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LECTURE PLAN
¢ Motivation: Observations with missing values
¢ Sketch of the algorithm, relation to K-means

¢ EM algorithm derivation and properties
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Used to find maximum likelihood parameters of a statistical model when the equations
cannot be directly solved.

Two typical cases of use:

e Missing data: Some observations are incomplete. E.g. features are vectors in
5-dimensional space x = (1, 2, T3, T4, x5) € RY but observations have a
component missing, e.g.: (2,5,¢,1,2) or (e,e,1,4,2), where "o are the
unobserved components.

e Latent variables: Observations are complete but the model can be formulated
and solved more simply if further variables are introduced to it. A typical example
are mixture models where for each observed point it is advantageous to introduce

a random variable which specifies which component of the mixture generated that
point.
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Consider multivariate normal distribution in 2D. For simplicity, let us consider the isotropic
case for which the covariance matrix X is diagonal and parametrized by a single parameter
02, 3 = diag(c?,?). The normal distribution A (x|p, o) for this case is then
N o 1 _1lx=pd
(X|l'l"0- ) o 27.‘.0.26 ? ? (1)

where x € R? is the random variable and & € R? is the mean.

Having the data {x1, X3, ..., Xy}, the MLE for the parameters p and o are computed as:

=

1 N
== x (2)
=1
1 N
/\2 o o . 2
0= oo ;_1: Ixi — £ (3)

(2N in the denominator of Eq. (3) is not a mistake. It follows from the parametrization of 3
and the dimensionality of the considered space.)
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Now consider the case that the data are the result of random sampling from a mixture of
two such distributions (denoted A and B):

p(x|7TA7 TBy KA, LB, 0-1247 02 ) — WAN (X‘“Aa 0-124) + ﬂ-BN (X‘“Bv O_%%) y (4)

where w4 and wg imply the frequency with which a sample is realized from the respective
distribution (74 + mp = 1) and other parameters have obvious meaning.

Analytical derivation of MLE in this case will involve logarithm of the sum of two exp terms.
This is not as easily solvable.

This is where the EM algorithm comes in.
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1. Initialize ma, TR, b4, bp,0%,05
2. For each of the data x;, compute

A A ~ A B A ~ N

Vp = 7TA-/\/’ (Xk“l'AaO-A) y U = WBN (Xk“*l'BaO-B) (5)

A B
W=t o =t (6)
v o] v + o]

3. Use ¢i! and ¢P as weights. That is, if, say, (¢i\,¢P) = (0.2,0.8), act as if 20% of point
Xy, were from distribution A and 80% of that point were from distribution B. Update
the estimates for the respective distributions as follows:

N
. 1 A
fla=—x—— > aixn (7)
D im1 ql? i=1
2 2
o Z% Xk — o4l (8)
221 1qk 1=1
1
= NZQ}? (9)
i=1

4. (and analogously for B). Iterate.
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Figure 7.10 a) Initial model. b) E-step. For each data point the posterior
probability that is was generated from each Gaussian is calculated (indicated
by color of point). ¢) M-step. The mean, variance and weight of each
Gaussian is updated based on these posterior probabilities. Ellipse shows
Mahalanobis distance of two. Weight (thickness) of ellipse indicates weight
of Gaussian. d-t) Further E-step and M-step iterations.

Image courtesy of Simon Prince. Computer Vision: Models,
Learning and Inference, 2012
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Toy Example 1: Estimating Means of Two Normal @
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We measure lengths of vehicles. The observation space has two dimensions, with
x € {car,truck} capturing vehicle type and y € R capturing length.

p(x,y) : distribution, x € {car,truck}, yeR (10)
1 s
= car,y) = . N Oc=1) = Kcex {—— — e 2} (ke = — 11
p(car,y) (vl ) Py 5 =) ( \/ﬂ) (11)
ey | ; -
g p(truck,y) = Loy = 2) = —— (y — : = 12
g 1(cruck. ) — N (o= 2) = s xp{ g (=’ (= 7) (12

Suppose k¢, Kt, 0c, 0r are known. The only unknowns are p. and p;. We want to recover pi.
and u; using Maximum Likelihood.

