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the corresponding camera coordinate systems (C, ) with g = [51, by, by =
— > o > —
Co] and (C, ') with g’ = [b, b}, b5 = Co'].

Point X is projected to image points along the projection rays, which
are intersected with m and 7’. The projection of X in 7 is represented by
vector i, = [u,v]". The projection of X in 7’ is represented by vector
2o Ty T
u, =[u,v]".

Vectors ¥ and ¥’ are two direction vectors of the same ray and hence
are linearly dependent. Since they are both non-zero for X # C, their linear

dependence is equivalent with
JAeR: A% = % 7.1)

To arrive at the relationship between the available coordinates of vectors
¥and %', we shall now pass from vectors to their coordinates. There holds

AX = X (7.2)
AR, = & L -0y (73
B B’ ) JC/“ H /5 .
AT, = B C /2 (7.4)

true for some 3 x 3 real matrix H with rankH = 3, which transforms
coordinates of a vector from basis f to basis f'.
Considering the choices of camera coordinate systems, we see that

} AT, = HI (7.5)
/ -7
b z " u gu,o(
Ao = H|v (7.6)
1 1

We have obtained an interesting relationship. The above equations
tell us that the image projections are related by a transformation, which
depends only on image projections, and to find it, we do not need to know
actual positions of points X in space. This is the consequence of having
c=C.

4

7.1 Homography between images with the same
center

Let us consider two perspective cameras with identical projection centers
C = C’, which project point X from space to their respective image planes
7 and 7', Figure 7.1. We introduce image coordinate systems (o0, ) with

a= 51,52 inmand (o', a’) witha' = 5’,5’ in 7t/ and use them to construct
1%
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§1 Relating homography matrix to camera projection matrix Ma-
trix H is related to camera projection matrices. Consider two camera
projections given by Equation 5.12

> }_() - }_() - -
Xy = P [f’]z[KR—KRcé]{f’] KR (X5 —Cs) (7.7)
- /}_{)6_ I o/ 1ol }_{)0_”_)__)
Xy = P [1}—[KR—KRC5] || =KR(Xs —C) (7.8)
for all X5 € R3, which gives
> 2 K
CRIKT'Y = X5—-GCs (7.9)
C’R’TK’_lfé, = X5 -Cs (7.10)
and therefore \Z
Tor—1 5, —1 >
UR 'K xé, = CRTK'¥ (7.11)
C, >! In/nTw—1 b
for all corresponding pairs of vectors xlg, . Let us now compare Equa-
tion|7.12 with Equation 7.5, i.e. with
A%}, = HZ (7.13)
We see that )
H=KRR'K! when A= % (7.14)
/ 1
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7.2 Homography between two images of a plane

7.2.1 One image of a plane

Let study the relationship between the coordinates of 3D points X, which
all lie in a plane o, and their projections into an image, Figure 7.2. Co-
ordinates of points X are measured in a coordinate system (O, ) with

o= [d_i, d_;, d_;] Vectors d_i, d_; span plane ¢ and therefore

x “f“‘ o
Xs = [y] (7.15) 3D plan~e
0

for some real x, y.

The points X are projected by a perspective camera with projection
matrix P into image coordinates i, = [1,v]', w.r.t. an image coordinate
system (o0, ) with a = [él,éz]._) The corresponding camera coordinate 7 Pw, \SQCJ—\\M U’w T & Y
system is (C, ) with B8 = (b1, b, b3).

To find the relationship between the coordinates of Xsand iZ,, we project A N
points X by P into projections ¥z as T - [OL’I | O(’L ( d Yy
x
u )—(} y X
Clo|=Cx =P {1‘3] =[p1 p2 ps ] || =[P P2 pa]|¥|=HF
1 1
1
(7.16)

where p1, P2, p3, P4 are the columns of P.

Notice that 3 x 1 matrix ; = [x,
ordinate system (C, t) with the basi§ T = (d_i,d_;, d:l)
is the vector assigned to the pair of points (C,

ts point X in the co-

where the dz - CO
f point C is not in o,

then vectors dq, d_;, dz are independent and hence form a basis. Therefore,

matrix
( H=[p1 D2 D4] (7.17)

represents a change of coordinates and has rank 3.
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7.2.2 Two images of a plane

Let us consider a plane ¢ and two perspéctive cameras with (in gen-
eral different) projection centers C and C’, which do not lie in ¢ and the

corresponding projection matrices P and P’

= [p1 p2 p3 D4 (7.18)

P
PP = [p; p; Py b (7.19)

where p; € R3 and pz.’ €eR3,i=1,...,4 stand for the columns of P, P'.

