Algoritmy a programovani
Abstrakini datové struktury

Stromy, binarni stromy

Vojtéch Vonasek

Department of Cybernetics
Faculty of Electrical Engineering
Czech Technical University in Prague

1/26



Stromy it S
e Strom je acyklicky a souvisly graf G = (V, E)
e Jeden uzel je oznacen jako kofen @
e Kazdy uzel mGze mit az m > 0 potomku
e Kazdy uzel (kromé kofene) ma prave jeden vstup

e Pfidanim (jakékoliv) hrany vznikne cyklus e
e Odebranim (jakékoliv) hrany pfestane byt graf souvisly e
e List (leaf): uzel, ktery nema ani jednoho nasledovnika

(potomka)
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Stromy: pfiklad pouZiti JoR st
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CTU IN PRAGUE

Binarni stromy o g
Binarni strom
e Souvisly acyklicky graf
e Kazdy uzel ma nejvyse dva potomky
Uplny binarni strom s n uzly
e kazdy uzel ma 0 nebo 2 potomky
* Poget uzli v hloubce h je 2"
e n=Yy, 2 =2" 1
VSechny listy maji hloubku h = log,(n+1) — 1

Pocet listl je (n+1)/2, pocet vnitfnich uzld je

(n-1)/2
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FACULTY

Binarni stromy: implementace

e Uzel je objekt, obsahuje data, referenci na levy a pravy podstrom
e Pokud je podstrom prazdny, je reference None

1| class Node:
2 def __init__(self, data=None, left=None, right=None):
3 self.data = data
4 self.left = left
5 self.right = right
1| from tree import *
2
3| tree = Node("a", Node("b"), Node("c") )
4| print (tree.data)
5| print (tree.left)
6| print (tree.left.data)
a
<tree.Node object at 0x7f35edc23160>
b
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¢ FACULTY
%,J OF ELECTRICAL

Binarni stromy: prochazeni Jo eticime

Prochazeni stromu

e Systematické zpracovani kazdého uzlu stromu

e Zpracovani: napfr. tisk dat, kopirovani uzld, provedeni jiné operace podle
typu uzlu

e Neékolik moznosti pofadi zpracovani uzld

Preorder

e Navstivime uzel, pak levy podstrom, pak pravy podstrom
Inorder

¢ Navstivime levy podstrom, pak uzel, pak pravy podstrom
Postorder

¢ Navstivime levy podstrom, pak pravy podstrom, pak uzel
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FACULTY
OF ELECTRICAL

Binarni stromy: preorder ST

Preorder

¢ Navstivime uzel, pak levy podstrom, pak pravy podstrom

def preorder (node):

if node != None:
print (node.data) #visit node
preorder (node.left) #visit left
preorder (node.right) #visit right

a A~ W N =

7/26



Binarni stromy: preorder fo Hane

Preorder

¢ Navstivime uzel, pak levy podstrom, pak pravy podstrom
e Uzly jsou navstiveny v pofadi: ABDGHCEFI
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FACULTY
OF ELECTRICAL

Binarni stromy: inorder ST

Inorder

¢ Navstivime levy podstrom, pak uzel, pak pravy podstrom

1|def inorder (node):

2 if node != None:

3 inorder (node.left) #visit let

4 print (node.data) #visit node
5 inorder (node.right) #visit right
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Binarni stromy: inorder o G

Inorder

¢ Navstivime levy podstrom, pak uzel, pak pravy podstrom
e Uzly jsou navstiveny v pofadi: G DHBAECF I
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FACULTY
OF ELECTRICAL

Binarni stromy: postorder e

Postorder

¢ Navstivime levy podstrom, pak pravy podstrom, pak uzel

def postorder (node):
if node != None:
postorder (node.left) #visit left
postorder (node.right) #visit right
print (node.data) #visit node

a A~ W N =
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Binarni stromy: postorder W G

Postorder

¢ Navstivime levy podstrom, pak pravy podstrom, pak uzel
e Uzly jsou navstiveny v pofadi: GHDBEIFCA
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FACULTY

Binarni stromy

¢ Pfevod datovych polozek stromu na string

1| def preorderString(node):

2 if node != None:

3 return (str(node.data) + "_"

4 + preorderString(node.left) + " "

5 + preorderString(node.right))

6 return ""

1| def postorderString(node):

2 if node != None:

3 return (postorderString(node.left) + "_"
4 + postorderString(node.right) + ", "
5 + str(node.data) )

