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Talk overview

Â Duality 

1. Points and lines

2. Line segments 

3. Polar duality (different points and lines)

4. Convex hull using duality

Â Applications of duality and arrangements
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1. Duality of lines and points in the plane

Â Points and lines - both have 2 parameters: 

ï Points ïcoords x and y

ï Lines  ïslope k and y-intercept q

y = kx + q

Â We can simply map points and lines 1:1

Â Many mappings exist ïit depends on the context 

ű

q k = tgű
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Why to use duality?

Some reasons why to use duality:

Â Transforming a problem to dual plane may 

give a new view on the problem

Â Looking from a different angle may 

give the insight needed to solve it

Â Solution in dual space may be even simpler
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Definition of duality transformation D

Let Ὀbe the duality transform:

Â Point ὴ ὴȟὴ is transformed 

to line ╓▬ ὴᶻḧ ὦ ὴὥ ὴ

Â Line  ■Ḋώ ὥὼ ὦ is transformed 

to point ╓■ ■zḧ ὥȟὦ

p

■

ὼ

ώ

ὥ

ὦ

▬ᶻ

■ᶻ

Primal plane ὼώ Dual plane ὥὦ

variables

constants
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Example and more about duality D

Â Example: 

line ώ υὼɀσ
can be represented as point ώᶻ υȟσ

Â Duality D 

ï is its own inverseὈὈ ὴȟὈὈ ὰ

ï cannot represent vertical lines

=>Take vertical lines as special cases, use lexico-

graphic order, or rotate the problem space slightly.

ïPrimal plane ïplane with coordinates ὼȟώ

ïDual plane* ïplane with coordinates ὥȟὦ

See the [applet]
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Duality of lines and points in the plane

Primal plane Dual plane

a

b

[Berg]

l

l*
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Primal plane Dual plane

a

b

[Berg]

l

l*

pointὴ ὴȟὴ
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Duality of lines and points in the plane

Primal plane Dual plane

a

b

[Berg]

l

l*

pointὴ ὴȟὴ lineὴᶻḊ ὦ ὴὥ ὴ



Felkel: Computational geometry

(7)

Duality of lines and points in the plane

Primal plane Dual plane

a

b

[Berg]

l

l*

pointὴ ὴȟὴ

line■Ḋ ώ ὥὼ ὦ

lineὴᶻḊ ὦ ὴὥ ὴ
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Duality of lines and points in the plane
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b
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Duality of lines and points in the plane

Primal plane Dual plane

a

b

[Berg]

l

l*

pointὴ ὴȟὴ

line■Ḋ ώ ὥὼ ὦ

line■Ḋ ώ ὥὼ ὦ

lineὴᶻḊ ὦ ὴὥ ὴ

Point ■z  ὥȟὦ
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Duality of lines and points in the plane

Primal plane Dual plane

a

b

[Berg]

l

l*

pointὴ ὴȟὴ

line■Ḋ ώ ὥὼ ὦ

line■Ḋ ώ ὥὼ ὦ

lineὴᶻḊ ὦ ὴὥ ὴ

Point ■z  ὥȟὦ

Point ■z  ὥȟὦ 

Same form => It is convenient to negate ὦin the 
line equation
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Properties of points and lines duality

Incidence is preserved

Â Pointὴis incident to the line ὰin primal plane 

iff

point ὰzis incident to the line ὴz in the dual plane.

Â Lines ὰρȟὰςintersects at point ὴ
iff

line ὴz passes through points ὰᶻȟὰᶻ
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Properties of points and lines duality

But order is reversed

Â Point ὴlies above (below) line ὰin the primal plane 

iff

line ὴz passes below (above) point ὰzin the dual 

plane    Or said order is preserved: é iff Point ὰᶻlies above (below) line ὴᶻ

l*

p*
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Properties of points and lines duality

Collinearity

Â Points are collinear in the primal plane iff their 

dual lines intersect in a common point

Â This does not hold for points on vertical line 

m*
p*

r*

q*p

r

q

m

a

b

x

y
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Why is  ὦnegated in the line equation?

Â In primal plane, consider 

ï

ï

y

x

Â
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Why is  ὦnegated in the line equation?

Â In primal plane, consider 

ï pointὴ ὴȟὴ and 

ï

ὴ ὴȟὴ

y

x

Â
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Why is  ὦnegated in the line equation?

