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KL Divergence, t-SNE, Unsupervised RL

• Stochastic Neighbor Embedding (t-SNE)


• KL Divergence


• Unsupervised Representation Learning

- Latent Variable Models

- EM

- ELBO, Variational Inference



Stochastic Neighbor Embedding



Motivation
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✦ Tool of representational geometry:

• dimensionality reduction for data visualization


✦ Goals:


• Data often lies on a lower-dimensional manifold


• Preserve small distances accurately


• Large distances can be increased more

<latexit sha1_base64="b2wdvKOIuCd1LO/lG32Vh9DlvqY="></latexit>

Representation in Rd

<latexit sha1_base64="L1JrI8I8lF/bUvp/53z7hgZL1os="></latexit>Data in Rn

<latexit sha1_base64="M8kNWH7dn1wFuCMm4MjFuOExjSA="></latexit>Non-linear embedding



Multidimensional Scaling (MSD)
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<latexit sha1_base64="yjF7/KGW0+37op5XPZFh4CTHfcU=">AAAD5HicjVLbalNBFJ00Xuqx2lTRF18GW6EPNSTxiiAUSsEHlUhNW+gJYc6cfZIhc2Nm0iYOB/wA38RX/8sf8DucSdLapCBuBmaxZu29Z18yzZl1jcavykr12vUbN1dvJbfX7txdr23cO7RqZCh0qOLKHGfEAmcSOo45DsfaABEZh6NsuBffj07BWKbkZzfR0BWkL1nBKHGB6tW+phn0mfTMgWBfoEzSiPBHJZ9qYogAZxjFQu </latexit>

⌅ Non-parametric model: for each data point xt we find a corresponding embedding x̄t

Embedding Space

Input Data Space

<latexit sha1_base64="lJxhrVfv5vfC1TnuZqv760XlDAY="></latexit>

xi œ Rr

<latexit sha1_base64="qPZdus8vNTANjVxSexginYSmWaU="></latexit>xj

<latexit sha1_base64="0O9WTYf4IJl8kRPNWsedBzr+gxg="></latexit>

x̄j

<latexit sha1_base64="QIm9s5PiBLRz8UX31Gj4CnY+p3E="></latexit>

x̄i œ Rd



Multidimensional Scaling (MSD)
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Embedding Space

Input Data Space
<latexit sha1_base64="1gL6k0q6UoImkmCW7GrEnxRy5V0="></latexit>

Distances dij = Îxi ≠xjÎ (or given in other way)

<latexit sha1_base64="Eeqf0GdGZYVJbKNO8m5PxrUbhNQ="></latexit>

Distances d̄ij = Îx̄i ≠ x̄jÎ

<latexit sha1_base64="lJxhrVfv5vfC1TnuZqv760XlDAY="></latexit>

xi œ Rr

<latexit sha1_base64="qPZdus8vNTANjVxSexginYSmWaU="></latexit>xj

<latexit sha1_base64="0O9WTYf4IJl8kRPNWsedBzr+gxg="></latexit>

x̄j

<latexit sha1_base64="QIm9s5PiBLRz8UX31Gj4CnY+p3E="></latexit>

x̄i œ Rd



Multidimensional Scaling (MSD)
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Want to preserve all distances

-- too stringent

<latexit sha1_base64="/TvXP7VfCkABbwLZY5KbvDdL8xw="></latexit>

min
x̄

ÿ

i ”=j

(dij ≠ d̄ij)
2

Embedding Space

Input Data Space
<latexit sha1_base64="1gL6k0q6UoImkmCW7GrEnxRy5V0="></latexit>

Distances dij = Îxi ≠xjÎ (or given in other way)

<latexit sha1_base64="Eeqf0GdGZYVJbKNO8m5PxrUbhNQ="></latexit>

Distances d̄ij = Îx̄i ≠ x̄jÎ

<latexit sha1_base64="lJxhrVfv5vfC1TnuZqv760XlDAY="></latexit>

xi œ Rr

<latexit sha1_base64="qPZdus8vNTANjVxSexginYSmWaU="></latexit>xj

<latexit sha1_base64="0O9WTYf4IJl8kRPNWsedBzr+gxg="></latexit>

x̄j

<latexit sha1_base64="QIm9s5PiBLRz8UX31Gj4CnY+p3E="></latexit>

x̄i œ Rd



Stochastic Neighbor Embedding (SNE)
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Embedding Space

