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f(xt�1) ⇡ f(µt�1) + Ft(xt�1 � µt�1)
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Ft =
@f(x = µt�1)

@x
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f(xt�1) ⇡ f(µt�1) + Ft(xt�1 � µt�1)
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Ft =
@f(x = µt�1)

@x
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f(xt�1) ⇡ f(µt�1) + Ft(xt�1 � µt�1)

• First order Taylor expansion 
• Jacobian

https://en.wikipedia.org/wiki/Brook_Taylor
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Linear approximation

Rotation

[a
b] = [x cos θ − y sin θ

x sin θ + y cos θ] = f(θ)

f(θ) ≈

J = [−x sin θ − y cos θ
x cos θ − y sin θ ] = [−x

−y]

f(π/2) = [x cos π/2 − y sin π/2
x sin π/2 + y cos π/2]= [−y

x ]
[−y − x(θ − π/2)

x − y(θ − π/2) ]

= [cos θ −sin θ
sin θ cos θ ] ⋅ [x

y]

f(π/2) + J ⋅ (θ − π/2) =

: ℝ → ℝ2



Prerequisites: Extended Kalman Filter

Rotation

[a
b]= [x cos θ − y sin θ

x sin θ + y cos θ]
Linear approximation

f(θ) ≈ [−y − x(θ − π/2)
x − y(θ − π/2) ]

= f(θ)



Prerequisites: Extended Kalman Filter

Rotation

[a
b]= [x cos θ − y sin θ

x sin θ + y cos θ]
Linear approximation

f(θ) ≈ [−y − x(θ − π/2)
x − y(θ − π/2) ]

Beware of too distant 
approximations !!!

= f(θ)
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x
t

Linear system:
xt = Atxt−1 + Btut
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x
t

Linear system with Gaussian noise:
p(xt |xt−1, ut) = 𝒩(xt; Atxt−1 + Btut, Rt)

μt
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Linear system with Gaussian noise:
p(xt |xt−1, ut) = 𝒩(xt; Atxt−1 + Btut, Rt)
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bel(xt−1) = 𝒩(xt−1; μt−1, Σt−1)

bel(xt) = 𝒩(xt; Aμt−1 + But, A⊤Σt−1A⊤ + Rt)
μt Σt

μt
How does it work for non-linear 

motion models?
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<latexit sha1_base64="TswsgV8SOBZh1w9384biuhslVS8=">AAACInicbVDLSsNAFJ3UV62vqEs3wVKoC0sixceu4EZ3FewDmhAm00k7dCYJMxOxhHyLG3/FjQtFXQl+jJM0C9t6YeDcc+5h7j1eRImQpvmtlVZW19Y3ypuVre2d3T19/6Arwpgj3EEhDXnfgwJTEuCOJJLifsQxZB7FPW9ynem9B8wFCYN7OY2ww+AoID5BUCrK1a9qdqj0zJ7YDMoxZ4mHaZrW887zk8fUTWR6UpnrT63U1atmw8zLWAZWAaqgqLarf9rDEMUMBxJRKMTAMiPpJJBLgihOK3YscATRBI7wQMEAMiycJD8xNWqKGRp+yNULpJGzfx0JZEJMmacmsz3FopaR/2mDWPqXTkKCKJY4QLOP/JgaMjSyvIwh4RhJOlUAIk7UrgYaQw6RVKlWVAjW4snLoHvWsM4bzbtmtXVbxFEGR+AY1IEFLkAL3IA26AAEnsALeAPv2rP2qn1oX7PRklZ4DsFcaT+/wmelrQ==</latexit>xt�1

<latexit sha1_base64="h8XBfyKL/CEX4uigqGhU+W4uCMo=">AAACCnicbVDLSgNBEJyNrxhfUY9eRoMQQcOuBPUY8KK3COYBybLMTmaTIbMPZnrFsOzZi7/ixYMiXv0Cb/6Nk2QFTSxoKKq66e5yI8EVmOaXkVtYXFpeya8W1tY3NreK2ztNFcaSsgYNRSjbLlFM8IA1gINg7Ugy4ruCtdzh5dhv3TGpeBjcwihitk/6Afc4JaAlp7jfL3d9AgPXS+5TJ4ETKz3GP0qcOnDkFEtmxZwAzxMrIyWUoe4UP7u9kMY+C4AKolTHMiOwEyKBU8HSQjdWLCJ0SPqso2lAfKbsZPJKig+10sNeKHUFgCfq74mE+EqNfFd3jo9Us95Y/M/rxOBd2AkPohhYQKeLvFhgCPE4F9zjklEQI00IlVzfiumASEJBp1fQIVizL8+T5mnFOqtUb6ql2nUWRx7toQNURhY6RzV0heqogSh6QE/oBb0aj8az8Wa8T1tzRjazi/7A+PgG/6Kafg==</latexit> g(
x
t�

1
,u

t)