Â In primal plane, consider 

ï pointὴ ὴȟὴ and 

ï set of non-vertical lines ■░ḧ ώ ὥὼ ὦ

     passing through ὴ

ὴ ὴȟὴ

y

x

Â
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Why is  ὦnegated in the line equation?
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0,0
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ὼ
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ὥ
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ὦ
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r
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ὴ ή ὶ π Horizontal lines ὴȟήȟὶᴼ Њ Vertical lines

ὦ
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q*
r*

ὥ

ὦώ

ὼ
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Â Dual transform is undefined for vertical lines

ï Points with the same ὼcoordinate dualize to lines with 

the same slope (parallel lines) and therefore  

ï These dual lines do not intersect (as should for collinear points)

ï Vertical line through these points does not dualize to an 

intersection point (would be in infinity, as Њȟὴ)  or Њȟὴ)   )

ï For detection of vertically collinear points use other 

method -ὕὲ vertical lines -> ὕὲσ brute force  3|| lines s. 

-> ὕὲ after ὕὲÌÏÇὲ
sorting by ὼin primal plane

Handling of vertical lines

Vertical distances of such duals 

are ñpreservedò.For ὴ ή

ÖÅÒÔ$ÉÓÔήᶻȟὴᶻ ὴ ή

p*
q*
r*

p

q

r
a

by

x

slope
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2. Duality of line segments

Â Line segment s

= set of collinear points ïï> set of lines passing one point

ï union of these lines is a (left-right) double wedge s*

p

q

m

s

m*

q*

p*

s*

dual 

left

right wedgetop

bottom wedge
s*

DvojitĨ kl²n



Felkel: Computational geometry

(16)

Â Line b intersects line segment s 

ï if point b* lays in the double wedge s*, 

i.e., between the duals p*,q* of segment endpoints p,q

ï point p lies above line b    and   q lies below line b

ï point b* lies above line p* and   b* lies below line q*

p

q

m

s

a

b

c

m*

q*

p*

s*

s*

b*

a*

c*

Intersection of line and line segment
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3. Polar duality (Polarity)

Â Another example of point-line duality

Â In ςὈ: Point ὼȟώ in the primal plane corresponds 

to a line Ὕ with equation ὼὥ ώὦ ρin the dual 

plane and vice versa

Â In ὨὈ: Point ὴis taken as a radius-vector (starts 

in origin ὕ). The dot product ὴȢ● ρdefines a 

polar hyperplane ὴᶻ Ὕ ●ᶰὙȡὴȢ● ρ

Â Used in theory of polytopes

ὴ ὴὼȟὴώ ὴᶻ  ὝḊ ὴὥ ὴὦ ρ
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Polar duality (Polarity)

Â Geometrically in 2D, this means that 

ï if Ὠis the distance from the origin(ὕ) to the point ὴ, 
the dual Ὕ of ὴis the line perpendicular to ὕὴat 

distance ρȾὨfrom ὕand placed on the other side of ὕ.

[Goswami]

ὴ ὴȟὴ

1

Ὠ

Unit circle

ρȾὨ

ὕ

ὴᶻ  ὝḊὴὥ ὴὦ ρ
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4. Convex hull using duality
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4. Convex hull using duality ïdefinitions

Â An optimal algorithm

Â Let ὖbe the given set of ὲpoints in the plane.

Â Let ὴ ᶰὖbe the point with smallest ὼ-coordinate

Â Let ὴ ᶰὖbe the point with largest ὼ-coordinate

Both ὴ and ὴ ᶰ#(ὖ

Upper hull = CW polygonal chain

ὴȟȣȟὴ along the hull

Lower hull = CCW polygonal chain

ὴȟȣȟὴ along the hull

ὴ

ὴ

lower hull

upper hull

Hull = slupka
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Definitions

Â Let ὒbe a set of lines in the 

plane

Â The upper envelope is a 

polygonal chain Ὁ such that 

no line ὰɴ ὒis above Ὁ .

Â The lower envelope is a 

polygonal chain Ὁ such that 

no line ■ɴ ὒis below Ὁ.

[Goswami]Envelope = obalov§ kŚivka/plocha
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Connection between Hull and Envelope

ὴᶻ

lc*

lb*

la*

*

ld*

le*

pd

pb

pc

pa

pe

la

lb

lc

ld
le

ps

[Goswami] ὴᶻ

ὴᶻ
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Connection between Hull and Envelope

Upper hull (lower hull) in primal 
plane corresponds to the 
lower envelope (upper envelope) in 
the dual plane.

Thus, the problem of computing convex hull of a 
point set in the primal plane reduces to the problem 
of computing upper and lower envelopes of the line 
set in the dual plane.

pd

pb

pc

pa

pe

ὰ

ὰ

ὰ

ὰ

ps

la*

lb*

lc*

ps
*

ld
*

le*

[Goswami]

la*

lb*

lc*

ὰ

pc
*

pa*

pb
*

pd
*

ὴᶻ
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*
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*

le*

[Goswami]
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lb*

lc*

ὰ

pc
*

pa*

pb
*
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*
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Input:

Output:

Upper envelope algorithm

UpperEnvelope (L)
Set of lines L sorted by increasing order of slopes ωπЈto ωπЈ)
Polygonal chain O representing the upper hull