Exam8|2e5(7rC =06, 1=04,0.=1,00=2, pc=2>5, uy =10 )

_0.20] —  p(can,y)
5 015 —  pltruck,y)
£ 0.10
o
0.05!
0.005 5 10 15 20



http://cmp.felk.cvut.cz

@ o
Toy Example 1, Complete Data — Easy C

8/32
The observations are:
T ={(z1,91), (®2,92),, -, (N, YN) } (13)
= {(car, y{), (car, yg >), ,(car,y)), (truck, yi?), (truck, y5), ..., (truck, y)}  (14)
C car observations T truck observations
Log-likelihood ¢(T) = In p(7T | ttc, pit):
N | C | T
= > p(eiyilue ) = Clnre =5 > (41 = po)* + Ty - < S (s - w)? (15)
i=1 i=1 i=1
Estimation of 1, o using ML is easy:
C | C
Z = o=y (16)
a P ¢
UT) 1 I 0
_ _ — : 17
8,ut z:: ) = e T;yz (17)
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Toy Example 1, Incomplete Data — Difficult (1)

@

Consider some observations to have the first coordinate missing (e):

T = {(car, i), ..., (car, y), (truck, yi?), .., (truck, u), (o,47), ..., (o, y3,) }
data with uknown
vehicle type

Probability p(y°®) of observing 3°:

p(y°) = p(car,y°) + p(truck,y°)

Log-likelihood:

same term as before

9/32

(18)

-

C T

N\

N
1 ; 1
MT%=§:Mp@uwwmm)ZC%N%——E:@p—1@9+Tﬁuﬁ——§:@9—w@Q

2 8
i=1 i=1 i=1

%§§h16“6”°{;@5/kf}kmema{;gglhf}>

(19)

(20)
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Log-likelihood:

C 1 T

1 c
UT) = Clurke—5 Y (57 = pe* + Thire— 2 (4,7 — ) (21)

+ iiln (mc eXp {—% (y; — Mc)Q} + Ky €exp {—é (y; — Mt)2}> (22)

Optimality condition (shown for p. only):

0= 32;’{ ) _ i(ygd )+ o
M Kc €Xp {_% (ye — ,Uc)z} N
+ ; K €Xp {_% (y2 — uc)Q} Ky exp {_% (e — Mt)Q}(yi pe)  (24)
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Log-likelihood:

C T

1 c 1
U(T)=Clnke— §Z(y§ ) _ pe)? + Tln Ky — gz:( ylV 1he)? (25)

+ iln (mc exp {—% (yi — MC)Q} + Ky exp {—% (yi — Mt)2}> (26)

Optimality condition (shown for p. only):

(27)

C
0= 247) Z@C) —pe)  +

Ofhe p(car, y; | pic, put)

~

. ifj ;;cexp{—— (y: — }

i21 Kcexp {—% (y5 — pc) } + Kt exp {—% (y; — fue)

\ . 7 \ . 7

—(y; —p0)  (28)
|

p(car, y; | e, it) p(truck, y; |t i)
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Log-likelihood:

C T

1 c 1
U(T)=Clnke— §Z(y§ ) _ pe)? + Tln Ky — gz:( ylV 1he)? (29)

+ iln (mc exp {—% (yi — MC)Q} + Ky exp {—% (yi — Mt)2}> (30)

Optimality condition (shown for p. only):

C
- 6’uc :; plcar|y;, fic, put) )
M keexp § —1 (yf — pe)’
DY b)) W) (32)

° 2 ° 2
/ﬁcexp{—%(yi — ,uc) } + /iteXp{—%(yi - Mt) }
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Optimality conditions (shown for both p. and p):
OUT) _ N,
0= — . c + . 33
o~ 2 ho plcar|y] i, ) 33)
M K¢ €XP _% (y@. o /~Lc)2
S - {2 }1 s (R D
i=1| Kc€XP {_§ (yz — [e) } + Kt €Xp {_g (yz — [t }
UT) < - . .
0= 4% =3 — )+ pltruck |y, pie, ) (5 — o) (35)
t i=1 i=1

Note:
¢ Complicated equations for the uknowns pic,

¢ Both equations contain p. and p (cf. case with no missing variables)
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Optimality conditions (shown for both u. and p):