<latexit sha1_base64="Rtv27fvg17MIgvEGqADtQgrLO3E=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXDsv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWGNkx8=</latexit>

x
t

<latexit sha1_base64="S2TwPECTPvBa1g+YklCQeZpRTOk=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6OVoR4HXvQ2wX3AWkqaZltY0pQkFWYp/itePCji1f/Dm/+N6daDbj4Iebz3+5GXFyaMKu0431ZlZXVtfaO6Wdva3tnds/cPukqkEpMOFkzIfogUYTQmHU01I/1EEsRDRnrh5Lrwew9EKiriez1NiM/RKKZDipE2UmAfeaFgkZpyc2UeT/Mg03lg152GMwNcJm5J6qBEO7C/vEjglJNYY4aUGrhOov0MSU0xI3nNSxVJEJ6gERkYGiNOlJ/N0ufw1CgRHAppTqzhTP29kSGuioBmkiM9VoteIf7nDVI9vPIzGiepJjGePzRMGdQCFlXAiEqCNZsagrCkJivEYyQR1qawminBXfzyMumeN9yLRvOuWW/dlnVUwTE4AWfABZegBW5AG3QABo/gGbyCN+vJerHerY/5aMUqdw7BH1ifP7x4lhc=</latexit>µt

Non-linear system with Gaussian noise:
p(xt |xt−1, ut) = 𝒩(xt; g(xt−1, ut), Rt)



Extended Kalman Filter

<latexit sha1_base64="9UgkpjtYJQ2yZqkaL15cuTPuFO0=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkWoC0siRV0W3Oiugn1AG8JkOmmHzkzCzEQsITs3/oobF4q49Rfc+TdO0iy09cDAmXPu5d57/IgSqWz72ygtLa+srpXXKxubW9s75u5eR4axQLiNQhqKng8lpoTjtiKK4l4kMGQ+xV1/cpX53XssJAn5nZpG2GVwxElAEFRa8szDAYNqLFjiY5rW8o8fJA+pl6hTJz3xzKpdt3NYi8QpSBUUaHnm12AYophhrhCFUvYdO1JuAoUiiOK0MogljiCawBHua8ohw9JN8jtS61grQysIhX5cWbn6uyOBTMop83Vltqic9zLxP68fq+DSTQiPYoU5mg0KYmqp0MpCsYZEYKToVBOIBNG7WmgMBURKR1fRITjzJy+SzlndOa83bhvV5k0RRxkcgCNQAw64AE1wDVqgDRB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PwBbRGZrw==</latexit> b
el
(x

t�
1
)

<latexit sha1_base64="TswsgV8SOBZh1w9384biuhslVS8=">AAACInicbVDLSsNAFJ3UV62vqEs3wVKoC0sixceu4EZ3FewDmhAm00k7dCYJMxOxhHyLG3/FjQtFXQl+jJM0C9t6YeDcc+5h7j1eRImQpvmtlVZW19Y3ypuVre2d3T19/6Arwpgj3EEhDXnfgwJTEuCOJJLifsQxZB7FPW9ynem9B8wFCYN7OY2ww+AoID5BUCrK1a9qdqj0zJ7YDMoxZ4mHaZrW887zk8fUTWR6UpnrT63U1atmw8zLWAZWAaqgqLarf9rDEMUMBxJRKMTAMiPpJJBLgihOK3YscATRBI7wQMEAMiycJD8xNWqKGRp+yNULpJGzfx0JZEJMmacmsz3FopaR/2mDWPqXTkKCKJY4QLOP/JgaMjSyvIwh4RhJOlUAIk7UrgYaQw6RVKlWVAjW4snLoHvWsM4bzbtmtXVbxFEGR+AY1IEFLkAL3IA26AAEnsALeAPv2rP2qn1oX7PRklZ4DsFcaT+/wmelrQ==</latexit>xt�1

<latexit sha1_base64="h8XBfyKL/CEX4uigqGhU+W4uCMo=">AAACCnicbVDLSgNBEJyNrxhfUY9eRoMQQcOuBPUY8KK3COYBybLMTmaTIbMPZnrFsOzZi7/ixYMiXv0Cb/6Nk2QFTSxoKKq66e5yI8EVmOaXkVtYXFpeya8W1tY3NreK2ztNFcaSsgYNRSjbLlFM8IA1gINg7Ugy4ruCtdzh5dhv3TGpeBjcwihitk/6Afc4JaAlp7jfL3d9AgPXS+5TJ4ETKz3GP0qcOnDkFEtmxZwAzxMrIyWUoe4UP7u9kMY+C4AKolTHMiOwEyKBU8HSQjdWLCJ0SPqso2lAfKbsZPJKig+10sNeKHUFgCfq74mE+EqNfFd3jo9Us95Y/M/rxOBd2AkPohhYQKeLvFhgCPE4F9zjklEQI00IlVzfiumASEJBp1fQIVizL8+T5mnFOqtUb6ql2nUWRx7toQNURhY6RzV0heqogSh6QE/oBb0aj8az8Wa8T1tzRjazi/7A+PgG/6Kafg==</latexit> g(
x
t�

1
,u

t)

<latexit sha1_base64="Rtv27fvg17MIgvEGqADtQgrLO3E=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXDsv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWGNkx8=</latexit>

x
t

<latexit sha1_base64="S2TwPECTPvBa1g+YklCQeZpRTOk=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6OVoR4HXvQ2wX3AWkqaZltY0pQkFWYp/itePCji1f/Dm/+N6daDbj4Iebz3+5GXFyaMKu0431ZlZXVtfaO6Wdva3tnds/cPukqkEpMOFkzIfogUYTQmHU01I/1EEsRDRnrh5Lrwew9EKiriez1NiM/RKKZDipE2UmAfeaFgkZpyc2UeT/Mg03lg152GMwNcJm5J6qBEO7C/vEjglJNYY4aUGrhOov0MSU0xI3nNSxVJEJ6gERkYGiNOlJ/N0ufw1CgRHAppTqzhTP29kSGuioBmkiM9VoteIf7nDVI9vPIzGiepJjGePzRMGdQCFlXAiEqCNZsagrCkJivEYyQR1qawminBXfzyMumeN9yLRvOuWW/dlnVUwTE4AWfABZegBW5AG3QABo/gGbyCN+vJerHerY/5aMUqdw7BH1ifP7x4lhc=</latexit>µt

Non-linear system with Gaussian noise:
p(xt |xt−1, ut) = 𝒩(xt; g(xt−1, ut), Rt)

bel(xt−1) = 𝒩(xt−1; μt−1, Σt−1)

<latexit sha1_base64="TswsgV8SOBZh1w9384biuhslVS8=">AAACInicbVDLSsNAFJ3UV62vqEs3wVKoC0sixceu4EZ3FewDmhAm00k7dCYJMxOxhHyLG3/FjQtFXQl+jJM0C9t6YeDcc+5h7j1eRImQpvmtlVZW19Y3ypuVre2d3T19/6Arwpgj3EEhDXnfgwJTEuCOJJLifsQxZB7FPW9ynem9B8wFCYN7OY2ww+AoID5BUCrK1a9qdqj0zJ7YDMoxZ4mHaZrW887zk8fUTWR6UpnrT63U1atmw8zLWAZWAaqgqLarf9rDEMUMBxJRKMTAMiPpJJBLgihOK3YscATRBI7wQMEAMiycJD8xNWqKGRp+yNULpJGzfx0JZEJMmacmsz3FopaR/2mDWPqXTkKCKJY4QLOP/JgaMjSyvIwh4RhJOlUAIk7UrgYaQw6RVKlWVAjW4snLoHvWsM4bzbtmtXVbxFEGR+AY1IEFLkAL3IA26AAEnsALeAPv2rP2qn1oX7PRklZ4DsFcaT+/wmelrQ==</latexit>xt�1
<latexit sha1_base64="6Or7KFSymz9umzn9YwPtodn0V5I=">AAACKHicbVDLSsNAFJ34rPEVdekmWAp1YUmkqDsLbnRXwT6gCWEynbRDJ5kwMxFLyOe48VfciCjSrV/iJM1CWy8Mc+acc5l7jx9TIqRlzbSV1bX1jc3Klr69s7u3bxwcdgVLOMIdxCjjfR8KTEmEO5JIivsxxzD0Ke75k5tc7z1iLgiLHuQ0xm4IRxEJCIJSUZ5xXXOY0vP21AmhHPMw9THNsnrx8oP0KfNSmZ3qjs/oUExDdSlnkrNnduYZVathFWUuA7sEVVBW2zPenSFDSYgjiSgUYmBbsXRTyCVBFGe6kwgcQzSBIzxQMIIhFm5aLJqZNcUMzYBxdSJpFuzvjhSGIh9ROfPpxaKWk/9pg0QGV25KojiROELzj4KEmpKZeWrmkHCMJJ0qABEnalYTjSGHSKpsdRWCvbjyMuieN+yLRvO+WW3dlXFUwDE4AXVgg0vQAregDToAgWfwCj7Ap/aivWlf2mxuXdHKniPwp7TvHw7LqHQ=</latexit>µt�1

bel(xt) is not gaussian !



