
Optimalizace
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ČVUT v Praze



K čemu slouž́ı SVD

• Řešeńı PCA

• Matici nižš́ı hodnosti (low rank approximation)

• Rozpoznáváńı obličej̊u (eigenfaces)

• Ortogonálńı Prokrust̊uv problém

• Latentńı sémantická analýza

• Nástroj pro numerické výpočty
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PCA

Databáze genomu (m ≈ 200 000 proměnných) pro n = 1400

Evropanů byla proḿıtnuta na k = 2 hlavńı komponenty:
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Point Cloud Alignment

https://simonensemble.github.io/posts/2018-10-27-orthogonal-procrustes/ 3

https://simonensemble.github.io/posts/2018-10-27-orthogonal-procrustes/


SVD teoreticky



Singulárńı rozklad matice

Věta (Existence SVD)

Pro každou matici A ∈ Rm×n plat́ı

A = USVT = s1u1v
T
1 + · · ·+ spupv

T
p ,

kde p = min{m, n}, diagonálńı matice S ∈ Rp×p má na

diagonále singulárńı č́ısla s1 ≥ · · · ≥ sp ≥ 0 a matice

U =
[
u1 · · ·up

]
∈ Rm×p, V =

[
v1 · · · vp

]
∈ Rn×p

maj́ı ortonormálńı sloupce zvané levé/pravé singulárńı vektory.
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Různé verze SVD

A = USVT

Redukované SVD

U ∈ Rm×p, S ∈ Rp×p, V ∈ Rn×p

Plné SVD

U ∈ Rm×m, S ∈ Rm×n, V ∈ Rn×n

Rank-minimálńı SVD

U ∈ Rm×r , S ∈ Rr×r , V ∈ Rn×r , kde r := rankA ≤ p

Protože r = rankS, č́ıslo r je počet nenulových singulárńıch č́ısel.
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Př́ıklad: SVD úzké matice

m = 3, n = 2

Redukované i rank-minimálńı SVD
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SVD geometricky

Efekt SVD matice A ∈ R2×2 na vektor x si lze p̌redstavit takto:

Obrázek: Solomon - Numerical Algorithms

Speciálně: Avi = siui
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Jak souviśı singulárńı č́ısla s vlastńımi č́ısly?

Vlastńı č́ısla matic AAT a ATA

Z rank-minimálńıho SVD matice A = USVT dostaneme

AAT = US2UT a ATA = VS2VT.

To jsou spektrálńı rozklady se stejnou diagonálńı matićı S2.

• Matice AAT a ATA maj́ı stejná kladná vlastńı č́ısla

λ1 = s21 , . . . , λr = s2r

• Levé singulárńı vektory ui jsou vlastńı vektory matice AAT

• Pravé singulárńı vektory vi jsou vlastńı vektory matice ATA
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Singulárńı č́ısla některých matic

• Ortogonálńı matice má všechna singulárńı č́ısla rovna 1

• Hilbertova matice A =
[

1
i+j−1

]
ij
řádu n je regulárńı a nap̌r.

pro n = 100 plat́ı

s1 = 2.1827, . . . , s100 ≈ 10−17

• Černob́ılý obrázek b́ıgla je matice 3456× 4608 s plnou

řádkovou hodnost́ı, singulárńı č́ısla jsou v grafu s log10 stupnićı
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Vlastnosti SVD

• SVD existuje pro libovolnou matici A ∈ Rm×n

• Pro jeho výpočet se použ́ıvaj́ı specializované metody,

p̌revod na spektrálńı rozklad neńı výpočetńı vhodný

• Počet nenulových singulárńıch č́ısel matice A = rankA,

ale sṕı̌se se pro malé ε > 0 uvažuje numerický rank

max {i | si > ε}

• V numerických výpočtech je důležitou charakteristikou

stability č́ıslo podḿıněnosti matice A, což je poměr

s1
sr
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Aplikace SVD



Nejbližš́ı matice nižš́ı hodnosti pomoćı řešeńı PCA

Low rank approximation pro matici A ∈ Rm×n

min {∥A− B∥2 | B ∈ Rm×n, rankB ≤ k}

Minimum je B∗ = XXTA, kde X = [v1 · · · vk ] je matice vlastńıch

vektor̊u odpov́ıdaj́ıćıch k nejvěťśım vlastńım č́ısl̊um matice AAT.
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Nejbližš́ı matice nižš́ı hodnosti pomoćı SVD

A ∈ Rm×n, A = USVT, s1 ≥ · · · ≥ sp, p = min{m, n}

Věta (Eckart-Young)

Nechť k ≤ p. Řešeńım úlohy

min {∥A− B∥2 | B ∈ Rm×n, rankB ≤ k}

je matice

B∗ = USkV
T = s1u1v

T
1 + · · ·+ skukv

T
k ,

kde Sk = diag(s1, . . . , sk , 0) ∈ Rp×p.
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Mě̌ŕıme kvalitu aproximace

Tvrzeńı

Pro každou matici A ∈ Rm×n hodnosti r plat́ı

∥A∥ =
√
s21 + · · ·+ s2r .