6 return ""

def inorderString(node):
if node != None:
return (inorderString(node.left) + " "
+ str(node.data) + " "
+ inorderString(node.right) )
return ""

o O A W N =
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Binarni stromy

FACULTY
OF ELECTRICAL

ENGINEERING
CTU IN PRAGUE

e Pfevod datovych polozek stromu na string

from tree import

#create the tree
nodel = Node("D",
node2 = Node("C",
tree = Node("A",

print ("Preorder:"
print ("Postorder:
print ("Inorder:",

O © 0 N O A~ WN =

*

Node ("H"))
Node ("F",
node2)

Node ("G"),
Node ("E"),
Node ("B" ,nodel),

, preorderString(tree) )
", postorderString(tree) )
inorderString (tree) )

None,

Node ("I")))

E C F 1I

Preorder: A B D G

C E F I
Postorder: G
E I FC

Inorder: G D H




FACULTY

Binarni stromy: inorder JoR et
® Projdeme strom v inorder postupu, navstivené uzly davame do pole

1| def inorderList (node):

2 if node != None:

3 return inorderList(node.left) + [node] + inorderList (node.

right)

4 return []

1| import tree as TREE

2

3| left = TREE.Node (2, None, TREE.Node('"c") )

4|right = TREE.Node (3, TREE.Node("a"), TREE.Node
(llb") )

5| tree = TREE.Node("root", left, right)

6

7| nodes = TREE.inorderList (tree)

8| print ("Nodes", nodes)

9| for node in nodes: #node is ref to Node

10 print (node.data, end = ",")

Nodes [<tree.Node object at 0x7fd1d0c34e80>, <tree.Node object at O
x7£fd1d0c4c160>, <tree.Node object at 0x7fd1d0c1e910>, <tree.
Node object at 0x7fd1d0cle7f0>, <tree.Node object at O
x7£d1d0c1ef70>, <tree.Node object at 0x7fd1dOclef10>]

2 ¢c root a 3 b
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OF ELECTRICAL

Binarni stromy: vypo&et hloubky v uzlu JeR sz

® Hloubka v uzlu nje h(n) = 1 + max(h(n.left), h(n.right))

1| def countDepth(node):

2 if node == None:

3 return O

4 return 1 + max(countDepth(node.left), countDepth(node.right))
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FACULTY
OF ELECTRICAL

Binarni stromy: vyrazy ST

* Reprezentace vyrazl: data uzlu obsahuji operator, levy a pravy potomek
jsou operandy

® Vyhodnoceni vyraz( v postorder rezimu

1| from tree import x*

2| nodePlus = Node("+", Node(7), Node(3))

3| nodeMinus = Node("-", Node(5), Node(2) )
4| tree = Node("*", nodePlus, nodeMinus)

5

6

print ( postorderString(tree) )

14/26



FACULTY
OF ELECTRICAL

Binarni stromy: vyrazy G

1| from tree import *

2| def evaluateTree (node):

3 if node.data=="+":

4 return evaluateTree(node.left) + evaluateTree(node.right)
5 elif node.data=="-":

6 return evaluateTree(node.left) - evaluateTree(node.right)
7 elif node.data=="x*":

8 return evaluateTree(node.left) * evaluateTree(node.right)
9 elif node.data == "/":

10 return evaluateTree(node.left) / evaluateTree(node.right)
11 return node.data

12

13| nodePlus = Node("+", Node(7), Node(3))

14| nodeMinus = Node("-", Node(5), Node(2) )

15| tree = Node("*", nodePlus, nodeMinus)

16| print ( postorderString(tree) )
17| print ( evaluateTree (nodePlus) )
18| print ( evaluateTree (tree) )

10
30
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Binarni vyhledavaci stromy f stiemey

CTU IN PRAGUE

® Slozena datova struktura pro rychlé vyhledavani
e Vyhledavani na zakladé porovnani (pfedpokladame < nebo >)
e Kazdy uzel obsahuje kli¢

e Kili¢ v kazdém uzlu je vétsi nebo roven nez kli€e ve vSech uzlech v
levém podstromu

e Kili¢ v kazdém uzlu je mens&i nebo roven nez klice ve vSech uzlech v
pravém podstromu
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Binarni vyhledavaci stromy: operace W i

* Vlozit prvek
* Smazat prvek
e Vyhledani prvku

® obsahuje strom hledany prvek?
® najit uzel, kde se vyskytuje
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Binarni vyhledavaci stromy: implementace Fe Hetmen

CTU IN PRAGUE

Zakladni operace

* Vlozit prvek
* Smazat prvek
® Vyhledani prvku

® obsahuje strom hledany prvek?
® najit uzel, kde se vyskytuje

1| class BST:

2 def __init__(self, data=None, left=None, right=Nomne):
3 self .data = data

4 self.left = left

5 self .right = right
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FACULTY
OF ELECTRICAL