Extended Kalman Filter

<latexit sha1_base64="9UgkpjtYJQ2yZqkaL15cuTPuFO0=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkWoC0siRV0W3Oiugn1AG8JkOmmHzkzCzEQsITs3/oobF4q49Rfc+TdO0iy09cDAmXPu5d57/IgSqWz72ygtLa+srpXXKxubW9s75u5eR4axQLiNQhqKng8lpoTjtiKK4l4kMGQ+xV1/cpX53XssJAn5nZpG2GVwxElAEFRa8szDAYNqLFjiY5rW8o8fJA+pl6hTJz3xzKpdt3NYi8QpSBUUaHnm12AYophhrhCFUvYdO1JuAoUiiOK0MogljiCawBHua8ohw9JN8jtS61grQysIhX5cWbn6uyOBTMop83Vltqic9zLxP68fq+DSTQiPYoU5mg0KYmqp0MpCsYZEYKToVBOIBNG7WmgMBURKR1fRITjzJy+SzlndOa83bhvV5k0RRxkcgCNQAw64AE1wDVqgDRB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PwBbRGZrw==</latexit> b
el
(x

t�
1
)

<latexit sha1_base64="TswsgV8SOBZh1w9384biuhslVS8=">AAACInicbVDLSsNAFJ3UV62vqEs3wVKoC0sixceu4EZ3FewDmhAm00k7dCYJMxOxhHyLG3/FjQtFXQl+jJM0C9t6YeDcc+5h7j1eRImQpvmtlVZW19Y3ypuVre2d3T19/6Arwpgj3EEhDXnfgwJTEuCOJJLifsQxZB7FPW9ynem9B8wFCYN7OY2ww+AoID5BUCrK1a9qdqj0zJ7YDMoxZ4mHaZrW887zk8fUTWR6UpnrT63U1atmw8zLWAZWAaqgqLarf9rDEMUMBxJRKMTAMiPpJJBLgihOK3YscATRBI7wQMEAMiycJD8xNWqKGRp+yNULpJGzfx0JZEJMmacmsz3FopaR/2mDWPqXTkKCKJY4QLOP/JgaMjSyvIwh4RhJOlUAIk7UrgYaQw6RVKlWVAjW4snLoHvWsM4bzbtmtXVbxFEGR+AY1IEFLkAL3IA26AAEnsALeAPv2rP2qn1oX7PRklZ4DsFcaT+/wmelrQ==</latexit>xt�1

<latexit sha1_base64="h8XBfyKL/CEX4uigqGhU+W4uCMo=">AAACCnicbVDLSgNBEJyNrxhfUY9eRoMQQcOuBPUY8KK3COYBybLMTmaTIbMPZnrFsOzZi7/ixYMiXv0Cb/6Nk2QFTSxoKKq66e5yI8EVmOaXkVtYXFpeya8W1tY3NreK2ztNFcaSsgYNRSjbLlFM8IA1gINg7Ugy4ruCtdzh5dhv3TGpeBjcwihitk/6Afc4JaAlp7jfL3d9AgPXS+5TJ4ETKz3GP0qcOnDkFEtmxZwAzxMrIyWUoe4UP7u9kMY+C4AKolTHMiOwEyKBU8HSQjdWLCJ0SPqso2lAfKbsZPJKig+10sNeKHUFgCfq74mE+EqNfFd3jo9Us95Y/M/rxOBd2AkPohhYQKeLvFhgCPE4F9zjklEQI00IlVzfiumASEJBp1fQIVizL8+T5mnFOqtUb6ql2nUWRx7toQNURhY6RzV0heqogSh6QE/oBb0aj8az8Wa8T1tzRjazi/7A+PgG/6Kafg==</latexit> g(
x
t�

1
,u

t)

<latexit sha1_base64="Rtv27fvg17MIgvEGqADtQgrLO3E=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXDsv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWGNkx8=</latexit>

x
t

Non-linear system with Gaussian noise:
p(xt |xt−1, ut) = 𝒩(xt; g(xt−1, ut), Rt)

bel(xt−1) = 𝒩(xt−1; μt−1, Σt−1)

bel(xt) is not gaussian !

<latexit sha1_base64="TswsgV8SOBZh1w9384biuhslVS8=">AAACInicbVDLSsNAFJ3UV62vqEs3wVKoC0sixceu4EZ3FewDmhAm00k7dCYJMxOxhHyLG3/FjQtFXQl+jJM0C9t6YeDcc+5h7j1eRImQpvmtlVZW19Y3ypuVre2d3T19/6Arwpgj3EEhDXnfgwJTEuCOJJLifsQxZB7FPW9ynem9B8wFCYN7OY2ww+AoID5BUCrK1a9qdqj0zJ7YDMoxZ4mHaZrW887zk8fUTWR6UpnrT63U1atmw8zLWAZWAaqgqLarf9rDEMUMBxJRKMTAMiPpJJBLgihOK3YscATRBI7wQMEAMiycJD8xNWqKGRp+yNULpJGzfx0JZEJMmacmsz3FopaR/2mDWPqXTkKCKJY4QLOP/JgaMjSyvIwh4RhJOlUAIk7UrgYaQw6RVKlWVAjW4snLoHvWsM4bzbtmtXVbxFEGR+AY1IEFLkAL3IA26AAEnsALeAPv2rP2qn1oX7PRklZ4DsFcaT+/wmelrQ==</latexit>xt�1
<latexit sha1_base64="6Or7KFSymz9umzn9YwPtodn0V5I=">AAACKHicbVDLSsNAFJ34rPEVdekmWAp1YUmkqDsLbnRXwT6gCWEynbRDJ5kwMxFLyOe48VfciCjSrV/iJM1CWy8Mc+acc5l7jx9TIqRlzbSV1bX1jc3Klr69s7u3bxwcdgVLOMIdxCjjfR8KTEmEO5JIivsxxzD0Ke75k5tc7z1iLgiLHuQ0xm4IRxEJCIJSUZ5xXXOY0vP21AmhHPMw9THNsnrx8oP0KfNSmZ3qjs/oUExDdSlnkrNnduYZVathFWUuA7sEVVBW2zPenSFDSYgjiSgUYmBbsXRTyCVBFGe6kwgcQzSBIzxQMIIhFm5aLJqZNcUMzYBxdSJpFuzvjhSGIh9ROfPpxaKWk/9pg0QGV25KojiROELzj4KEmpKZeWrmkHCMJJ0qABEnalYTjSGHSKpsdRWCvbjyMuieN+yLRvO+WW3dlXFUwDE4AXVgg0vQAregDToAgWfwCj7Ap/aivWlf2mxuXdHKniPwp7TvHw7LqHQ=</latexit>µt�1

