Electromagnetic Field Theory (BAB17EMP)
Useful Mathematical Identities
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1 Operations on Radius Vectors

Figure 1: Radius vector 7.

Observation vector:
T

r=|y| =z +yy+ =22
z

Vector magnitude:
r=|r|=+vxz%+y?+ 22

Unit vector: r
F=—
r

Gradient applied to r:

T g+ 22
Vr:—+yy+ =7

VaZ+y?+ 22
Gradient applied to 1/7:
v 1 x®+yg+z2 T

3 3
r ( /:v2+y2+22) r

Divergence applied to 7:
V.r=3

Curl applied to 7:
Vxr=0

1.1 Identities Involving Separation Vector

Source vector:
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Separation vector R

Magnitude of Separation vector R

R=lr—r|=\/@-o)+@-y) + (-2

R=|r—7v'| = /r2+ ()2 — 2r1 cos(a)

op_ E-)E W —y)a (=N ror

Vo—wP s -yP -y o

V(1>_ (z—2)2+Wy—y)g+(2—-2)2 __T_,,:/|3

(\/(‘” —)’ +y—-y) + (2 - z’)2>3 r—r
V.-R=3

VxR=0

2 Trigonometric Identities

sin? € 4+ cos? ¢ =1

1 —cos2¢
20
sin“ € = >
1 2
cos € = + (:20s 13

e/® = cos& +jsiné

cos 26 = cos? € —sin’ &

sin2¢ = 2sin€cos ¢

sin (£ + ¢) = sin cos ¢ £ cossin
cos (£ £ () = cosEcos Fsinsin(
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3 Coordinate System Transformations

3.1 Point Transformations

Cylindrical to Cartesian:

T = pcoso
y = psing
z=1z

Cartesian to cylindrical:
p =ty
¢ = arctan g
x
z=1z
Spherical to Cartesian:
T =rcos@sinb

Yy = rsin¢sin 6

z=rcosf
Cartesian to Spherical:

r = /$2+y2+22
/x2+y2

z

6 = arctan

¢ = arctan J
x

3.2 Vector Transformations

Cylindrical to Cartesian:

pcoso— qgsingb

5=
gy = psing + $COS¢
2=z
Cartesian to Cylindrical:
p=Rcosd+ Going = F———— 4 §——r
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Spherical to Cartesian:

f‘sin@cos¢>—|—écos€cos¢—(ﬁsingb
U :fsin@sindﬂrécos@sinngrqAﬁcosqS

z

Pcosf — Osind

z

Cartesian to Spherical:

7 = &sinfcos ¢ + gsinbsin g + 2 cos ¢

& cosfcosp+ gcoslsing — Zsin b

6
éz —&sin¢ + g cos ¢

3.3 Conversion Between Coordinate Systems (Example)

The relation A
2 X7 =sinfo

holds since the vector .
¢ = —sin @& + cos ¢

can be compared with the vector multiplication and the vector multiplication

T 1] zZ )
ZXT = 0 0 1 | = —sinfsin @& + sin 6 cos ¢fj = sin 6P,
sinfcos¢ sinfsing cosf

where we used
7 = sin 6 cos & + sin O sin ¢ + cos O 2.

4 Differential Operators

4.1 Rectangular Coordinate System

F=F,&+ F,§+F.2

o, 00 O,

v/ axw+@y+8z

__OF,  O0F,  OF,

VoF= 8x+87y 0z
_(OF. OF,\ . 0F, OF.\ . 0F, OF;\ .
VXF_<By_8z>m+<3z_8x)y+(8ac—8y>z



0*f  O*f  O*f
2, _9J 97T, 97T
V= 0x? +8y2 +822

V?F = V?F, &+ V?F, §+ V*F. 2

4.2 Polar Coordinate System

F=F,p+Fsp

Vf= 8 Y

2, 10 ( Of *f
V= <8p>+ 2 09

4.3 Cylindrical Coordinate System

F=F,p+Fyp+F.2

af . 19f - 6fA
V=50t ¢¢>+ o
o p_ L0WE)  10F,  OF,

p Op p 0¢

o (e (B ) (4

P 8¢ 0z 0z ap

2
V2f = "5,

pop

4.4 Spherical Coordinate System

F = F.#+ Fgb + Fy¢

vi=p 100, L O

or r 00 rsin 6 8¢¢
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V- F=—

1
F:
VX Tsin9<

0 (Fysin6) 8F9>

a0 Yy

or

0 (TFQ) . 8Fr

1 9 (r?F,) 1 O(Fpsin®) 1 9F
r2  Or rsiné 00 rsinf O¢
1 1 0F, 9(Fy)\, 1
r+r<sin9 dp  or 0+; or
. Of 1 9%f
or ) T 72 sin6 06 (31110(99) * r2sin? § dp?

Vi = %23 <r2‘9f) L 9

5 Vector Identities

uxXv=

Uy
Uz
us

u-V =uivi + usvs + usvs

|lul = vu-u

OF OF, OF, . OF,,

_|_

87q_8qw aqy 8qz

v €

vy €

vz €3
AL = a11
a21

-1
a12 _
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ux (vxw)=(u-w)v—(u-v)w
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6 Differential Identities
VxVf=0
V- VxF=0
VxVxF=VV-F-V°F
V-(fF)=f(r)V-F+F(r)-Vf
VX (fF)=fVXF+VfxF
V- (FxG) =(VxF) G- (VxG) F

7 Integration Identities

Substitution of cylindrical coordinates:

JJ] #evmrazayaz = [ 10.6.2) papds a:
1% 1%

Substitution of spherical coordinates:
// f(z,y,z)dedydz = // f(r,0,¢)r*sindrdf de
v v

The line integral of the scalar field:

/fwwﬂzjfwumwdﬁﬁ
L a

The line integral of the vector field:

/F(r)-dl:/F(r)~le:/F(r(u))- Tu du
¢ ¢

du

example

Lud+ug,uel0,1]



The surface integral of the scalar field:

Jrras= [[ 1o
S S

The surface integral of the vector field:

Z/F(r% dSzz/F(r)-ndSzg/F(r(u,S))' (8réZ’s> X 87“(%1;,3)) duds

example S : r(p,¢) = &pcosd + Gpcosp,0< p<1,0< ¢ <21

or (u, s) " or (u, s)

Em 95 duds

2n 1 2n

//2. dS0/10/2~[(§:cos¢+’gsin¢)x(:i:psinqSJr’gpcosqﬁ)] dgbdpo/o/pdgbdprc

6jlfF(r)-dl:Z/VxF-d.S’
ng(r)-dS:/V/ V.Fdv

%dl’:o
l/
%(ﬁ-r’)dl: — X //dS’

14 S’

Curl theorem:

Divergence theorem:

Other useful identities:

8 Fourier Transform

9 Useful Functions

9.1 Sinc Function

—

Sine (z) = ST /e_jk"qc dk

(101)



9.2 Dirac Delta Function

[ 550)5(0)5(2) dpdsdz =1
0

0(p)d(9)d(z) drdedd =1

/ . f(rl)y r eV’
V//f (r)o(r—r)dvi= {O, otherwise

10 Series Expansions

10.1 Taylor Series

> £(n)(,
f(a):Zf ( )(x—a)":f(a)+
n=0

n!

10

(102)

(103)

(104)

(105)

(106)

(107)

(108)

(109)

(110)



10.2 The Generalized Binomial Theorem

oo

g =3 (k) kg (111)

k=0

for |x| > |y| real numbers and any complex number r.

10.3 Fourier Series

f@)= Y cpeho” (112)
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