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Quantum (Random) Walks
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Introduction to Quantum Walks

Quantum walks form a fundamental concept of quantum mechanics;

Distinct perspective on random processes compared to their classical
counterparts;

Quantum walks, and algorithms that utilize them, have several important
features...
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Speedups

Quantum walks often show quadratic speedups

Sometimes show exponential speedups (e.g. the Hidden Flat Problem you
can �nd on the lecture notes)

Quantum walks form a model of universal (quantum) computation
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De�nitions

Quantum walk: process on a graphG = ( V; E)

V is the set of vertices andE the set of edges ofG

Basis statesjxi ; x 2 V

In what follows, for simplicity, letG = Z.

Our task is to �nd a \rule" as to evolve a quantum state labeled by its position to
some other (neighboring) position.
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The \naive" unitaries

ConsiderU 2 U(N ) such that

U : H G ! H G

jxi 7! ajx � 1i + bjxi + cjx + 1 i
(1.1)

which conveys the information for the potential thatjxi

1 moves left with some amplitudea 2 C,
2 stays at the same place with amplitudeb 2 C,
3 moves right with amplitudec 2 C.
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Consistency

The quantum walk process needs exhibitconsistent behavior across all vertices:

That is, a; b and c should be independent ofx 2 V (similarly to how the
probabilities of moving left/right are independent ofx in the classical random
walk). Unfortunately, this de�nition does not work.

For the rest, we explicitly setb = 0 (for simplicity).
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The coin space
Solution: additional \coin" space:ji; x i for i 2 f 0; 1g, x 2 Z, with Hilbert spaces
H C; H W . At each step, we perform two unitary operations:

(1) A coin 
ip operationC : H C ! H C which \puts" the walker in
superposition, so it walks all possible paths simultaneously.

(2) Followed by ashift operationS : H W ! H W the operator responsible for the
actual walk onG.

Cji; x i =

(
aj0; xi + bj1; xi if i = 0 ;

cj0; xi + dj1; xi if i = 1 :
(1.2)

Sji; x i =

(
j0; x + 1 i if i = 0 ;

j1; x � 1i if i = 1 :
(1.3)
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Hadamard walker

If we choose forC the Hadamard matrix:

H =
1

p
2

�
1 1
1 � 1

�
; (1.4)

we have a `Hadamard walker" whileS can be explicitly described as follows:

S =

 

j0ih0j 

1X

x= �1

jx + 1 ihxj

!

+

 

j1ih1j 

1X

x= �1

jx � 1ihxj

!

: (1.5)
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The walker's unitary step and asymmetry

A step of a quantum walkamounts to the unitaryU = SC 2 U(N ).

Figure: Probability distribution of quantum walk, starting atj+ ; 0i , after di�erent
numbers of steps.
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Bias

The quantum walker's initial state is the product of the coin state and the
position state.

The former state,ji i , controls the direction in which the walker moves. Therefore,
the choice of coin operator leads to vastly di�erent constructive and destructive
interference patterns.

This behavior is in stark contrast to a classical random walk, where the walker has
equal probability of moving left or right at each step, and there is no preference or
bias for either direction. Thebias in a quantum walk is a unique characteristic of
the underlying physics.
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ExampleG = Z

Example in a bounded subset of the integer line withC = H . It is common to
assume that the walker starts at positionx = 0 with the coin state being thej0i
or j1i state.

Figure: Beginning a quantum walk, after the coin operator has been applied, atj+ ; 0i , by
applyingC = H on j0; 0i , on the Z-line.
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ExampleG = Z

For ease of notation, we denote ther -th application of the quantum walk operator
U by U(r ) j r � 1i .

The quantum walk amounts to the following set of operations:

Select coin operatorC = H

Initialize the state (position of the walker):j000i = j0i C 
 j 0i W = j0; 0i (or
j1; 0i )
for r 2 N repeatUr j000i as:

I Apply the coin operator:Cj000i
I Apply the shift operator:S(Cj000i )

MeasureUr j000i
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ExampleG = Z

Therefore, the initial state isj000i � j  0i and we obtain

j 1i =
j0; � 1i + j0; 1i

p
2

(1.6)

j 2i =
j0; � 2i + j1; 0i + j0; 0i � j 1; 2i

2
(1.7)

j 3i =
j1; � 3i � j 0; � 1i + 2( j0i + j1i )j1i + j0; 3i

2
p

2
(1.8)

This state is not symmetric around the origin and the probability distributions will
not be centered at the origin. This is clear from Fig. 1.1. As a matter of fact the
standard deviation of the walker, afterr iterations ofU is:

� (r ) � 0:54r (1.9)
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Standard deviation

Figure: The standard deviation of a classical versus quantum walk as a function of the
steps.
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Balistic behavior of the quantum walker

Often we say that the quantum walkers showcase aballistic bheaviour ;

the rapid, linear spread of the probability distribution of the quantum walker's
position over time, contrasting sharply with the slower, di�usive spreading
observed in classical random walks.
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The walker's e�ciency
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Quantum Walks Graphs
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Quantum Walk on a Complete Graph

Figure: An asymmetric non-complete graphG = (8 ; 10) and its symmetric completion
G = K 8.
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ExampleG = K 4

Easy-to-work-with graph, the complete graphK 4 with 4 vertices and 6 edges and
perform suchsearch.

Let us commence with a classical random walk onK 4 wherein we are looking to
\�nd" the marked vertex #2 (but we do not know it). In the Fig. next we display
the success probability after 1 and 2 steps.
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Classical walk onG = K 4

Figure: Left: At step 1 the probability that the walker \lands" on vertex #2 is 1/4. Right:
At step 2 the probability that the walker \lands" on vertex #2 is 1/2. The loop in vertex
#2 denotes that this vertex is a trap: it allows us to know the walker landed on the
marked vertex and the walker is not allowed to attain any other state.
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Success Probability
Overall, the trend for the success probability continues, and we observe the
behavior of the walker. For largeN , the success probability of 1/2 is reached after
O(N ) steps.

Figure: The success probability of a classical random walk on symmetricG = K 4.
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Quantum Grover Walks onK 4
We have to implement the coin and shift operators. Diagrammatically at step 0
we are back at the initial state of the classical walk. In total we have 12
amplitudes to consider;

Figure: Left: the state of the quantum walk is a superposition of the amplitudesaij 2 C,
for all i; j 2 V (K 4). Once the oracle is applied the marked state's amplitudes obtain a
negative sign (marked with blue and in analogy with Grover's operator).
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Quantum Grover Walks onK 4

Initially, we haveaij = 1p
12

for all i; j .

Then, the coin 
ip operatorC, which here is taken to be Grover's di�usion
operator, amounts to marking the state we look for, assigning a negative sign to
the corresponding amplitudes. The marking is done by assuming access to an
oracleO (essentially the same oracle found in Grover's operator) that is able to
perform this operation. Then, it changes the direction of adjacent red-blue pair
vertices.
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Quantum Grover Walks onK 4

Then S reverses the amplitude values along their mean at each vertex. For
example, the mean of the vertex #1 after application ofC is

� 12 =
a21 + a13 + a14

3
: (1.10)

Therefore,S amounts to a mapS : aij 7! a0
ij = � 12 � aij , for the three pairs

f 21; 13; 14g. Of course, this is applied to all amplitudes for all vertices.
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Quantum Grover Walks onK 4

Figure: Left: Coin operator is applied and reverses the relevant amplitudes. The shift
operator reverses these amplitudes along their means.
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Quantum Grover Walks onK 4

In the second step, we already get the amplitude asymmetry resulting from the
oracle 
ipping the signs of the marked vertex followed byC and thenS. As a
result, one observes that:

probability of success at step 1=
11
108

� 0:1 (1.11)

probability of success at step 2=
25
36

� 0:7 (1.12)

probability of success at step 3= ::: (1.13)
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Quantum Grover Walks onK 4

Overall, for a large number of verticesN , the probability that the walker lands on
the marked vertex is 1/2 is given after�

p
N steps and therefore the run-time is

O(
p

N ). This marks another example in which quantum walks portray a
quadratic speedup over classical random walks.
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Szegedy Walks
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Szegedy Walks

Consider an undirected and unweighted graphG. Szegedy's quantum walk occurs
on the edges of the bipartite double cover of the original graph.

If the original graph isG, then its bipartite double cover is the graph tensor
product G � K 2 which duplicates the vertices into two partite setsX and Y .

A vertex inX is connected to a vertex inY if and only if they are connected in
the original graph;
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Szegedy Walks

Figure: Left: A graphG. Right: The bipartite double cover ofG. The double cover
contains double the number of edges.
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Szegedy Walks

The Hilbert space of a Szegedy walk:C2jE j .