Linearized system with Gaussian noise:
≈ 𝒩(xt; g(μt−1, ut) + Gt(xt−1 − μt−1), Rt)

bel(xt) = 𝒩(xt; g(μt−1, ut), G⊤
t Σt−1G⊤

t + Rt)

<latexit sha1_base64="ywPo2nlT8yuaPXGIxM7KeEHmtvk="></latexit>

g(ut,xt�1) ⇡ g(ut,µt�1) +Gt(xt�1 � µt�1)
<latexit sha1_base64="vvKUtX491EBqZ61xT802uWKKgy4="></latexit>

Gt =
@g(u = ut,x = µt�1)

@x

Linearized system:

μt Σt

μt



<latexit sha1_base64="tb9lFQxTRMmWUV++qarw2Zk1lF8="></latexit>

Kt = ⌃tC
>
t (Ct⌃tC

>
t +Qt)

�1

Extended Kalman Filter

1. Initialization:
2. Prediction step:

<latexit sha1_base64="9vVB55kkT6XQOgNx3rrnHZH1QPc=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsxIUZcFN7qrYB/QDiWTZtrQJDMkGbEMs3Ljr7hxoYhbv8Gdf2NmOgttPRA4Oede7r3HjxhV2nG+raXlldW19dJGeXNre2fX3ttvqzCWmLRwyELZ9ZEijArS0lQz0o0kQdxnpONPrjK/c0+koqG409OIeByNBA0oRtpIA/uoz5EeS574hKXV/OMHyUM6SJz0FA7silNzcsBF4hakAgo0B/ZXfxjimBOhMUNK9Vwn0l6CpKaYkbTcjxWJEJ6gEekZKhAnykvyM1J4YpQhDEJpntAwV393JIgrNeW+qcz2VPNeJv7n9WIdXHoJFVGsicCzQUHMoA5hlgkcUkmwZlNDEJbU7ArxGEmEtUmubEJw509eJO2zmnteq9/WK42bIo4SOATHoApccAEa4Bo0QQtg8AiewSt4s56sF+vd+piVLllFzwH4A+vzB3bsmSM=</latexit>

bel(x0)

4. Repeat from 2

<latexit sha1_base64="5sUz67eA+2NNaPg8eI5SG9wI4go="></latexit>

µt = Atµt�1 +Btut
<latexit sha1_base64="MhcMfx4Yyy9kYjXinGZxbDZvCV8="></latexit>

⌃t = At⌃t�1A
>
t +Rt

<latexit sha1_base64="dby4qtTnfGv6eX1trKlEG619s8k="></latexit>

bel(xt) = Nxt(µt,⌃t)

<latexit sha1_base64="x7qA/73W6CwRczjVstZ01Pczlgc="></latexit>

µt = µt +Kt(zt �Ctµt)
<latexit sha1_base64="yKqTySLBH4BE0/qNsG/cBU0sxxY="></latexit>

⌃t = (I�KtCt)⌃t
<latexit sha1_base64="rgIhy29Nj5APneU0Js6TWmU5XD0="></latexit>

bel(xt) = Nxt(µt,⌃t)

