5gk5sUqfRIm2TyGZqb83chobM45DOznNaBa9qfif180wugpyodIMuWLzQ1EmCSZkWgDpC80ZyrEllGlhsxI2pJoytDVVbAne4peXSfus7p3X3buLWuO6qKMMR3AMp+DBJTTgFprQAgYpPMMrvDmZ8+K8Ox/z0ZJT7BzCHzifPyBZkbs=</latexit>

p0
i = pi �

1

N

X

i

pi

| {z }
ep

, q0
i = qi �

1

N

X

i

qi

| {z }
eq

<latexit sha1_base64="frDdhYO97R/7OtJJCUIuhBHeZYE="></latexit>

p0
i = pi �

1

N

X

i

pi

| {z }
ep

, q0
i = qi �

1

N

X

i

qi

| {z }
eq

<latexit sha1_base64="frDdhYO97R/7OtJJCUIuhBHeZYE="></latexit>

x

p′￼i = pi −
1
N ∑

i

pi

p̃

, q′￼i = qi −
1
N ∑

i

qi

q̃

Substitution:

zodom = arg min
t,θ ∑

i

Rθpi + t − qi
2
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p0
1

<latexit sha1_base64="3lO2l1Hcc7h7EmLHWY1AHJtdK9A="></latexit>

p0
2

<latexit sha1_base64="DMEuZ3FT9L7pV05PvGnLqG39T58="></latexit>q0
2

<latexit sha1_base64="DFhRu+5cWCY5NfbusJfz7Fv068o="></latexit>

q0
1

<latexit sha1_base64="L18j9plJ9p+l7Y1O/I3FIppM6UA="></latexit>

p′￼i = pi −
1
N ∑

i

pi

p̃

, q′￼i = qi −
1
N ∑

i

qi

q̃

Substitution:

Solution: θ⋆ = arg min
θ ∑

i

∥Rθp′￼i − q′￼i∥2

Can be always zero 
by appropriate choice of t

= arg min
t,θ ∑

i

∥Rθp′￼i − q′￼i∥2 + ∥Rθp̃ + t − q̃∥2

Depends only on θ

zodom = arg min
t,θ ∑

i

Rθpi + t − qi
2

q′￼+ q̃
Absolute orientation problem in SE(2)

p′￼+ p̃ Optimize for θ
Do you see any special 

properties?
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p′￼i = pi −
1
N ∑

i

pi

p̃

, q′￼i = qi −
1
N ∑

i

qi

q̃

Substitution:

t⋆ = arg min
t

∥Rθ⋆p̃ + t − q̃∥2 = q̃ − Rθ⋆p̃Solution: θ⋆ = arg min
θ ∑

i

∥Rθp′￼i − q′￼i∥2

= arg min
t,θ ∑

i

∥Rθp′￼i − q′￼i∥2 + ∥Rθp̃ + t − q̃∥2

Can be always zero 
by appropriate choice of t

Depends only on θ

zodom = arg min
t,θ ∑

i

Rθpi + t − qi
2

Absolute orientation problem in SE(2)
Set  to make it zerotOptimize for θ
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p′￼i = pi −
1
N ∑

i

pi

p̃

, q′￼i = qi −
1
N ∑

i

qi

q̃

Substitution:

Solution: θ⋆ = arg min
θ ∑

i

∥Rθp′￼i − q′￼i∥2

q1
<latexit sha1_base64="+uoEXodBjHWZsM3OQUhChINTne0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00oWy2m3bpZhN3X4QS+je8eFDEq3/Gm//GbZuDtg4sDDPv8WYnTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKvh9THIZR/jjpeb1qza27M5Bl4hWkBgWaveqX309YFnOFTFJjup6bYpBTjYJJPqn4meEpZSM64F1LFY25CfJZ5gk5sUqfRIm2TyGZqb83chobM45DOznNaBa9qfif180wugpyodIMuWLzQ1EmCSZkWgDpC80ZyrEllGlhsxI2pJoytDVVbAne4peXSfus7p3X3buLWuO6qKMMR3AMp+DBJTTgFprQAgYpPMMrvDmZ8+K8Ox/z0ZJT7BzCHzifPyBZkbs=</latexit>