Relativńı chybu aproximace matice A matićı B∗ hodnosti nejvýše k

urč́ıme ze singulárńıch č́ısel matice A:

• Pro k = 1, . . . , r − 1 dostaneme

∥A− B∗∥
∥A∥

=

√
s2k+1 + · · ·+ s2r
s21 + · · ·+ s2r

• Pro r ≤ k ≤ p triviálně plat́ı B∗ = A a chyba je 0
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Komprese obrázku b́ıgla pomoćı SVD

k = 5, chyba 17%, 5 × (3456 + 4608) k = 20, chyba 9%, 20 × (3456 + 4608)

k = 200, chyba 4%, 200 × (3456 + 4608) Originál 3456 × 4608
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PCA pomoćı SVD

Matice A = [a1 . . . an] ∈ Rm×n má ve sloupćıch datové vektory ai ,

p̌redpokládáme ā = 0. Proḿıtáme je na podprostor dimenze k.

Řešeńı

1. Spočti redukované SVD A = USVT, kde s1 ≥ · · · ≥ sp

2. Označ X = [u1 . . .uk ] ∈ Rm×k

3. Levé singulárńı vektory ui (vlastńı vektory matice AAT) tvǒŕı

ortonormálńı bázi hledaného podprostoru dimenze k

4. Soǔradnice proḿıtnutých bodů jsou sloupce matice XTA

5. Optimálńı hodnota úlohy (absolutńı chyba) je s2k+1 + · · ·+ s2p
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Př́ıklad (1)

n = 3 recenzenti hodnot́ı m = 4 filmy body 0, . . . , 5.

Po normalizaci pr̊uměry dostaneme A a kovariančńı matici:


5 4 1

5 5 0

0 0 5

1 0 4

 , A =


1.67 0.67 −2.33

1.67 1.67 −3.33

−1.67 −1.67 3.33

−0.67 −1.67 2.33



1
3AA

T =


2.89 3.89 −3.89 −2.56

3.89 5.56 −5.56 −3.89

−3.89 −5.56 5.56 3.89

−2.56 −3.89 3.89 2.89


Hodnoty kovarianćı naznačuj́ı, že existuj́ı k = 2 typy filmů.
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Př́ıklad (2)

• Pomoćı SVD matice A = USVT dostaneme levé singulárńı

vektory U = [u1 u2 u3], jsou sěrazeny podle singulárńıch č́ısel

s1 = 7.05, s2 = 1, s3 = 0

• PCA pro k = 2: klademe X = [u1 u2] a matice soǔradnic

datových vektor̊u proḿıtnutých do span(u1,u2) je

XTA =

[
−2.88 −2.88 5.74

−0.71 0.71 0

]

• Chyba aproximace je s3 = 0

17



Eigenfaces (1)

• Datové vektory a1, . . . , an jsou fotky obličej̊u (m pixel̊u)

• Předpoklad: Matice A = [a1 . . . an] ∈ Rm×n splňuje A1 = 0

• Matice levých singulárńıch vektor̊u X = [u1 · · ·uk ] ∈ Rm×k

obsahuje k charakteristických obličej̊u

• Novou fotku c ∈ Rm reprezentujeme v nových soǔradnićıch

XTc ∈ Rk a nalezneme nejbližš́ı sloupec v XTA ∈ Rk×n
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Eigenfaces (2)

Obrázek: Solomon - Numerical Algorithms
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Ortogonálńı Prokrust̊uv problém (Point Cloud Alignment)

https://simonensemble.github.io/posts/2018-10-27-orthogonal-procrustes/

• Matice A = [a1 . . . an] ∈ Rm×n a B = [b1 . . .bn] ∈ Rm×n

• Hledáme ortogonálńı matici X ∈ Rm×m minimalizuj́ıćı
n∑

i=1

∥Xai − bi∥2 = ∥XA− B∥2

Optimálńı řešeńı

X∗ = UVT, kde BAT = USVT je redukované SVD
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