Input Data Space
<latexit sha1_base64="1gL6k0q6UoImkmCW7GrEnxRy5V0="></latexit>

Distances dij = Îxi ≠xjÎ (or given in other way)

<latexit sha1_base64="Eeqf0GdGZYVJbKNO8m5PxrUbhNQ="></latexit>

Distances d̄ij = Îx̄i ≠ x̄jÎ

<latexit sha1_base64="lJxhrVfv5vfC1TnuZqv760XlDAY="></latexit>

xi œ Rr

<latexit sha1_base64="qPZdus8vNTANjVxSexginYSmWaU="></latexit>xj

<latexit sha1_base64="0O9WTYf4IJl8kRPNWsedBzr+gxg="></latexit>

x̄j

<latexit sha1_base64="QIm9s5PiBLRz8UX31Gj4CnY+p3E="></latexit>

x̄i œ Rd

<latexit sha1_base64="jv3GgA+ZCy79pu39zLfzw+WOrC8="></latexit>

min
x̄

ÿ

i

KL
!
pi Îqi

"

<latexit sha1_base64="LVh0/csTWNTx83Yu85WjJAD2R1g="></latexit>

qi(j) =
e

≠d̄2ij

q
j ”=i e

≠d̄2ij
, ’j ”= i

<latexit sha1_base64="FUTibgZOjXOh/NnLvSIFMCQvHi8="></latexit>

pi(j) =
e

≠d2ij/2‡2
i

q
jÕ”=i e

≠d2
ijÕ/2‡2

i
, ’j ”= i

<latexit sha1_base64="qgOtAmjnVzhTz7SlIR3wZzkGOtE="></latexit>

• argmin
x̄

ÿ

i

KL
!
pi Îqi

"
= argmax

x̄

ÿ

i

ÿ

j

pi(j) logqi(j)

• Maximum likelihood learning to predict the “nearest neighbor” by q

• In comparison to MDS: normalization, distant neighbors are down-weighted
• In comparison to “Contrastive Learning”: distribution pi(j) instead of a known “positive”



t-Distributed SNE (t-SNE)
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[Maaten & Hinton (2008): Visualizing Data using t-SNE]

<latexit sha1_base64="KL8vmM79NWpy9yE45YtR/wVLbQ0="></latexit>

p(j|i) Ã e≠d2
ij/2‡2, ’j ”= i

(Student t with 1 degree 
 of freedom is Cauchy)

<latexit sha1_base64="YW7jdHkuva1L/m+JVTQgdPxwcRM="></latexit>

q(j|i) Ã
!
1+ d̄2

ij

"≠1, ’j ”= i

• Improves clustering of the data (sometimes too much)

• Omitted: symmetrization, initialization, adaptive sigma

Embedding Space

Input Data Space
<latexit sha1_base64="1gL6k0q6UoImkmCW7GrEnxRy5V0="></latexit>

Distances dij = Îxi ≠xjÎ (or given in other way)

<latexit sha1_base64="Eeqf0GdGZYVJbKNO8m5PxrUbhNQ="></latexit>

Distances d̄ij = Îx̄i ≠ x̄jÎ

<latexit sha1_base64="lJxhrVfv5vfC1TnuZqv760XlDAY="></latexit>

xi œ Rr

<latexit sha1_base64="qPZdus8vNTANjVxSexginYSmWaU="></latexit>xj

<latexit sha1_base64="0O9WTYf4IJl8kRPNWsedBzr+gxg="></latexit>

x̄j

<latexit sha1_base64="QIm9s5PiBLRz8UX31Gj4CnY+p3E="></latexit>

x̄i œ Rd

<latexit sha1_base64="35UdPGaLLKsf2CPHVv2OHnfyamc="></latexit>

min
x̄

ÿ

i

KL
!
p(·|i)Îq(·|i)

"



Examples
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[Hinton & Roweis (2002): Stochastic Neighbor Embedding]

SNE algorithm on 256-dimensional grayscale images of handwritten digits 



Examples
10

t-SNE

[Maaten & Hinton (2008): Visualizing Data using t-SNE]

Sammon Mapping:

MNIST data

COIL data

t-SNE Sammon Mapping

<latexit sha1_base64="b6a1uw653bHjA/sHVPC2sU9lLI4="></latexit>

L =
ÿ

i ”=j

(dij ≠ d̄ij)2

dij



Example: Metric Learning
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Embedding using similarity in the future space of the network, colored by class labels

