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Goal: Given a training set 7™ ~ p™, find a strategy h: X — ) with minimizing the
generalization error R(h) = E, .y, [l(y, h(x)].

Hypothesis class (space): is fixed before learning based on prior knowledge

HCYY ={h: X =Y}

Learning algorithm: is a function
A: U (A x )™ —H

returns a strategy h,, = A(T™) from H based on a training set 7™
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Empirical Risk Minimization approach to learning @

The generalization error R(h) is approximated by the empirical risk R7m(h) computed
on the training examples 7™ ~ p™:

Rym(h) = %(ﬁ(yl, h(xl)) + .y, h(wm))) = %Zf(y"} h(xz))

The ERM based learning algorithm returns h,,, such that

h., € Argmin Rym(h)
heH

Depending on the choince of H and ¢ and algorithm solving (1) we get individual
instances e.g. Support Vector Machines, Linear Regression, Logistic Regression, Neural
Networks learned by back-propagation, AdaBoost, Gradient Boosted Trees, ...
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ERM can fail due to overfitting @
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Let X = [a,b] CR, ¥ = {+1,—1}, £y, ") = [y # ¥'], ple | y = +1) and
p(x | y = —1) be uniform distributions on X and p(y = +1) = 0.8.

The optimal strategy is h(x) = 41 with the Bayes risk R* = 0.2.

Learning algorithm “lookup table"”: given training set 7™ it returns

B yj if r = o) forsomej€{1,~-am}
fim () = { —1 otherwise

e Implements ERM principle as P(Rym(h,,) = 0) =
e Fails to find a good solution as P(R(h,,) =0.8) =1, Ym € N.

Overfitting: the case when h,, = A(7™) has a low empirical risk (training error)
Rym(hy,) while the expected risk R(h,,) is high.

Conclusion: The empirical risk R7m(h,,) is not in general a reliable proxy of the
expected risk R(h). In this lecture, we demonstrate that imposing constraints on the
hypothesis space H resolves this issue.
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For learning Law of Large Numbers
we need Uniform Law of Large

Uy, y') =y # '], R(h) = E@ y)~pll(y, h(z)]

R(h™)

is not enough
Numbers

, h* € Argmin, cy,x R(h)

p(Xry='1)
p(x,y=+1)
(h)
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For learning Law of Large Numbers is not enough @ 0
we need Uniform Law of Large Numbers
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H = {h(z) =sign(z — 0)|# € R}, Rym(h) = = > L(y", h(z")), hy, € Argming, 4 Rym(h)

R(hm)

—— Rym(h)
—— R(h)

RT’”(hm)
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For learning Law of Large Numbers is not enough @ o
we need Uniform Law of Large Numbers
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2 g2 >~

LIN: [ > loe@los@ g g )2 = Pa, ( [R(h) — Rgi(h)| > 5) <5

ER fails
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For learning Law of Large Numbers is not enough @ 0
we need Uniform Law of Large Numbers
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LIN: [ > loe@los@ g g )2 = Pa, ( [R(h) — Rgi(h)| = ) <5

ER fails

IPTmNpm(|R(hm) — Rym(hy)| > 5) < 777
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For learning Law of Large Numbers is not enough
we need Uniform Law of Large Numbers

LN 1> e O g~ 0)? = Paiy(|R(D) = Ra(h)] >¢) <6
ER fails

Py (|R(hm) — Rym(hy)| > 5) < PTmNpm(r}?ea% [R(h) — Rym(h)| > 5)

5/11



http://cmp.felk.cvut.cz

For learning Law of Large Numbers is not enough @ 0
we need Uniform Law of Large Numbers
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LLN: (> 1@y o lin)? = Pglwpl(lR(h) — Rgi(h)| > ¢ ) <
ER fails

IP’TmNpm(|R(hm) — Rym(hy)| > 5) < IP’TmNpm(r}{lEa%{ [R(h) — Rym(B)| > s)