C M
Z )+ Y plcar|y;, pe, pe) (3 — pe) =0 (36)
i=1 i=1

T M

Z (t) R lut Z p(tl’UCk|y;, Hocy ,ut) (g; - ,Ut) — O (37)
i=1 i=1

If p(car|y?, tc, pr) and p(truck|y;, e, pr) were known, the estimation would've been easy:
¢ Lletz; (i=1,2,..., M), z; € {car,truck} denote the missing values. Define

q(z:) = p(2ily; s pes )
® The equations lead to

C M
ST — o)+ q(zi = car) (g — pe) =0 (38)
=1 =1
C (C) o
— MC:Zz 1 Yi +Zz 1Q( _Car)yz (39)

C + ZZ . q(%; = car)

T (t) o
= truck) y;
and Similarly, [y = Zz 1 7 + Z'L 1 Q( ruc ) Y; (40)

T + 27:1 q(z; = truck)



http://cmp.felk.cvut.cz

°
Missing Values, EM Approach

15/32
e = S + 30 alz = can) y; (41)
C + Zz L q(z; = car)
T () o
— truck) ¥
/Lt — Zz—l ’L _|_Z'1, 1Q( ruc )y'L (42)

T+ M. q(z = truck)

¢ These expressions are weighted averages of the observed y's. Data with non-missing x
have weight 1, the data with missing x have weight ¢(z;). How about trying the
following procedure for finding the ML estimate of uc and py:

1.
2
3.
4

Initialize pc, wt
Compute q(z;) = p(2i|y; s fhe, pie) for all i =1,2,..., M
Recompute i, pt according to Egs.(41, 42)

If termination condition is met, finish. Otherwise goto 2.

¢ This is the essence of the EM algorithm, with Step 2 called the Expectation (E) step
and Step 3 called the Maximization (M) step.
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An extreme of the previous example is that no data have the x-coordinate value (car/truck
vehicle type). Everything works just as well:

S a(z = car)y;
e = ]\2 (43)

> i1 q(2; = car)

gl =
L=
Zij\il q(z; = truck)

(44)

Initialize e, it
Compute q(2;) = p(zi|ys, pe, pr) for all i =1,2, ..., M
Recompute i, iy according to Eqs.(45, 46)

=~ L b=

If termination condition is met, finish. Otherwise goto 2.

Note: Can you imagine this algorithm to end up at a local maximum?
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An extreme of the previous example is that no data have the x-coordinate (car/truck).
M o)
L Zi:l Q(ZZ — Car) y’L 45
He = Vi ( )
> i1 q(z; = car)
gl = k) 3
Mt = M ( )
D _i—14(zi = truck)
EM algorithm: K-means:
1. Initialize pc, fut 1. ditto
2. Compute q(z;) = p(2i|y;, pic, i) 2. q(zi = car) = [lyi — pe| <yi — puel]
for all 7 = 1727 7M Q(Zz — tI’UCk) — [Hyz._:utl < ‘yz._:uC”]

foralle =1,2,.... M
3. Recompute ., py according to Eqgs.(45, 46) 3. ditto

4. If termination condition is met, finish. 4. ditto
Otherwise goto 2.

EM-based clustering uses soft assignment. K-means can be interpreted as an
EM-based clustering with hard assignment.
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. =06, =04, 00=1, 00 =2, puc=>5, ur =10
0.25
Data:
_ 0.20| — pleaary) |
= .15 — p(truck,y) | ¢ 50 points from car distribution,
E 50 points from truck d.,
g_o'm* 1000 points from mixed
0.05} | distribution (car/truck
1 coordinate unknown
O'OOO 3 10 15 20 )

Experiment:

Employ EM algorithm for estimating 11, po. Use different initializations.
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g 2550 ol
I—2700
11—2850 51 ' |
y 1-3000 ///‘\\
£ Il {3150 £.10 //‘\éasg\\ ‘
{-3300 'R\\
~3450 15 ‘
—3600
| | | | | 20} - | | | 3
0 5 10 15 20 0 5 10 15 20
™ py
Log-likelihood ¢ after 10 iterations of EM, Value of (1, p2) after 10 iterations,
depending on initialization (pi"t, ui't). depending on initialization (u!", u'%). The
first point of convergence corresponds to
Convergence in this case is quite fast the ground truth values (u1, u2) = (5, 10).
(3 iterations are enough for most of the The second point is a only a local
initialization values.) maximum of log-likelihood. It corresponds

to car distribution approximating truck
sample points, and vice versa.



http://cmp.felk.cvut.cz

& e
Mixture Models C
20/32

Generalization of the Motivation example with missing values.