q2
<latexit sha1_base64="AUs1WH7BxHXkz4rXHORtlLE/m6k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRV0GXRjcsK9gFNKJPppB06mcR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkNve7T1QqlogHPU1pEOORYBEjWFvJ92Osx2GUPc4GjUG15tbdOdAq8QpSgwKtQfXLHybExFRowrFSfc9NdZBhqRnhdFbxjaIpJhM8on1LBY6pCrJ55hk6s8oQRYm0T2g0V39vZDhWahqHdjLPqJa9XPzP6xsdXQcZE6nRVJDFochwpBOUF4CGTFKi+dQSTCSzWREZY4mJtjVVbAne8pdXSadR9y7q7v1lrXlT1FGGEziFc/DgCppwBy1oA4EUnuEV3hzjvDjvzsditOQUO8fwB87nDyHdkbw=</latexit>

R⇤p1 + t⇤
<latexit sha1_base64="jm6hxfal1hx+NFzhrKK9FDU1Tn4="></latexit>

R⇤p2 + t⇤
<latexit sha1_base64="7v/uhvLUQmh6jxhkxGw7iI/M5wc="></latexit>

= arg min
t,θ ∑

i

∥Rθp′￼i − q′￼i∥2 + ∥Rθp̃ + t − q̃∥2

Can be always zero 
by appropriate choice of t

t⋆ = arg min
t

∥Rθ⋆p̃ + t − q̃∥2 = q̃ − Rθ⋆p̃

zodom = arg min
t,θ ∑

i

Rθpi + t − qi
2

Absolute orientation problem in SE(2)
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zv = arg min
t,θ ∑

i

Rθp + t − q
2

p′￼i = pi −
1
N ∑

i

pi

p̃

, q′￼i = qi −
1
N ∑

i

qi

q̃

Substitution:

Solution:

= arg min
t,θ ∑

i

∥Rθp′￼i − q′￼i∥2 + ∥Rθp̃ + t − q̃∥2

Can be always zero 
by appropriate choice of t

θ⋆ = arg min
θ ∑

i

∥Rθp′￼i − q′￼i∥2

t⋆ = arg min
t

∥Rθ⋆p̃ + t − q̃∥2 = q̃ − Rθ⋆p̃

= ???

Absolute orientation problem in SE(2)



17

θ⋆ = arg min
θ ∑

i

∥Rθp′￼i − q′￼i∥2

= arg min
θ ∑

p′￼,q′￼

[cos(θ) −sin(θ)
sin(θ) cos(θ) ] [

p′￼x

p′￼y] − [
q′￼x

q′￼y]
2

= arg min
θ ∑

p′￼,q′￼

cos(θ)p′￼x − sin(θ)p′￼y − q′￼x

sin(θ)p′￼x + cos(θ)p′￼y − q′￼y

2

Absolute orientation problem in SE(2)
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θ⋆ = arg min
θ ∑

i

∥Rθp′￼i − q′￼i∥2

= arg min
θ ∑

p′￼,q′￼

[cos(θ) −sin(θ)
sin(θ) cos(θ) ] [

p′￼x

p′￼y] − [
q′￼x

q′￼y]
2

= arg min
θ ∑

p′￼,q′￼

cos(θ)p′￼x − sin(θ)p′￼y − q′￼x

sin(θ)p′￼x + cos(θ)p′￼y − q′￼y

2

= arg min
θ ∑

p′￼,q′￼

(p′￼x cos(θ) − p′￼y sin(θ) − q′￼x)2
+ (p′￼x sin(θ) + p′￼y cos(θ) − q′￼y)2

Absolute orientation problem in SE(2)
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∑
p′￼,q′￼

2(p′￼x cos(θ) − p′￼y sin(θ) − q′￼x) ⋅ (−p′￼x sin(θ) − p′￼y cos(θ))