We establish coordinate systems (O, 0), (C,8), (C',f’) in the standard
way, see Figure 7.3 to get

Xs= |V (7.20)

for some real x, y.
Point X € o is projected to the cameras as

x — —
5 X
> X, 7
Cxg =P [1‘5] =[p1 P2 P3 D4] ‘g =[p1 P2 pa]|y| =G
1
_1— - -
T o
X y .
C/f‘é/ - p [ 15] - [p{ pé pé pi] 0 :[p{ pé pi] ¥ :G/g’fc/
1

1
I
L
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for some (, ' € R\{0} and two new coordinate systems (C,7) with T = Point X € o is projected to the cameras as

(dq,dz, dZ), where the dz — COand (C, vy with v’ = (dj,d;, dZ), where the -
] . o
d, = CO. ) N -, ) (X% =P [)ﬂ:[m P2 D3 D4 g =[p1 P2 P4] |V | =G
We see that there are two different vectors, i and y’, which appear on . [ 1]
the right hand side of the equations in different bases, i.e. as /; and ™ =
> X
— 12! / X !’ ! ! ! ! ! / /2
C Xp = G yﬂ Cxg = P [ 16] =[p] p; p; pi] g =[p] p; p;] 3{ =Gy,
1

7, = (7.22)

with G = [p1,p2,p4] and 6" = [p], p}, p,]-
Coordinate systems (C, ) and (C’, ') are so special that

=g. Yier o

for all points in . Consider that

X
o= XA w)T =% +jﬁ - X(dﬁ,dé,d4) + d4(d1,d2,d4) ;{ (7’:24)
T Tx
T 2 A~ — , N 7 _
v = X+ COh =Xo +dy, X 2.4,) +d4(di,d§,d2) ﬁ( ») g
and therefore, when C ¢ 0 and C’' ¢ 0, we get C -:(: C/
(%, =66 10K (7.26)

which we can write as ;1
\ AT, = B \ (7.27) = ¢6

-1
: = |py Py pyf[P1 P2 D4
for A = & and H = 6 G1. Clearly, He R*3, rankH = 3. (e Pz pill |

_ T
9
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7.2.3 Cameras with the same center

In the derivation of Equation 7.27, we have never asked for centers C, C’
be different. Indeed, Equation 7.26/is perfetly valid even when C = C'. At
the same time, however, there also holds Equation 7.14 true, and thus we
have

H = GG} (7.28)
— [o] ®, Bi][P1 P2 pa] (7.29)
H = KRR'k! (7.30)
— [o] ®, Bi][P P2 B3] (7.31)

Let us see now purely algebraic argument why the above holds true. Since

.. = T
the cameras have the same projection center Cs = [C1 cp C3] , We can
write

ps = —KRC; and pi:—KIRlé)é (7.32)
and hence
H = G6! (7.33)
-1
= [p; pj p;][P1 P2 D4] (7.34)
2 S S
= KR |1 § G| |i i G| R (7.35)
= K'RR'k! (7.36)

withi = [1 0 0]T and j = [0 1 O]T. We see that there always holds

[0/ o, p)][p1 2 pa]  =[p) ©) Bi][o1 P2 B3] (737)
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7.3 Spherical image

Consider a camera rotating around a center C and collecting # images all
around such that every ray from C is captured in some image. We can
choose one camera, e.g. the first one, and relate all other cameras to it as

/\ifﬁl = Hifﬁ,-/ i=1,...,n (7.38)

Since all vectors ¥ were captured, there inevitably will appear a vector

with coordinates
x

= |y (7.39)
0 A

Such vector does not represent any point in the affine image plane 7 of
the first camera because it does not have the third coordinate equal to one.
To be able to represent rays in all directions, we have to introduce spherical
image, which is the set of all unit vectors in IR® (also called omnidirectional
image). We sometimes use only a subset of the sphere, typically a cylinder,
to capture panoramic image. In such a case, we can remap pixels onto such
cylinder and then unwarp the cylinder into a plane. Notice however, that
in such a representation, straight lines in space do not project to straight
lines in images.

All equations we have developed so far work with minor modifications
also for vectors with last zero coordinate. We will come back to it later
when studying projective plane which is somewhere between the affine
image plane and full spherical image.