1. O = L1             // the only complete line in O

2. for i = 2 to n  

3. L = last entry in O  // O contains half-lines, or line segments, 

           //  except of complete line L1 at the beginning

4. while ( the line segment L does not intersect the new line Li)

5. remove L from O and replace L with its predecessor    // L2, L5

6. insert the line segment Li at the tail of the chain O (trim L, trim Li)
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5. remove L from O and replace L with its predecessor    // L2, L5

6. insert the line segment Li at the tail of the chain O (trim L, trim Li)
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Difference Upper Envelope x UHT

- UpperEnvelope

- List of  ὲline segments of upper hull

- stack

- the order determines the cut direction

- UHT

- rooted tree

- table of ὲtrimmed line segments

- decreasing slope order

Felkel: Computational geometry
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Convex hull via upper and lower envelope

Â Upper envelope complexity

ï After sorting ὲlines by their slopes in ὕὲὰέὫὲtime, 

the upper envelope can be obtained in ὕὲ time

ï Proof: It may check more than one line segment when 

inserting a new line, but those ones checked are all 

removed except the last one.

(ὕὲ insertions, max ὕὲ removals 

=> ὕὲ all steps. Average step ὕρ amortized time)

Â Convex hull complexity

ï Given a set ὖof n points in the plane, #(ὖ can be 

computed in ὕὲÌÏÇὲ time using ὕὲ space.
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Applications of line arrangement

Examples of applications ïsolved in ὕὲ time and 

ὕὲ space by constructing a line arrangement 

or ὕὲ space through topological plain sweep.

a) General position test: 

Given a set of ὲpoints in the plane, determine 

whether any three are collinear.

ïConstruct an arrangement in dual plane

ïReport intersections of more than 2 lines 

a

b
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b) Minimum k -corridor

Â Given a set of ὲpoints, and an integer Ὧᶰρȡὲ,

determine the narrowest pair of parallel lines that 

enclose at least Ὧpoints of the set. 

Â The distance between the lines can be defined

ïeither as the vertical distance between the lines  

ïor as the perpendicular distance between the lines

Â Simplifications

ïAssume Ὧ σand no 3 points are collinear

=> narrowest 3-corridor  - contains  exactly 3 points

- has width π

ïNo 2 points have the same ὼcoordinate (avoid | duals)

vertical
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b) Minimum Ὧ-corridor

Â Vertical distance of ὰȟὰ distance of ὰzȟὍᶻ

Â Nearest lines ïone passes 2 vertices, e.g.,  ὴǪὶ

Â In dual plane are represented as intersection ὴᶻ ὶᶻ

Â Find nearest 3-stabber similarly as trapezoidal map

Â ὕὲ time and ὕὲ space ïtopological line sweep

[Mount]
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Perpendicular distance

Â Plug point ὢȟὣ into normal line equation 

ὥὼ ὦώ ὧ πand divide by length of ▪ ὥȟὦ

Ὠ
ὥὢ ὦὣ ὧ

ȿȿὲȿȿ
Ὠ ὥὢ ὦὣ ὧ ÆÏÒȿȿὲȿȿ ρ

Felkel: Computational geometry
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Perpendicular distance in 2D

Use the area of a parallelopid ABC(D) [MPG] 

1. Area Ὓ length of the cross product ὃὄ ὃὅ

Ὓ ὦ ὥȟὦ ὥ ὧ ὥȟὧ ὥ

Ὓ ὦ ὥ ὧ ὥ ὧ ὥ ὦ ὥ

2. Area 3 ὃὄὺ,     ὺ ȩ

Distance = height ὺȡ

ὺ
ὃὄ ὃὅ

ȿὃὄȿ

▲ ὃὅ

ȿ▲ȿ

Point on the line ὃὄis ὗὸ ὃ ▲ὸȟ▲ ὄ ὃ
ὦ ὥȟὦ ὥ = directional vector od ὃὄ

Felkel: Computational geometry
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c) Minimum area triangle             [Goswami]

Â Given a set of ὲpoints in the plane, determine the 

minimum area triangle whose vertices are selected 

from these points

Â Construct ñtrapezoidsò as in the nearest corridor

Â Minimize perpendicular distances (converted from 

vertical) multiplied by the distance from ὴ toὴ

[Goswami]
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Â Natural application of duality and arrangements

Â Important for visibility graph computation

Â Set of ὲpoints in the plane

Â For each point perform an CCW angular sweep

Â Naµve:for each point compute angles to 

remaining ὲɀρpoints and sort them

ᵼὕὲÌÏÇὲ time per point 

ὕὲςÌÏÇὲ time overall

Â Arrangements can get rid of ὕÌÏÇὲ factor

ᵼὕὲς time overall

d) Sorting all angular sequences ïnaµve
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d) Angular sequence around p 9

p9
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d) Angular sequences around p 3
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