3. Measurement update:

<latexit sha1_base64="pvGpfJ0CF5RGmZQv4KQQ0+HYlRk=">AAADwnicdVLfb9MwEHYTYKP86uCRF4tqUtFGlaBpQ5rQBuMBXtCG6DaprSLHdTZvjhPsy0Sb5Z/kCf4bnDZtk/44ydL5vvvuuzudHwuuwXH+1Sz7wcNHG5uP60+ePnv+orH18lxHiaKsQyMRqUufaCa4ZB3gINhlrBgJfcEu/NuTHL+4Y0rzSP6EYcz6IbmSPOCUgAl5W7W/272QwLUfpL8zD/BHPP1+Mt8SlMI7N8M7M/hzCU 5yeAZSItLvmTfntqauk+3O+D8M/219Jj6qip8siq+rPlpd/WxSPW6Vh7tfHGeen+T5U/1CIi1z5zKr9rKzfitG47A687yp0VJT2domRpUmlvez2zusTu81mk7bGRtedtzCaaLCTr3Gn94goknIJFBBtO66Tgz9lCjgVLCs3ks0iwm9JVesa1xJQqb76fgEM7xtIgMcRMo8CXgcLTNSEmo9DH2TmTepF7E8uArrJhB86KdcxgkwSSdCQSIwRDi/ZzzgilEQQ+MQqrjpFdNroggFc/V1swR3ceRl5/x9291v753tNY+/FevYRK/RG9RCLjpAx+grOkUdRK0ji1nSiuwv9o39y9aTVKtWcF6hitn3/wHk+0IU</latexit>

p(zt|xt) = Nzt(Ctxt, Qt)

<latexit sha1_base64="CvvPr0KVr9rBZu1rKRAfV4i+vmk=">AAADwnicdVLfT9swEHaT/WDdr8Ie92KtQuoEq5IJbZMQgo09jBcE0wpIbRU5rgMejpPZF7Q25J/c0/hvcErapml7kqXzfffdd3c6PxZcg+Pc1Sz70eMnT9ee1Z+/ePnqdWN940xHiaKsQyMRqQufaCa4ZB3gINhFrBgJfcHO/evDHD+/YUrzSP6CYcz6IbmUPOCUgAl567X/m72QwJUfpH8zD/Aenny/mm8JSuGDm+GtKfytBC c5PAUpEelx5s24rYnrZNtT/k/Df1+fio/mxQ+r4quqj5ZXPx1Xj1vl2W6r08zSkzx9Il8opGXuTGXZWrZWL8Vo7FZGnnU1WugqW9nFaK6Lxf1s93bnp/caTaftjA0vOm7hNFFhJ17jX28Q0SRkEqggWnddJ4Z+ShRwKlhW7yWaxYRek0vWNa4kIdP9dHyCGd40kQEOImWeBDyOlhkpCbUehr7JzJvUVSwPLsO6CQRf+imXcQJM0gehIBEYIpzfMx5wxSiIoXEIVdz0iukVUYSCufq6WYJbHXnROfvYdj+1d053mgdHxTrW0Fv0DrWQiz6jA/QDnaAOota+xSxpRfZ3+7f9x9YPqVat4LxBc2bf3gMJZ0IU</latexit>

p(xt|xt�1,ut) = Nxt(Atxt�1 +Btut, Rt)
Linear system with Gaussian noise:

1. Initialization:
2. Prediction step:

<latexit sha1_base64="9vVB55kkT6XQOgNx3rrnHZH1QPc=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsxIUZcFN7qrYB/QDiWTZtrQJDMkGbEMs3Ljr7hxoYhbv8Gdf2NmOgttPRA4Oede7r3HjxhV2nG+raXlldW19dJGeXNre2fX3ttvqzCWmLRwyELZ9ZEijArS0lQz0o0kQdxnpONPrjK/c0+koqG409OIeByNBA0oRtpIA/uoz5EeS574hKXV/OMHyUM6SJz0FA7silNzcsBF4hakAgo0B/ZXfxjimBOhMUNK9Vwn0l6CpKaYkbTcjxWJEJ6gEekZKhAnykvyM1J4YpQhDEJpntAwV393JIgrNeW+qcz2VPNeJv7n9WIdXHoJFVGsicCzQUHMoA5hlgkcUkmwZlNDEJbU7ArxGEmEtUmubEJw509eJO2zmnteq9/WK42bIo4SOATHoApccAEa4Bo0QQtg8AiewSt4s56sF+vd+piVLllFzwH4A+vzB3bsmSM=</latexit>

bel(x0)

4. Repeat from 2

<latexit sha1_base64="dby4qtTnfGv6eX1trKlEG619s8k="></latexit>

bel(xt) = Nxt(µt,⌃t)

<latexit sha1_base64="rgIhy29Nj5APneU0Js6TWmU5XD0="></latexit>

bel(xt) = Nxt(µt,⌃t)

3. Measurement update:

<latexit sha1_base64="5CCEKfeXfzqOa1QPNDZLNtwhH9E="></latexit>

µt = g(ut,µt�1)
<latexit sha1_base64="4NXHzmjztWe7ymLoBDwYa2T2Z0g="></latexit>

⌃t = Gt⌃t�1G
>
t +Rt

<latexit sha1_base64="uP+tr9+kK6qFhw0mEt5VhMfRNVY="></latexit>

Kt = ⌃tH
>
t (Ht⌃tH

>
t +Qt)

�1
<latexit sha1_base64="1X5Msuo+QUFQobEJBkcLuxYsHis="></latexit>

µt = µt +Kt(zt � h(µt))
<latexit sha1_base64="whmBReMXwOp6VIfKM8xwMkXdRJ4="></latexit>

⌃t = (I�KtHt)⌃t

Linearized system with Gaussian noise:
<latexit sha1_base64="wvWCcFagGdNd/5wbGhRUJy9k1xk="></latexit>

p(xt|xt�1,ut) ⇡ Nxt(g(ut,µt�1) +Gt(xt�1 � µt�1), Rt)
<latexit sha1_base64="O/aWMpi7CYtSViCEWBdWeo+rCFk="></latexit>

⇡ Nzt(h(µt) +Ht(xt � µt), Qt)

In order to use EKF we need G and H, the rest is the same !!!