ULLN: m > mY(e,8) = PTmNpm(IglEa;t( |[R(h) — Rym(h)| > 8) <9

ER fails fo?"rsome heH

H = {h(z) =sign(z — 0)|# € R}, Rym(h) = = > L(y", h(z")), hy, € Argming, 4 Rym(h)
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CAm ¢
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Definition: We say that applies for hypothesis space
H C Y if there exists a function my: Ryg x (0,1) — N, called sample complexity,
such that for every € > 0,0 € (0, 1), every distribution p(z,y) and every m > my/(€, )

the following inequality holds

Uniform Law of Large Numbers

]P’(l;bneaitc [R(h) — Rym(h)| > g) <35,
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The issue: How to recognize whether ULLN holds for a given hypothesis space H 7
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Definition: We say that applies for hypothesis space
H C Y if there exists a function my: Ryg x (0,1) — N, called sample complexity,
such that for every € > 0,0 € (0, 1), every distribution p(z,y) and every m > my/(€, )

the following inequality holds

Uniform Law of Large Numbers

P(max [R(h) — Rym(h)| > 5) <35,
heH
The issue: How to recognize whether ULLN holds for a given hypothesis space H 7

We are going to show that ULLN applies for a finite hypothesis space
H={hi,...,hkx}.
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Uniform Law of Large Numbers applies to the finite @ o
hypothesis space
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Assume a finite hypothesis class H = {h1,...,hx}.
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Assume a finite hypothesis class H = {h1,...,hx}.

P(glea’}}f |[R(h) — Rym(h)| > 5)

7

~
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Assume a finite hypothesis class H = {h1,...,hx}.

|R(h1) — Rym(hy)| > € or

P(max|R(h) ~ Rye(h)| 2¢) = P [B(ha) = Ryn(ho)| 22 or

\hEIH :
e ’R(h}() — RTm(hK)| > €

a>¢c or b>¢e <= max{a,b} >c¢
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¢ Assume a finite hypothesis class H = {h1,...,hx}.

[R(h1) — Rym(h1)| > € or
P(max [R(h) = Ryn(h)| 2 ) = P [R(h2) = Bym(ha)| = & or
E H
ER fails fo\rrsome heH ’R(hK) o R’Tm(hK)‘ Z .

B(h) = {T™ € (X x y)m|\RTm(h) —R(h)| >}
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Uniform Law of Large Numbers applies to the finite
hypothesis space

¢ Assume a finite hypothesis class H = {h1,...,hx}.

[R(h1) — Rym(hy)

> e or
|R(ho) — Rym(hs)| >

€ or
P(éneaﬁc‘R(h)—RTm(h)] zs> — P =

7

ER fails fo?some heH ’R(h}{) — RTm(hK)‘ > €
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¢ Assume a finite hypothesis class H = {h1,...,hx}.

P(max|R(h) ~ Rpn(h)| 2 €)= P (B(l) UB(ha)U--- U B(hi))

7

~
ER fails for some héXH
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¢ Assume a finite hypothesis class H = {h1,...,hx}.

P(max|R(h) ~ Rpn(h)| 2 €)= P (B(l) UB(ha)U--- U B(hi))

ER fails fo?some heH

7

Mutually exclusive events: B(hi) N B(hs) N B(hz) = ()
‘ P(B(h1) U B(hs) U B(hs)) =
P(B(h1)) + P(B(h2)) + P(B(h3))

B(h) = {T™ € (X x y)m|\RTm(h) —R(h)| >}


http://cmp.felk.cvut.cz

Uniform Law of Large Numbers applies to the finite @ o
hypothesis space

7/11

¢ Assume a finite hypothesis class H = {h1,...,hx}.