Binarni vyhledavaci stromy it

Vytvoreni z pole

e Setfidime pole, z prostredniho prvku bude uzel, levy a pravy podstrom z
levé a pravé poloviny pole

® Rekurzivni postup

def buildFromArrayIntermnal(a):
if len(a) ==
return None
if len(a) == 1:
return BST(al[0])
m = len(a) // 2
left = buildFromArrayInternal(al:m])
right = buildFromArrayInternal(al[m+1:])
return BST(al[m], left, right)

© 0N OO O~ WD =

=

def buildFromArray(a):

12 tmp = sorted(a)
13 tree = buildFromArrayInternal (tmp)
14 return tree

19/26



3 FACULTY

Binarni vyhledavaci stromy: vytvofeni z pole & s

from bst import *

from tree import preorderString
a = [4,1,10,5,5,7]

tree = buildFromArray (a)

print ( preorderString(tree) )

a s~ w N =

54 1 5 10 7
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FACULTY

Binarni vyhledavaci stromy: hledani prvku Jo eticime

¢ Pokud uzel obsahuje prvek, vratime referenci na uzel
e Jinak prohledame bud levy nebo pravy podstrom
e Slozitost: O(log n)

def findNode (node, query):
if node:
if node.data == query:

return node
if node.data >= query:
return findNode (node.left, query)
else:
return findNode (node.right, query)
return None

© 0N OO O~ WD =

21/26



FACULTY
OF ELECTRICAL

Binarni vyhledavaci stromy: hledani prvku R,

from bst import *

from tree import inorderString

nodeLeft = BST(14,None,BST(14))

nodeRight = BST(20, BST(18, BST(17)), BST(30) )
tree = BST(15, nodeLeft, nodeRight)

print ( findNode (tree, 17) )
print ( containsNode (tree, -18) )

0 N OO oA WD =

9| print ( containsNode (tree, 18) )

10|a = findNode (tree, 20)

11| if a:

12 print ("Node with key, 15:", a.data)

13 print ("Subtree0f,20,is:", inorderString(a) )

<bst.BST object at 0x7£8d9d773850>
False

True

Node with key 15: 20

Subtree of 20 is: 17 18 20 30
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FACULTY

Binarni vyhledavaci stromy: pfidani prvku i A

e Rekurzivni hledani vhodného mista, kam vlozit (dle velikosti klice)

1| def addKey(node, key):

2 if node == None:

3 return BST(key)

4 if key < node.data:

5 node.left = addKey(node.left, key)

6 elif key > node.data:

7 node.right = addKey(node.right, key)
8 return node

import bst as BST
import tree as T
tree = None
for i in [4,1,10,5,5,7]:
tree = BST.addKey(tree, i)

N o g~ 0NN =

print( T.inorderString(tree) )

1 4 5 7 10
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Binarni vyhledavaci stromy: sloZitost o G

Prumeérna slozitost

e Dokonale vyvazeny strom: rozdil poctu uzlt podstromu
se liSi nejvyse o jedna

® Hloubka je h = log(n)

e Vkladani, vyhledavani, mazani: O(h) = O(log n)

Nejhorsi ptipad

e Strom je nevyvazeny

e Nejhorsi pfipad: degenerovany strom, hloubka h = n — 1 ®

e Vkladani, vyhledavani, mazani: O(n)

Vyvazovani

e Cilem je mit stejnou velikost levého a pravého podstromu (rozdil max.
jedna)

e QOperace zapisu do stromu (vkladani a mazani) se upravi o operaci
vyvazovani

® Poskytuji nejlepsi slozitosti operaci vkladani/vyhledani/mazani

e Vyvazené stromy: napf. AVL-tree a dalSi
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Adelso-Velskii-Landis stromy (AVL-trees) fo Hane

e Faktor vyvazeni BF(node) = h(node.right) — h(node.left)

* Pokud je BF(x) < 0, je uzel x “left-heavy”, obdobné je right-heavy pokud
BF(x) >0

e Qperace prochazeni/vyhledavani jsou stejné jako u BST

e P¥i vkladani uzlu se rekurzivné updatuje hodnota hloubek od listu ke
kofeni

e Pokud BF(x) ¢ {0,—1,1}, provede se vyvazeni v uzlu x a aktualizuji se
hloubky

* Vyvazovaci operace: rotace vlevo/vpravo
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¢ FACULTY
%/ OF ELECTRICAL
ENGINEERING

Rotace stromu fo i

Rotace vpravo
e Zména uzlu za jeho levého potomka
e Pouziva se, pokud je uzel left-heavy

def rotatelLeft (mode):
pivot = node.left
node.left = pivot.right
pivot.right = node
return pivot

a A~ W N =

Pred rotaci Po rotaci vpravo
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