M — >
gt = can o

M
S i1 q(z; = car)

o Mty alz = can) (yf — pe)’ .

) S gz = car)

e = Yy QE\ZZ' = car) (49)
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You are measuring temperature and amount of snow in the mountains in the month of
January. Both the temperature £ and the snow s observations are binary:
t € {to=low temperature, t;=high temperature} (50)
" s € {sp=little snow, s;=lot of snow} (51)

Your own long-term research suggests that the model for the joint probability p(t,s) can be
parametrized by two scalars a and b and written as

p(t, s|a,b)
to a | da
R (52)
S0 S1
At a big ski-center, you have N measurements in total, with counts for individual
possibilities for ¢t and s as follows:
observation counts
to || Noo | Noz (53)

t1 || Nio | Nn

What is the ML estimate for a and b7
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p(t, s|a,b) observation counts
to a Sa to NOO N()l
3] 3b b 11 NlO N11
S0 | S1 S0 S1

Likelihood is P(Ta,b) = a™Noo(5a)Not (35)No(p) N1,

Log—likelihood IS K(T‘CL, b) — NOO Ina + N()l In 5a + N10 In 3b + N11 Inb. Maximize this
log-likelihood s.t. 6a + 4b = 1. The Lagrangian is

L(a,b,\) = Noolna + N1 In5a + N1gln3b + Ny1Inb + A(6a + 4b — 1). Conditions of
optimality are:

oL 1 1

— =Ngo— + Ng1— +6A =0 (54)

oa a a

oL 1 1

— =Ni0— + Ni1— + 4\ =

5 10b+ 11b+ A=0 (55)
6a +4b =1 (56)

and they have the solution (N = N()O + N01 + NlO + N11)Z

a:NOO‘|‘N01 b:N10‘|‘N11

6N AN (57)
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Now imagine you have data from little village in the mountains. Unfortunately, there is no
measurement for which both temperature and snow amount would be available. The data
consist only of T reports of low temperature, 1% of high temperature, Sy of little snow and
S of lots of snow.

observation counts

p(t,s|a,b
tO ( CL’ ga p(to) GCL to TO
= p(tl) 4b 5] T
ti1 || 3b | b
p(SO) a + 3b S0 SO
50 51 p(sl) Sa + b S1 Sl

Log-likelihood is (T |a,b) = Ty In6a + 11 In 4b + SpIn(a + 3b) + S11n(5a + b).
Maximize this log-likelihood s.t. 6a + 4b = 1. The Lagrangian is

L(a,b,\) = TyIln6a + T1 In4b + SyIn(a + 3b) 4+ S1In(ba + b) + A(6a + 4b — 1).
Conditions of optimality:

(‘9L TO S() 5Sl
p— )\ p—
oa a+a—|—36+5a—|—b+6 0 (58)
oL Ty 35S0 351
= 4\ = 59
0b b+a+3b+5a+b+ 0 (59)
6a +4b =1 (60)

— Not as easy to solve as in the previous case!
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This is what EM algorithm would do to maximize likelihood for these incomplete data.
1. Make initial estimate of a and b

2. E-step: For each observation, compute the distribution over the missing value, given
the observed value and current estimate of a and b.
E. g. observation (e, sg) where "o’ is the unknown temperature ¢ and sq is the observed
low amount of snow. The distrib. ¢(t) = p(t|so, a, b) is computed as follows:

p(t,sla,b) .
to || a | 5a q(to) = p(to|so,a,b) = (61)

1 3
0 | o1 altr) = pltrlso,a.b) = (62)

3. M-step: Recompute parameters a, b:
Use the distribution ¢ computed in the previous step as weights.
l.e. the considered incomplete observation (e, sg) produces two complete observations:
(o, so) with weight ¢(to), and (%1, sg) with weight q(¢1).
Let w;; be the sum of weights for observations (t;, s;) across the entire dataset. Then a
and b are computed (using the result for complete data) as:

wWoo + Wo1 wio + W11
p— b p—
. 6N AN (63)

4. Iterate (go to 2.)
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¢ T training set
¢ o: all observed values (no essential difference between 7" and o, just notational
convenience)
¢ z: all unobserved values
¢ 0: model parameters to be estimated.
Goal: Find 0" using the Maximum Likelihood approach:
0" = argmax £(0) = argmaxIn p(o|0) (64)
6 0
Line of thought
Assume that solving this:
argmax In p(o,z|0) (65)
0

is easy (that is, estimation of optimal parameters had the data been complete.)