P(max|R(h) ~ Rpn(h)| 2 €)= P (B(l) UB(ha)U--- U B(hi))

~
ER fails for some héXH

7

Union bound:
P(B(h1) U B(hs) UB(hs)) <
P(B(h1)) + P(B(hz2)) + P(B(hs3))

B(h) = {T™ € (X x y)m|\RTm(h) —R(h)| >}
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¢ Assume a finite hypothesis class H = {h1,...,hx}.

P(max [R(h) = Ryn(h)| 2 ) = P(B(h1)UB(hs)U--- U B(hi))
€
ER fails fo\rrsome heH
< > P(B(h))
heH

Union bound:
P(B(h1) U B(hs) UB(hs)) <
P(B(h1)) + P(B(hz2)) + P(B(hs3))

B(h) = {T™ € (X x y)m|\RTm(h) —R(h)| >}
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¢ Assume a finite hypothesis class H = {h1,...,hx}.

‘R(hl)—RTm(h;[) 28 or
R(hy) — Rm(h > & or
P(max|R(h) = Rrn(h)| 2€) = P Riha) = Rrn(ha)] 2
ER fails for some heH ’R(h}{) — RTm(hK)‘ > €
< ¥ P(\R(h) — Rym(h)| > 5)

Union bound:
P(B(h1) U B(hs) UB(hs)) <
P(B(h1)) + P(B(hz2)) + P(B(hs3))

B(h) = {T™ € (X x y)m|\RTm(h) —R(h)| >}
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Uniform Law of Large Numbers applies to the finite
hypothesis space

¢ Assume a finite hypothesis class H = {h1,...,hx}.

‘R(hl)—RTm(hl) 28 or
R(hs) — Rym(h > £ or
P(max|R(h) = Rrn(h)| 2€) = P Riha) = Rrn(ha)] 2
ER fails fo\rrsome heH ’R(h}{) — RTm(hK)‘ > €
< Y P(IR(R) — Rym(h)] > ¢)
heH

% Hoeffding inequality: ,

. 2me
- P(R(R) — Rym| > €) < 26 Grn-inia™
&

B(h) = {T™ € (X x y)m|\RTm(h) —R(h)| >}
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Uniform Law of Large Numbers applies to the finite
hypothesis space

¢ Assume a finite hypothesis class H = {h1,...,hx}.

[R(h1) — Rym(h1)| > € or
R(hy) — Rm(h > € or
]P)(fhneai[(‘R(h)_RTm(h)’ Zgi) — P | R(ho) T (h2)
ER fails fo?‘i%onm heH ‘R(h}() — RTm(hK)‘ > €
< ¥ P(|R(h) — Rym(h)| = <)
heH

2m 62

< 2|H|e (max—tmin)?

% Hoeffding inequality: ,

. 2me
b P(R(R) — Rym| > €) < 26 Grn-inia™
LS

K

B(h) = {T™ € (X x y)m|\RTm(h) —R(h)| >}
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Assume a finite hypothesis class H = {h1,...,hx}.

|R(h1) — R (h)

> €
R(ho) — Rym(ho)| > € or
P(fhneaﬁ‘R(h)_RTm(h)’Z€> L p | R(ha) T (h2)| =

7

~”

R(hic) — Bym(hic)| >

(? h;HP(\R(h) — Rym(h)| > 5)

2m 52

©) 2] e Tt

l.a>e or b>e <= max{a,b} >c¢

2. Union bound.

3. Hoeffding inequality.
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Uniform Law of Large Numbers applies to the finite @ o
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Definition: We say that applies for hypothesis space
H C Y if there exists a function my: Ryg x (0,1) — N, called sample complexity,

such that for every € > 0,4 € (0,1), every distribution p(z,y) and every m > m¥j(e, d)
the following inequality holds

]P’(%neaﬁ [R(h) — Rym(h)| > 5) <35,

We have shown that for the finite hypothesis space, H = {h1,...,hi}:

2m 82

P(max|R(h) = Rym(h)] > ¢ ) < 2|H|e Cnoxtun”
heH
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Definition: We say that applies for hypothesis space
H C Y if there exists a function my: Ryg x (0,1) — N, called sample complexity,

such that for every € > 0,4 € (0,1), every distribution p(z,y) and every m > m¥j(e, d)
the following inequality holds

]P’(%neaﬁ [R(h) — Rym(h)| > 5) <35,

We have shown that for the finite hypothesis space, H = {h1,...,hi}:

2m 82

P(max|R(h) = Rym(h)] > ¢ ) < 2|H|e Cnoxtun”
heH

Corrolary: For any loss /: YV x Y — R, and a finite hypotheses space
H =1{h1,...,hi}, the ULLN applies with the sample complexity:

log(2|H|) — log é

2
9 62 (gmax — gmin)

m‘#(&?,&) =
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Generalization bound for finite hypothesis space @
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Theorem: Let 7™ = ((z%,y'),..., (2™, y™)) € (X x V)™ be draw from i.i.d. rv. with
p.d.f. p(x,y) and let H be a finite hypothesis space. Then, for any 0 < § < 1, with
probability at least 1 — § the inequality

log 2|H]| + log £
R(W) < Rym(h) +<£maxemin)\/ 08 27| + log 5

2m

7

~"

holds for all A € H simultaneously.
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Theorem: Let 7™ = ((z%,y'),..., (2™, y™)) € (X x V)™ be draw from i.i.d. rv. with
p.d.f. p(x,y) and let H be a finite hypothesis space. Then, for any 0 < § < 1, with
probability at least 1 — § the inequality

log 2|H| + log
2m

R(h) < Rym(h) 4+ (lax — Emin)\/

~"

7

holds for all A € H simultaneously.

The generalization bound holds for any learning algorithm not just ERM.
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7

holds for all A € H simultaneously.

The generalization bound holds for any learning algorithm not just ERM.

To decreases the complexity term: increase m or decrease |H|.
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Theorem: Let 7™ = ((z%,y'),..., (2™, y™)) € (X x V)™ be draw from i.i.d. rv. with
p.d.f. p(x,y) and let H be a finite hypothesis space. Then, for any 0 < § < 1, with
probability at least 1 — § the inequality

2m

log 2|H]| + log £
R(W) < Rym(h) +<£maxemin)\/ 08 27| + log 5

7

~"

holds for all A € H simultaneously.

The generalization bound holds for any learning algorithm not just ERM.
To decreases the complexity term: increase m or decrease |H|.

Recommendations for learning:

1. Minimize the empirical risk.
2. Use as much training examples m as you can.
3. Limit the size of the hypothesis space |H

, i.e. use prior knowledge.
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Structural Risk Minimization
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Learn h: X — ) by minimizing the generalization bound /

log 2|H| + log
R<h>SRTm<h>+<ba>\/ AL

A\ . 7

e(m,|H],5)
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Structural Risk Minimization

Learn h: X — ) by minimizing the generalization bound

log 2|H| + log
R<h>SRTm<h>+<ba>\/ AL

A\ . 7

e(m,|H],5)

Design a nested sequence of hypothesis classes
H{ CHy C--- CHg
Minimize the generalization bound:

1. h;=argmin Rym(h), Vie{l,..., K}
heH,;

2. 1" = argmin (R'Tm(hi) + €(m, \7—[2\,5))
i=1,...,K

3. Output h;x
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Learn h: X — ) by minimizing the generalization bound /

log 2|H| + log
R<h>s37m<h>+<ba>\/ AL

A\ . 7

e(m,|H],5)
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CAm ¢
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Summary

Empirical Risk is not in general a reliable proxy of the expected risk.

For ERM based learning we need the Uniform Law of Large Numbers (ULLN).
Whether ULLN applies or not depends on the particular .

ULLN applies for the finite hypothesis space.

Generalization bound for finite hypothesis space.

Structural Risk Minimization.
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