θ⋆

+ 2(p′￼x sin(θ) + p′￼y cos(θ) − q′￼y) ⋅ (p′￼x cos(θ) − p′￼y sin(θ)) = 0

Derivative:

p′￼x
2 ⋅ (− cos(θ)sin(θ) + sin(θ)cos(θ))

+ p′￼y
2 ⋅ (sin(θ)cos(θ) − cos(θ)sin(θ))

+ p′￼xp′￼y ⋅ (− cos2(θ) + sin2(θ) + cos2(θ) − sin2(θ))

Simplify:

+ p′￼y ⋅ (q′￼x cos(θ) + q′￼y sin(θ)) = 0

∑
p′￼,q′￼

p′￼x ⋅ (q′￼x sin(θ) − q′￼y cos(θ))+

= arg min
θ ∑

p′￼,q′￼

(p′￼x cos(θ) − p′￼y sin(θ) − q′￼x)2
+ (p′￼x sin(θ) + p′￼y cos(θ) − q′￼y)2

Absolute orientation problem in SE(2)

Is there anything that 
cancels out?

Expand brackets + 
factor out p-monomials
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∑
p′￼,q′￼

2(p′￼x cos(θ) − p′￼y sin(θ) − q′￼x) ⋅ (−p′￼x sin(θ) − p′￼y cos(θ))

θ⋆

+ 2(p′￼x sin(θ) + p′￼y cos(θ) − q′￼y) ⋅ (p′￼x cos(θ) − p′￼y sin(θ)) = 0

Derivative:

p′￼x
2 ⋅ (− cos(θ)sin(θ) + sin(θ)cos(θ))

+ p′￼y
2 ⋅ (sin(θ)cos(θ) − cos(θ)sin(θ))

+ p′￼xp′￼y ⋅ (− cos2(θ) + sin2(θ) + cos2(θ) − sin2(θ))
p′￼x ⋅ (q′￼x sin(θ) − q′￼y cos(θ))

Simplify:

+ p′￼y ⋅ (q′￼x cos(θ) + q′￼y sin(θ)) = 0

∑
p′￼,q′￼

+

= arg min
θ ∑

p′￼,q′￼

(p′￼x cos(θ) − p′￼y sin(θ) − q′￼x)2
+ (p′￼x sin(θ) + p′￼y cos(θ) − q′￼y)2

Absolute orientation problem in SE(2)

Is there anything that 
cancels out?

Expand brackets + 
factor out p-monomials
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θ⋆

Derivative: p′￼x ⋅ (q′￼x sin(θ) − q′￼y cos(θ))

Solve:

+ p′￼y ⋅ (q′￼x cos(θ) + q′￼y sin(θ)) = 0∑
p′￼,q′￼

p′￼x ⋅ (q′￼x tan(θ) − q′￼y) + p′￼y ⋅ (q′￼x + q′￼y tan(θ)) = 0∑
p′￼,q′￼

tan(θ) ⋅ (p′￼xq′￼x + p′￼yq′￼y) + (p′￼yq′￼x − p′￼xq′￼y)∑
p′￼,q′￼

= 0

θ⋆ = arctan
∑
p′￼,q′￼

p′￼xq′￼y − p′￼yq′￼x

∑
p′￼,q′￼

p′￼xq′￼x + p′￼yq′￼y
= arctan (

Hxy − Hyx

Hxx + Hyy )
H = ∑

i

p′￼iq′￼i
⊤ … covariance matrix

= arg min
θ ∑

p′￼,q′￼

(p′￼x cos(θ) − p′￼y sin(θ) − q′￼x)2
+ (p′￼x sin(θ) + p′￼y cos(θ) − q′￼y)2

Absolute orientation problem in SE(2)



Absolute orientation problem in SE(2)
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zv = arg min
t,θ ∑

i

Rθp + t − q
2

p′￼i = pi −
1
N ∑

i

pi

p̃

, q′￼i = qi −
1
N ∑

i

qi

q̃

Substitution:

Solution:

θ⋆ = arg min
θ ∑

i

∥Rθp′￼i − q′￼i∥2

= arg min
t,θ ∑

i

∥Rθp′￼i − q′￼i∥2 + ∥Rθp̃ + t − q̃∥2

Can be always zero 
by appropriate choice of t

t⋆ = arg min
t

∥Rθ⋆p̃ + t − q̃∥2 = q̃ − Rθ⋆p̃

= arctan (
Hxy − Hyx

Hxx + Hyy )
H = ∑

i

p′￼iq′￼i
⊤ … covariance matrix

Depends only on θ

We solved absolute orientation problem for SE(2), 
can we do it for SE(3)



Absolute orientation problem in SE(3)
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zv = arg min
t,R ∑

i

Rp + t − q
2

p′￼i = pi −
1
N ∑

i

pi

p̃

, q′￼i = qi −
1
N ∑

i

qi

q̃

Substitution:

Solution:

= arg min
t,R ∑

i

∥Rp′￼i − q′￼i∥2 + ∥Rp̃ + t − q̃∥2

Can be always zero 
by appropriate choice of t

H = ∑
i

p′￼iq′￼i
⊤ … covariance matrix

R⋆ = arg min
R ∑

i

∥Rp′￼i − q′￼i∥2

t⋆ = arg min
t

∥R⋆p̃ + t − q̃∥2 = q̃ − R⋆p̃

= VU⊤

H = USV⊤with SVD decomposition

H = P @ Q.T
U, S, V = np.linalg.svd(H, full_matrices=True)

Python:

Depends only on R



Summary
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• Given 3D-3D (or 2D-2D) correspondences, globally optimal alignment in L2 has 
closed-form solution (i.e. least-squares solution constrained on SE(3) manifold) 

• Next: Localization from unknown correspondences ICP

• Applications:
• Lidar-Lidar or Lidar-Robot Calibration
• Localization from (un)known correspondences
• Computer graphics for alignment of 3D models 

• Static environment + known correspondences is required assumption 



Proof [Arun-TPAMI-87]
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R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22 =
<latexit sha1_base64="NIEYsTQHsmXKR4TJdudntZBknfE="></latexit>
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R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22 =
<latexit sha1_base64="NIEYsTQHsmXKR4TJdudntZBknfE="></latexit>

= argmin
R2SO(3),t2R3

X

i

kR(p0
i
+ ep) + t� q0

i
� eqk22 =

<latexit sha1_base64="k39+H9mppxhNuOgYrXMdmGopdBI="></latexit>
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= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
+Rep+ t� eq| {z }

t0

k22 =

<latexit sha1_base64="S3wgiLLUOSibaIMgAAmKTtlweP0="></latexit>

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22 =
<latexit sha1_base64="NIEYsTQHsmXKR4TJdudntZBknfE="></latexit>

= argmin
R2SO(3),t2R3

X

i

kR(p0
i
+ ep) + t� q0

i
� eqk22 =

<latexit sha1_base64="k39+H9mppxhNuOgYrXMdmGopdBI="></latexit>
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= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
+Rep+ t� eq| {z }

t0

k22 =

<latexit sha1_base64="S3wgiLLUOSibaIMgAAmKTtlweP0="></latexit>

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22 =
<latexit sha1_base64="NIEYsTQHsmXKR4TJdudntZBknfE="></latexit>

= argmin
R2SO(3),t2R3

X

i

kR(p0
i
+ ep) + t� q0

i
� eqk22 =

<latexit sha1_base64="k39+H9mppxhNuOgYrXMdmGopdBI="></latexit>

= argmin
R2SO(3),t2R3

X

i

(Rp0
i
� q0

i
+ t0)>(Rp0

i
� q0

i
+ t0) =

<latexit sha1_base64="TULKix7z0gcxnv9BX0FIHKJKWPQ="></latexit>
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= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
+Rep+ t� eq| {z }

t0

k22 =

<latexit sha1_base64="S3wgiLLUOSibaIMgAAmKTtlweP0="></latexit>

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22 =
<latexit sha1_base64="NIEYsTQHsmXKR4TJdudntZBknfE="></latexit>