<latexit sha1_base64="tb9lFQxTRMmWUV++qarw2Zk1lF8="></latexit>

Kt = ⌃tC
>
t (Ct⌃tC

>
t +Qt)

�1

Extended Kalman Filter

1. Initialization:
2. Prediction step:

<latexit sha1_base64="9vVB55kkT6XQOgNx3rrnHZH1QPc=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsxIUZcFN7qrYB/QDiWTZtrQJDMkGbEMs3Ljr7hxoYhbv8Gdf2NmOgttPRA4Oede7r3HjxhV2nG+raXlldW19dJGeXNre2fX3ttvqzCWmLRwyELZ9ZEijArS0lQz0o0kQdxnpONPrjK/c0+koqG409OIeByNBA0oRtpIA/uoz5EeS574hKXV/OMHyUM6SJz0FA7silNzcsBF4hakAgo0B/ZXfxjimBOhMUNK9Vwn0l6CpKaYkbTcjxWJEJ6gEekZKhAnykvyM1J4YpQhDEJpntAwV393JIgrNeW+qcz2VPNeJv7n9WIdXHoJFVGsicCzQUHMoA5hlgkcUkmwZlNDEJbU7ArxGEmEtUmubEJw509eJO2zmnteq9/WK42bIo4SOATHoApccAEa4Bo0QQtg8AiewSt4s56sF+vd+piVLllFzwH4A+vzB3bsmSM=</latexit>

bel(x0)

4. Repeat from 2

<latexit sha1_base64="5sUz67eA+2NNaPg8eI5SG9wI4go="></latexit>

µt = Atµt�1 +Btut
<latexit sha1_base64="MhcMfx4Yyy9kYjXinGZxbDZvCV8="></latexit>

⌃t = At⌃t�1A
>
t +Rt

<latexit sha1_base64="dby4qtTnfGv6eX1trKlEG619s8k="></latexit>

bel(xt) = Nxt(µt,⌃t)

<latexit sha1_base64="x7qA/73W6CwRczjVstZ01Pczlgc="></latexit>

µt = µt +Kt(zt �Ctµt)
<latexit sha1_base64="yKqTySLBH4BE0/qNsG/cBU0sxxY="></latexit>

⌃t = (I�KtCt)⌃t
<latexit sha1_base64="rgIhy29Nj5APneU0Js6TWmU5XD0="></latexit>

bel(xt) = Nxt(µt,⌃t)

3. Measurement update:

<latexit sha1_base64="pvGpfJ0CF5RGmZQv4KQQ0+HYlRk=">AAADwnicdVLfb9MwEHYTYKP86uCRF4tqUtFGlaBpQ5rQBuMBXtCG6DaprSLHdTZvjhPsy0Sb5Z/kCf4bnDZtk/44ydL5vvvuuzudHwuuwXH+1Sz7wcNHG5uP60+ePnv+orH18lxHiaKsQyMRqUufaCa4ZB3gINhlrBgJfcEu/NuTHL+4Y0rzSP6EYcz6IbmSPOCUgAl5W7W/272QwLUfpL8zD/BHPP1+Mt8SlMI7N8M7M/hzCU 5yeAZSItLvmTfntqauk+3O+D8M/219Jj6qip8siq+rPlpd/WxSPW6Vh7tfHGeen+T5U/1CIi1z5zKr9rKzfitG47A687yp0VJT2domRpUmlvez2zusTu81mk7bGRtedtzCaaLCTr3Gn94goknIJFBBtO66Tgz9lCjgVLCs3ks0iwm9JVesa1xJQqb76fgEM7xtIgMcRMo8CXgcLTNSEmo9DH2TmTepF7E8uArrJhB86KdcxgkwSSdCQSIwRDi/ZzzgilEQQ+MQqrjpFdNroggFc/V1swR3ceRl5/x9291v753tNY+/FevYRK/RG9RCLjpAx+grOkUdRK0ji1nSiuwv9o39y9aTVKtWcF6hitn3/wHk+0IU</latexit>

p(zt|xt) = Nzt(Ctxt, Qt)