Classifier feature Triplet-trained feature



KL Divergence



KL Divergence
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<latexit sha1_base64="tCpFjZap3qlM64KkV+AYyRS9BeE="></latexit>

⌅ Let p(x) and q(x) be two probability distributions.
⌅ Kullback–Leibler divergence of p and q is

DKL(pÎq) =
ÿ

x

p(x) log
p(x)

q(x)

• Definition allows p(x) = 0 by the extension limpæ0p logp = 0

• Defined when supp(p) ™ supp(q), i.e. q(x) = 0 ∆ p(x) = 0

⌅ Properties:
• DKL is a divergence: DKL Ø 0 with equality i� q = p

• Non-symmetric
• (Invariant under change of variables)
• Information-theoretic properties (Amount of information lost when q is used to

approximate p)



Non-negativity
14

<latexit sha1_base64="3oNV5F0Jz5CCAnlQrVKGU+fa4zs="></latexit>

logy2

<latexit sha1_base64="k/FoujG4SU5gx0cuhQexu+rlcvg="></latexit>

logy1

<latexit sha1_base64="t3sxAxOQbyn9n6oC2U9vTfTfMJU="></latexit>

log(p1y1+p2y2)
<latexit sha1_base64="fxq9wiXvQClT5e4ArLrFtfeXt3U="></latexit>

p1 log(y1)+p2 log(y2)

<latexit sha1_base64="whfTr8OhZtjykPwaItV8cfJEHyQ="></latexit>

log(y)

<latexit sha1_base64="jkjVu0L5Z0b6RCbRElswEViYXOA="></latexit>y

<latexit sha1_base64="ywuafXz80NqQx1S0XCLCin6nRzI="></latexit>

⌅ Non-negativity: DKL(pÎq) Ø 0

• let y(x) = q(x)
p(x)

• The inequality
q

x p(x) log p(x)
q(x) Ø 0 is equivalent to

q
x p(x) logy(x) Æ 0

• Observe that log is concave, apply Jensen’s inequality:

•
q

x p(x) logy(x) Æ log
q

x p(x)y(x) = log
q

x q(x) = log1 = 0.

⌅ From strict concavity follows that DKL(pÎq) = 0 i� p = q



Asymmetry
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Minimizing forward KL divergence: Minimizing reverse KL divergence:

<latexit sha1_base64="QvamLQ5SnfqqyzbuNXyCJr5U4R8="></latexit>

min
q

DKL(qÎp)

min
q

⁄
q(x)(logq(x)≠ logp(x))dx

<latexit sha1_base64="jITKx2m8WanQRMNORLGqkJy3M4s="></latexit>

min
q

DKL(pÎq)

min
q

⁄
p(x)(logp(x)≠ logq(x))dx

<latexit sha1_base64="BZsavR9Al/g1ZShTr3evjWcufJQ="></latexit>

p(x)
<latexit sha1_base64="1egjWkmcXqOWLeM6WQ91xfBLLUo="></latexit>

q(x)
<latexit sha1_base64="BZsavR9Al/g1ZShTr3evjWcufJQ="></latexit>

p(x)

<latexit sha1_base64="1egjWkmcXqOWLeM6WQ91xfBLLUo="></latexit>

q(x)

<latexit sha1_base64="k506Dl1nGHHNmOCiDphE3kR9Mvg="></latexit>Example: q is Gaussian

<latexit sha1_base64="E9SM/SnlNyrpuByltpGjWhPcqwQ=">AAAEK3icjVPLbtNAFHUaHiW8WliyGdEgpVKxkorXBqmoCrCgUlAorVRH0XhynYwyLzzjNsHyJ/EdfAArEFv+gzuNW+oUIUaWfHzmnDN37oxjI7h17fb32kr9ytVr11dvNG7eun3n7tr6vY9WZymDfaaFTg9jakFwBfuOOwGHJgUqYwEH8XTXzx8cQ2q5Vh/c3MBA0rHiCWfUITVc+xrFMOYq5w4k/wxFI/LoaND4K09eGZPqGZ </latexit>

• Approximates well on average in p

• Matches moments for q in EF (e.g. Gaussian)
• Su�ces to sample from p(x)

<latexit sha1_base64="kr6W5xYvGhtzgeoJJSnv+R2dSjQ="></latexit>

• Approximates well on average in q

• Selects a mode
• Requires log(p)