= argmin
R2SO(3),t2R3

X

i

kR(p0
i
+ ep) + t� q0

i
� eqk22 =

<latexit sha1_base64="k39+H9mppxhNuOgYrXMdmGopdBI="></latexit>

= argmin
R2SO(3),t2R3

X

i

(Rp0
i
� q0

i
+ t0)>(Rp0

i
� q0

i
+ t0) =

<latexit sha1_base64="TULKix7z0gcxnv9BX0FIHKJKWPQ="></latexit>

= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
k22 +

X

i

2(Rp0
i
� q0

i
)t0

| {z }
=0

+kt0k22 =

<latexit sha1_base64="3aT3CMdRhY+Y5K8e+tphF/xmebQ="></latexit>
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= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
+Rep+ t� eq| {z }

t0

k22 =

<latexit sha1_base64="S3wgiLLUOSibaIMgAAmKTtlweP0="></latexit>

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22 =
<latexit sha1_base64="NIEYsTQHsmXKR4TJdudntZBknfE="></latexit>

= argmin
R2SO(3),t2R3

X

i

kR(p0
i
+ ep) + t� q0

i
� eqk22 =

<latexit sha1_base64="k39+H9mppxhNuOgYrXMdmGopdBI="></latexit>

= argmin
R2SO(3),t2R3

X

i

(Rp0
i
� q0

i
+ t0)>(Rp0

i
� q0

i
+ t0) =

<latexit sha1_base64="TULKix7z0gcxnv9BX0FIHKJKWPQ="></latexit>

= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
k22 +

X

i

2(Rp0
i
� q0

i
)t0

| {z }
=0

+kt0k22 =

<latexit sha1_base64="3aT3CMdRhY+Y5K8e+tphF/xmebQ="></latexit>

= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
k22 + kt0k22

<latexit sha1_base64="lb7O9jwkgpRzvuEMOLD4R6tkHNs="></latexit>

we can reach second term zero by t = eq�Rep = t⇤
<latexit sha1_base64="D8I9zhfWdsczIVHS1Fe26l4v0Zo="></latexit>
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= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
k22 + kt0k22

<latexit sha1_base64="lb7O9jwkgpRzvuEMOLD4R6tkHNs="></latexit>

we can reach second term zero by t = eq�Rep = t⇤
<latexit sha1_base64="D8I9zhfWdsczIVHS1Fe26l4v0Zo="></latexit>

argmin
R2SO(3)

X

i

kRp0
i
� q0

i
k22 = argmax

R2SO(3)

X

i

q0>
i
Rp0

i
=

<latexit sha1_base64="RjQ0J0Yse/4Mhx5XlJpfMPuBRiw="></latexit>

= argmax
R2SO(3)

X

i

q0>
i|{z}
ai

Rp0
i|{z}

bi

= argmax
R2SO(3)

trace RPQ>
| {z }

H

= VU>

<latexit sha1_base64="7G6LxvOSS5MiFonYZO7jI/pUCDs="></latexit>

argmax
R0,R⇤2SO(3)

trace R0R⇤USV>

<latexit sha1_base64="ZAQW/X1IiuCSDR+o4EE/ldWGt7E="></latexit>

… expand into two rotations

argmax
R02SO(3)

trace R0 VU>
| {z }
R⇤

USV>
| {z }

H

= argmax
R02SO(3)

trace R0 (V
p
S)| {z }

A

(
p
SV)>| {z }
A>

=

<latexit sha1_base64="rksEIAXZAbHNddeRtsfBasK+GAk="></latexit>

trace BA> =
X

i

a>i bi

<latexit sha1_base64="lRZRCjSeY7Yt1+jEvVgedgjq1OU="></latexit>

R0ai

<latexit sha1_base64="g4Zvyx0Q2gsWLTjel7dQiZJ8PPI="></latexit>

ai

<latexit sha1_base64="f/H6yUm7FolvKfuMUHJN4paSfBQ="></latexit>

= argmax
R02SO(3)

X

i

a>
i
R0ai = E

<latexit sha1_base64="2nUxwb159Ksb3ayBO1aAcb2hvm0="></latexit>