Let us denote a walker on the edge connectingx 2 X with y 2 Y as jx; yi . Then
the computational basis is:

jx; y i ; x 2 X; y 2 Y; x � y (1.14)

wherex � y denotes that the verticesx and y are adjacent.
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Szegedy Walks
Szegedy's walk is de�ned by repeated applications of the unitary

U = R2R1; (1.15)

where

R1 = 2
X

x2 X

j� x i h� x j � 111 (1.16)

R2 = 2
X

y2 Y

j y i h y j � 111; (1.17)

are re
ection operators and

j� x i =
1

p
deg(x)

X

y� x

jx; y i (1.18)

j y i =
1

p
deg(y)

X

x� y

jx; y i (1.19)
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Szegedy Walks

Before:

deg(x) is the degree of vertexx

y � x denotes the sums over the neighbors ofx

Observe thatj� x i is the equal superposition of edges incident tox 2 X , and j y i
is the equal superposition of edges incident toy 2 Y .

Here, there is an equivalent of the \inversion about the mean" operation of
Grover's algorithm, which we also saw previously in the context of walks overK 4.
The re
ection R1 goes through each vertex inX and re
ects the amplitude of its
incident edges about their average amplitude, andR2 similarly does this for the
vertices inY .
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Szegedy Walks

Classically: search for a marked vertex onG amounts to randomly walks until a
marked vertex is found (then walker freezes)

Quantumly : Szegedy's quantum walk searches by quantizing this random walk
with absorbing vertices and the resulting bipartite double cover. Search is
performed by repeatedly applying the unitary

eU = eR2 eR1; (1.20)

where the tilde distinguishes in that we are searching for absorbing vertices. At
unmarked vertices they act aseRj = Rj simply by inverting the amplitudes of the
edges around their average at each vertex. At the marked vertices, similarly to the
K 4 case, they act by 
ipping the signs of the amplitudes of all incident edges. A
similar search can be performed using Grover's di�usion operator.
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unmarked vertices they act aseRj = Rj simply by inverting the amplitudes of the
edges around their average at each vertex.At the marked vertices, similarly to the
K 4 case, they act by 
ipping the signs of the amplitudes of all incident edges. A
similar search can be performed using Grover's di�usion operator.
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Szegedy Walks

Figure: The marked state corresponds to vertex #2 which is an absorbing vertex:
h2Y j2X i = h2X j2Y i = 0 .
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Continuous-time Quantum Walks
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Continuous-time Quantum Walks

Continuous-time random walk butquantum ..

Will allow us later to understand theuniversality of quantum walks .
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Continuous-time Quantum Walks

Continuous-time random walk on a graphG = ( V; E) with adjacency matrixA
de�ned as:

A i;j =

(
1; (i; j ) 2 E

0; (i; j ) =2 E
(1.21)

for every pairi; j 2 V . In this de�nition we do not allow self-loops therefore the
diagonal ofA is zero.
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Continuous-time Quantum Walks

There is another matrix associated withG that is of equal importance, the
Laplacian ofG de�ned as:

L i;j =

8
><

>:

� deg(i ); i = j

1; (i; j ) 2 E

0; otherwise.

(1.22)

deg(i ) denotes the degree of vertexi .
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Continuous-time Quantum Walks

Let pi (t) denote the probability associated with the vertexi at time t. The
continuous-time random walk onG is de�ned as the solution of the di�erential
equation

d
dt

pi (t) =
X

j 2 V

L jk pj (t): (1.23)

This can be viewed as a discrete analog of the di�usion equation.
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Continuous-time Quantum Walks

Observe that
d
dt

X

j 2 V

pj (t) =
X

j;k 2 V

L jk pk (t) = 0 (1.24)

You have to prove it ;)

An initially normalized distribution remains normalized; The solution of the
di�erential equation can be given in closed form as:

p(t) = eLt p(0): (1.25)
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Continuous-time quantum walks

Eq. (1.24) is very similar to the Schr•odinger equation

{
d
dt

j i = H j i ; (1.26)

Instead of probabilities of Eq. (1.24) we can insert the amplitudes
qj (t) = hj j  (t)i wherefj j i : j 2 Vg is an orthonormal basisH . Then, we obtain
the equation:

{
d
dt

qj (t) =
X

k2 V

L jk qk (t); (1.27)

where the Hamiltonian is given by the LaplacianL .
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Continuous-time quantum walks

The solution of reads:

U(t) = e� {Ht = e� {Lt ; (1.28)

and the evolution of an initial state fromt = 0 to some arbitrary timet is given by:

j (t)i = U(t)j (0)i : (1.29)
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Exponential speedups using Quantum Walks

(see notes)
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