Coms L’\/&LJ\‘\:}‘;

/o
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then there holds 7.4 Homography — summary
u u Let us summarize the findings related to homography to see where it
corr appears.
dHe 1R3><3I rankH = 3, so that V [u/ U]T « [u,/ U/]T JAeR: A | ¢ | =H|v Let us encounter one of the following situations

1. Two images with one projection center Let [1,0]" and [t/,7']T be
coordinates of the projections of 3D points into two images by two

true where w = w’ = 1 for perspective images and may be general for perspective cameras with identical projection centers;
Sphel'iCal images. 2. Image of a plane. Let [1,v]" be coordinates of 3D points all in one
In all three cases, coordinates of points are related by a homography. plane o, w.r.t. a oordinate system in o and [/, v']" coordinates of

. . . . their projections b ti ith projecti ter not
We have used linear algebra to derive the relationship between the coor- iniﬁep;ﬂil? >y A perspecive cameras With projection cenerno
dinates of image points in the above form. The homography can be also

. . 3. Two images of a plane Let [1,v]" and [i//,7']" be coordinates of the
represented in a different way. g P 2] el

projections of 3D points all in one plane ¢, into two images by two

To see that, we shall eliminate A as follows perspective cameras with projection centers not in o;
u u hi1 hi2 his u
Al = H|ov|=|h1 hyn hy v (7.41)
1 1 ha ha hy | |1 . h Ny
n, > Wi
Al = hiiu +hppv+ hyz (7.42) u
A = h21 u —+ h22 0+ h23 (7.43) (O~ QM
Al = hzyu+hspo+ hss (7.44)

hipu + ]’112 v+ M3
- 7.4
" hayu + hsp v + h33 ( 5)

”l21 u—+ hzz 0+ h23
f 7.46
v h311/l+h321)+h33 ( )

We see that mapping & obtained as
hy1 u+hyp v+his

w u b3y u+hsp v+hss
[v,] - ([UD T | hauthpothy (7.47)

h31 u+hsp v+hss



7.5 Computing homography from image matches

h'

1 u
H= h2T and for the vector x = [ v } (7.56)

1< | ] 1

and rewrite the above matrix Equation|7.40]as

A = hlx (7.57)
g Av = hyx (7.58)
A = hyx (7.59)

Eliminate A from the first two equations using the third one
/—___’b

N
— 0 (hyx)u’ = h/x (7.60)
(hyx)v" = hyx (7.61)

(7.62)

move all to the left hand side and reshape it using x 'y = y 'x

—

) x'hy— (xhy = 0 (7.63)
x'hy— (¥x")hy = 0 (7.64)
(7.65)
Introduce notation -
' h=1[h/ h] hj] (7.66)

and express th¢ above two equations in a matrix form

4!
”,]hzo

(7.67)

16
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—

Every correspondence [u,v]" @ [u/,v']T/brings two rows to a matrix

uov 1 000 —vu —uov —u
000 wuvov 1 —du —vv —v|p = ¢ (7.68)
/_’_/,_3/—/\

M h = 0 (7.69)

If £G = H, £ # 0 then both G, H represent the same homography. We are
therefore looking for one-dimensional subspaces of 3 x 3 matrices of rank
3. Each such subspace determines one homography. Also note that the
zero matrix, 0, does not represent an interesting mapping.

We need therefore at least 4 correspondences in a general position to
obtain rank 8 matrix M. By a general position we mean that the matrix
M must have rank 8 to provide a single one-dimensional subspace of its
solutions. This happens when no 3 out of the 4 points are on the same
line.

Notice that M can be written in the form

[, 1 1 0 0 0 —vwwu —-uov —u

/
} ! }
up vp 1 0 0 O —UyUp  —UU2  —l,
M= : 7.70
0 0 0w vy 1 —vjuy —vjor -0 (7.70)
0 0 0 up vo 1 —Vhup —vhva -0,

17

w X 9

d
ne [

4o
L, n40 (rehtt=2)

- T AT 4/ T

X, 0 uy X

T T 4 T

X, 0 Uy X,y

M= T T /T
0 X, —UX

T T 7T

0 X, U, X,




7.5.2 Advanced procedure for computing a general H

with x = [u,0,w]" and x" = [u’,v/,w']" and follow the derivation in[§1]

to get

Ax’ = Hx
[x'],Hx

4

“\
(129

—v’ u

w'x’ oF —u'x'
—o'x " u'x’ o'

]v<HT) = o(0") 779 — 9 cozvxe/ot - 301/\/\8

[ 0f —w'x"  v'x'

For more correspondences numbered by i, we then get

- AT T T A
0 —w{x1 v{x1
o' —wész vész .
; 5 M) -0
w{xlT o' —u{xlT
wx] 07 —ux] |oET) = 0 (7.80) M-A =0

n

Fi&&@ o

which is, for w = 1, equivalent to Equation Notice that v(H") = h

from Equation
19