Maximum Likelihood, Cross-Entropy and KL
16<latexit sha1_base64="S007mbfkMv7xPnvXJ9v5ijLROro=">AAAFe3icjVRdb9MwFM3KCiN8bSDxwovFytSitmonBmho0sRUiYduKhr7kOYSOcltajW2o9gZCVl+Da/wg/gxSDj9WtNNCKtSbs6995xj+6Z24FOpWq3fK6U7q+W799bumw8ePnr8ZH3j6akUUejAiSN8EZ7bRIJPOZwoqnw4D0IgzPbhzB4d5PmzSwglFfyLSgLoM+JxOqAOURqyNkrPsQ0e5SlVwOh3yEycR+iQxJRFDHXpSH </latexit>

⌅ Maximum Likelihood Learning for Classification:
• (xi,yi) ≥ pú – training data from true distribution pú

• Model: p(y|x;◊)

• Negative Log-Likelihood (NLL) minimization:
min

◊
E(x,y)≥pú

Ë
≠ logp(y|x;◊)

È

=min
◊

Ex≥pú(x)

Ëÿ

y

pú(y|x)(≠ logp(y|x;◊))
¸ ˚˙ ˝

È

<latexit sha1_base64="CXdd9gvM0Uzb8FXw5IrllUFsZMw="></latexit>

Crossentropy of pú(y|x) and p(y|x;◊)

- Soft labels pú(y|x)

- learning from another model(distillation, generative), mixup, etc.
<latexit sha1_base64="q+KXy+w8mxunFKsf8lYRuTHUKD8=">AAAFV3icjVTtbtMwFM3KNkb42uAnf65YkFrUVu3El4QmJkYREgMVwWCoLpWT3rbWYjvYztaQRfyFR9xr8ALgtNloi0BYkXxzfM+5H76JH4VMm0bjdKl0YXll9eLaJffylavXrq9v3HivZawC3A9kKNWBTzWGTOC+YSbEg0gh5X6IH/zD3fz8wxEqzaR4Z5IIu5wOBRuwgBoL9TaWfhAfh0ykzCBnXzBzSW5Bp+v+9cBzYRtIn+ </latexit>

=min
◊

Ex≥pú(x)

Ë
DKL(p

ú(y|x)Îp(y|x;◊))
È

≠
ÿ

y

pú(y|x) logpú(y|x)
¸ ˚˙ ˝

Entropy of pú(y|x) — constant in ◊

• For minimization in ◊, the NLL, Cross-entropy and forward KL are equivalent
⌅ Can we use the reverse DKL(pÎpú) for learning from samples (x,y) ≥ pú?



Unsupervised Representation Learning



Latent Variable Models
18

✦ We explicitly model that multiple observations have some common causes (common 
factors) that are not directly observed or, latent


✦ Examples:


• The true class labels for classification are not observed, only labels given by several 
experts, which may be error-prone. The true label is latent. 

• A text document has a particular topic that we do not know. The frequency of 
word occurrence and their meaning depend on this common latent topic. 

• In a handwritten note, the style and appearance of letters follow a particular style, 
unique for each writer and the writer is latent. 

• In our word vector example, words had multiple meanings 



<latexit sha1_base64="FJqH+zhLK4qyHgFqQSercREkrGw=">AAAFGnicjVPdbtMwGM1KgVH+NriEC4sFqUWlaic00KRJ06ZKSHSiaOxHqkvkOG5i1T9R7Gxts7wJr8ELcIe45Ya3wWmzdulgwork8x1/53z2Z8cNGVW62fy9UrpVvn3n7uq9yv0HDx89Xlt/cqxkHGFyhCWT0amLFGFUkCNNNSOnYUQQdxk5cYf72frJGYkUleKzHoekz5Ev6IBipA3lrK98gy7xqUioJpxOSFqBGQIHaER5zA </latexit>

⌅ Maximum likelihood learning (omitting conditioning on c):

Observations {xi}n
i=1 ≥ pú(x)

Likelihood of xi: p◊(xi) =
q
z

p◊(xi,z) =
q
z

p◊(xi|z)p◊(z)

Log-likelihood:

L(◊) = Ex≥pú

Ë
log

ÿ

z

p◊(x|z)p◊(z)
È

æ max
◊

Unsupervised Learning
19

<latexit sha1_base64="8Kie4WH4qaAJTy9g5B92sKHTeFs=">AAAEyXicjVNba9swFLa7bOu8S9vtcS9izSCBNCRlNwqFQikbbIWMrheoQ5Dlk0TEkjxLSZM4ftrP2y/Yz9jr9jLJdlM7HWPCoHM+ne87x+dIXhhQqVqtH/bancrde/fXHzgPHz1+srG59fRMinFE4JSIQEQXHpYQUA6niqoALsIIMPMCOPdGh+b8fAKRpIJ/UbMQugwPOO1TgpWGelu273owoDymChidQ+K4xkLHwodgz/nr4W </latexit>

⌅ Model:
x – observed, z – latent, c – conditioning (side information)
p◊(x|z,c) – model of observations knowing the latent state
p◊(z|c) – model of latent states
Generative model: p◊(x,z|c) = p◊(x|z,c)p◊(z,c)

Would have been nice to swap?