Our goal will be to rewrite Eq. (64) in a way which will involve optimization terms of kind as
in Eq. (65).
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In p(o anpo z|0) (66)
p(o z|9) . L
lnz q(z Introduction of distribution ¢(z) (67)
As Vz : 0 < q(z) <1 and
>.,q(z) =1, the sum is now a
convex combination of
p(o,z[6)/q(z).
0
> Zq(z) In p(o,216) Jensen's inequality. Here (68)
z q(2) inequality holds because
logarithm is a concave function.
Define 0)
p(o,z
Z q(z - (69)

q(z)
This L(q, 0) is the lower bound for In p(0|0) due to Eq. (68), for any distribution g.

Maximizing L(q, ) will also push the log likelihood In p(0|@) upwards.
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B p(o Z\H)
Inp(o]0) — L(¢,0) = Inp(o Zq @ (70)
= Inp(o Zq z){Inp(o,2|6) —Inq(z)} (71)
p(z|o,0)p(o]6)
—Inp(0]6) — Y q(z){Inp(z|0,0) +Inp(0]6) —Ing(z)} (72)
—Inp(o[@) — > q(z)Inp(o]6) — > q(z){Inp(z|o,0) —Ing(z)}
Z 1 Z
(73)
R CLE (74)

This is the Kullback Leibler divergence between the two distributions ¢(z) and p(z|o, 0):

Dki(qllp) = Zq ’O 5) Zq ‘0)9) (75)
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Inp(o|0) = L(g,6) + Dx(qllp) (76)
T T T
log likelihood lower bound gap

We already know that due to Jensen’s inequality, £(q, @) is indeed the lower bound. This is
confirmed by the fact that Dk (q||p) > O for any ¢, p. Additionally,

Dki(¢qllp) =0 & p=gq. (77)

When ¢ = p, the bound is tight.
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Inp(o|@) = L(q,0) + Dr(qllp) (78)
T T T
log likelihood lower bound gap

EM algorithm attempts to maximize the log-likelihood by instead maximizing the lower
bound (why "attempts’? Because it may end up in local maximum).

1. Initialize 8 = 8% (¢ = 0)

2. E-step (Expectation):

¢ = argmax £(q, 0") (79)
q
3. M-step (Maximization):
0"t — argmax £(¢"Y, 6) (80)
0

4. If termination condition is not met, goto 2.
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E-step: 0") is fixed
q(tH) = argmax L(q, H(t)) (81)
q
L(g,0") = Inp(0|0")) — Dy (q||p) (82)
const.

Note: The distribution ¢ maximizing this term is the one which minimizes the KL
divergence. KL divergence is minimized when the two distributions are the same. Thus, the
distribution maximizing Eq. (81) is

¢ (z) = p(z]o,8Y). Dki(qllp) = Z q(z |0)9) (83)

Note that this corresponds to what we've obtained e.g. in our car/truck example,

g\ (car) = plcar|y], pre ), @iV (truck) = p(truck|y;, pie, pue) (84)
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M-step: ¢T1) is fixed
0"t — argmax £(¢*TY, 6) (85)
0
t+1 t+1 (0 z|6)
(0.0 = S 42 2
" g0 (2)
= Zq(tH) )Inp(o,z|0) Zq(tﬂ) ) In ¢ (2) (87)
const.
Result: The parameters & maximizing Eq. (85) are
gl — argmaxz ¢"“*V(z)Inp(o,z|0). (88)

0

Note that this maximization is done as if all data were known (observed) and thus is often
easy (has analytic solution.) E.g. in the case of estimating mean of Gaussian mixture
component, it leads to weighted average of data.
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EM’s most known application is estimating Gaussian Mixtures. M-step computes
probabilities that a given point is generated by given components, and E-step computes
the uknown parameters effectively (analytic solution). EM algorithm is similarly useful
and effective for more exponential family distributions.

EM cleverly maximizes likelihood by pushing its lower bound upwards.
It is an iterative method and may not end up in the global maximum.

Attention needs to be applied to parameter initialization, like with other methods we've
already encountered (K-means, NNs, .. .)
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