Expectation Maximization (EM) Algorithm
20<latexit sha1_base64="5PjiwJ3rpnra3MnHchcemboeIF4="></latexit>

L(◊) = Ex≥pú

Ë
logp◊(x)

È

= Ex≥pú

Ëÿ

z

p◊(z|x) logp◊(x)
È

= Ex≥pú

Ëÿ

z

p◊(z|x) log p◊(x,z)

p◊(z|x)

È

= Ex≥pú,z≥p◊(z|x)
¸ ˚˙ ˝

Complete x to a joint sample

Ë
logp◊(x,z)
¸ ˚˙ ˝

Supervised likelihood

È
+Ex≥pú

Ë
H(p◊(z|x))

È

¸ ˚˙ ˝
Posterior entropy

æ max
◊

<latexit sha1_base64="+7FY3LTcnKlY7NPYFLh0VAE5J6o="></latexit>

⌅ EM Algorithm:
• E-step: p◊t(z|x) = p◊t(x,z)

p◊t(x)
=

p◊t(x,z)q
z p◊t(x,z) — estimate latents using current model

• M-step: ◊t+1 = argmax
◊

Ex≥pú,z≥p◊t(z|x)

Ë
logp◊(x,z)

È
— supervised learning

- Maximization is made simpler
- The estimation involving q

z stays but is taken out of maximization



Basic EM Example from C. Bishop
21

Old Faithful



Basic EM Example from C. Bishop
22✦ Dataset

Time  
between 

 eruptions 
[minutes]

Duration of eruption [minutes]



Basic EM Example from C. Bishop
23

Probabilistic Models Bayesian Decision Theory Maximum Likelihood Bayesian Estimation Expectation Maximization

EM for Gaussian Mixture

[Courtesy of Christopher M. Bishop]

BCS Summer School, Exeter, 2003 Christopher M. Bishop

71 / 85



Basic EM Example from C. Bishop
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Probabilistic Models Bayesian Decision Theory Maximum Likelihood Bayesian Estimation Expectation Maximization

EM for Gaussian Mixture

[Courtesy of Christopher M. Bishop]

BCS Summer School, Exeter, 2003 Christopher M. Bishop

72 / 85



Basic EM Example from C. Bishop
25

Probabilistic Models Bayesian Decision Theory Maximum Likelihood Bayesian Estimation Expectation Maximization

EM for Gaussian Mixture

[Courtesy of Christopher M. Bishop]

BCS Summer School, Exeter, 2003 Christopher M. Bishop

73 / 85



Basic EM Example from C. Bishop
26

Probabilistic Models Bayesian Decision Theory Maximum Likelihood Bayesian Estimation Expectation Maximization

EM for Gaussian Mixture

[Courtesy of Christopher M. Bishop]

BCS Summer School, Exeter, 2003 Christopher M. Bishop

74 / 85



Basic EM Example from C. Bishop
27

Probabilistic Models Bayesian Decision Theory Maximum Likelihood Bayesian Estimation Expectation Maximization

EM for Gaussian Mixture

[Courtesy of Christopher M. Bishop]

BCS Summer School, Exeter, 2003 Christopher M. Bishop

75 / 85



Basic EM Example from C. Bishop
28

Probabilistic Models Bayesian Decision Theory Maximum Likelihood Bayesian Estimation Expectation Maximization

EM for Gaussian Mixture

[Courtesy of Christopher M. Bishop]

BCS Summer School, Exeter, 2003 Christopher M. Bishop

76 / 85



Variational EM
29✦ Want to maximize the log-likelihood of the data evidence:

✦ Proof using KL (omitting the outer sum in i):

<latexit sha1_base64="BHtKmDbfLoIepnnt5DbZeDTDy3Q="></latexit>

Evidence Lower Bound (ELBO)

<latexit sha1_base64="wU2OF5qFmQbbBZXn7SvadHZNAKw="></latexit>ÿ

i

logp(xi)

¸ ˚˙ ˝
Evidence

=
ÿ

i

log
ÿ

z

p(xi|z)p(z)
¸ ˚˙ ˝

di�cult in general
<latexit sha1_base64="Vl6D8k4IHNQsaBEgjE0s44nlh5U="></latexit>

=
ÿ

i

log
ÿ

z

q(z|xi)
p(xi|z)p(z)

q(z|xi)
Ø

ÿ

i

ÿ

z

q(z|xi) log
p(xi|z)p(z)

q(z|xi)
¸ ˚˙ ˝

<latexit sha1_base64="2yI7oxyXbkuJNqcTREBQ4lSmXVk="></latexit>

Holds for any distribution q(z|xi) by Jensen inequality

<latexit sha1_base64="c4XT98JcmVNUJarpQxoOOELr/ss="></latexit>

logp(x)

¸ ˚˙ ˝
Evidence

≠
ÿ

z

q(z|x) log p(x,z)

q(z|x)
¸ ˚˙ ˝

ELBO

=
ÿ

z

q(z|x)
1
logp(x)≠ log

p(x,z)

q(z|x)

2

=
ÿ

z

q(z|x)
1

≠ log
p(x,z)

p(x)q(z|x)

2

=
ÿ

z

q(z|x) log q(z|x)
p(z|x) = DKL(q(z|x)Îp(z|x)) Ø 0.



Variational EM Algorithm
30

Log-Likelihood

<latexit sha1_base64="ld5qRNeTfRmbR2jO97fwEEgG65o="></latexit>

q(z|x) = p◊t(z|x)

<latexit sha1_base64="U53kF2IMw0MIlnZ8jo3MBesZn0o="></latexit>

◊t

<latexit sha1_base64="BG2kxHOyCoYLoicJ2dzs8fK7/Vw="></latexit>

q(z|x) – any
bound tightness

<latexit sha1_base64="4u7V9myKIuJt0hV2doGowo3vm/0="></latexit>

ELBO(◊, q) =
ÿ

i

ÿ

z

q(z|xi) log
p◊(xi|z)p◊(z)

q(z|xi)

= Ex≥pú,z≥q(z|x)

Ë
logp◊(x,z)

È
+Ex≥pú,z≥q(z|x)

Ë
H(q(z|x))

È

Like supervised learning

<latexit sha1_base64="GaQJBORbXFRvF3K1OKfqEzJyODg="></latexit>

⌅ Variational EM Algorithm:

• M-step: For current q maximize ELBO in ◊ – like supervised learning (forward KL)

• E-step: For current ◊ maximize ELBO in q – variational inference (reverse KL)



Variational EM Algorithm
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ELBO(◊, q) =
ÿ

i

ÿ

z

q(z|xi) log
p◊(xi|z)p◊(z)

q(z|xi)

= Ex≥pú,z≥q(z|x)

Ë
logp◊(x,z)

È
+Ex≥pú,z≥q(z|x)

Ë
H(q(z|x))

È

Like supervised learning
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⌅ Variational EM Algorithm:

• M-step: For current q maximize ELBO in ◊ – like supervised learning (forward KL)

• E-step: For current ◊ maximize ELBO in q – variational inference (reverse KL)
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◊
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ELBO(◊, q)

Inexact steps are Ok --  
we have a global lower bound! 
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⌅ Assume q from a parametric family qÏ(z|x) (we go straight for amortized form)

⌅ ELBO maximization in Ï: argmax
Ï

ÿ

i

ÿ

z

qÏ(z|xi) log
p◊(xi,z)

qÏ(z|xi)
(1)

argmax
Ï

ÿ

i

ÿ

z

qÏ(z|xi)
1
log

p◊(z|xi)

qÏ(z|xi)
+ logp◊(xi)

2

= argmax
Ï

ÿ

i

DKL(qÏ(z|xi)Îp◊(z|xi)) (2)

• E�ciently approximates the posterior p◊(z|x) using the reverse KL divergence

• To optimize (1) need to evaluate only p◊(xi,z) = p◊(xi|z)p◊(z)

• The summation in z is combined with expectation over training data — joint

expectation

• Can di�erentiate (1) in Ï, but not obvious how to get stochastic gradient estimate

⌅ After learning with ELBO, qÏ(z|x) is a tractable approximation of the posterior p◊(z|x)