<latexit sha1_base64="CvvPr0KVr9rBZu1rKRAfV4i+vmk=">AAADwnicdVLfT9swEHaT/WDdr8Ie92KtQuoEq5IJbZMQgo09jBcE0wpIbRU5rgMejpPZF7Q25J/c0/hvcErapml7kqXzfffdd3c6PxZcg+Pc1Sz70eMnT9ee1Z+/ePnqdWN940xHiaKsQyMRqQufaCa4ZB3gINhFrBgJfcHO/evDHD+/YUrzSP6CYcz6IbmUPOCUgAl567X/m72QwJUfpH8zD/Aenny/mm8JSuGDm+GtKfytBC c5PAUpEelx5s24rYnrZNtT/k/Df1+fio/mxQ+r4quqj5ZXPx1Xj1vl2W6r08zSkzx9Il8opGXuTGXZWrZWL8Vo7FZGnnU1WugqW9nFaK6Lxf1s93bnp/caTaftjA0vOm7hNFFhJ17jX28Q0SRkEqggWnddJ4Z+ShRwKlhW7yWaxYRek0vWNa4kIdP9dHyCGd40kQEOImWeBDyOlhkpCbUehr7JzJvUVSwPLsO6CQRf+imXcQJM0gehIBEYIpzfMx5wxSiIoXEIVdz0iukVUYSCufq6WYJbHXnROfvYdj+1d053mgdHxTrW0Fv0DrWQiz6jA/QDnaAOota+xSxpRfZ3+7f9x9YPqVat4LxBc2bf3gMJZ0IU</latexit>

p(xt|xt�1,ut) = Nxt(Atxt�1 +Btut, Rt)
Linear system with Gaussian noise:

1. Initialization:
2. Prediction step:

<latexit sha1_base64="9vVB55kkT6XQOgNx3rrnHZH1QPc=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsxIUZcFN7qrYB/QDiWTZtrQJDMkGbEMs3Ljr7hxoYhbv8Gdf2NmOgttPRA4Oede7r3HjxhV2nG+raXlldW19dJGeXNre2fX3ttvqzCWmLRwyELZ9ZEijArS0lQz0o0kQdxnpONPrjK/c0+koqG409OIeByNBA0oRtpIA/uoz5EeS574hKXV/OMHyUM6SJz0FA7silNzcsBF4hakAgo0B/ZXfxjimBOhMUNK9Vwn0l6CpKaYkbTcjxWJEJ6gEekZKhAnykvyM1J4YpQhDEJpntAwV393JIgrNeW+qcz2VPNeJv7n9WIdXHoJFVGsicCzQUHMoA5hlgkcUkmwZlNDEJbU7ArxGEmEtUmubEJw509eJO2zmnteq9/WK42bIo4SOATHoApccAEa4Bo0QQtg8AiewSt4s56sF+vd+piVLllFzwH4A+vzB3bsmSM=</latexit>

bel(x0)

4. Repeat from 2

<latexit sha1_base64="dby4qtTnfGv6eX1trKlEG619s8k="></latexit>

bel(xt) = Nxt(µt,⌃t)

<latexit sha1_base64="rgIhy29Nj5APneU0Js6TWmU5XD0="></latexit>

bel(xt) = Nxt(µt,⌃t)

3. Measurement update:

<latexit sha1_base64="5CCEKfeXfzqOa1QPNDZLNtwhH9E="></latexit>

µt = g(ut,µt�1)
<latexit sha1_base64="4NXHzmjztWe7ymLoBDwYa2T2Z0g="></latexit>

⌃t = Gt⌃t�1G
>
t +Rt

<latexit sha1_base64="uP+tr9+kK6qFhw0mEt5VhMfRNVY="></latexit>

Kt = ⌃tH
>
t (Ht⌃tH

>
t +Qt)

�1
<latexit sha1_base64="1X5Msuo+QUFQobEJBkcLuxYsHis="></latexit>

µt = µt +Kt(zt � h(µt))
<latexit sha1_base64="whmBReMXwOp6VIfKM8xwMkXdRJ4="></latexit>

⌃t = (I�KtHt)⌃t

Linearized system with Gaussian noise:
<latexit sha1_base64="wvWCcFagGdNd/5wbGhRUJy9k1xk="></latexit>

p(xt|xt�1,ut) ⇡ Nxt(g(ut,µt�1) +Gt(xt�1 � µt�1), Rt)
<latexit sha1_base64="O/aWMpi7CYtSViCEWBdWeo+rCFk="></latexit>

⇡ Nzt(h(µt) +Ht(xt � µt), Qt)

In order to use EKF we need G and H, the rest is the same !!!
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Differential drive model - linearization
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Differential drive model - linearization

xt
yt

θt

=
xt−1 + vtΔt cos θt−1

yt−1 + vtΔt sin θt−1

θt−1 + ωt

= g(
xt−1
yt−1

θt−1

, [vt
ωt])



xt−1

yt−1

θt−1xt−1

θt−1
x t

yt

xt

ωt
θt

Differential drive model - linearization

xt
yt

θt

=
xt−1 + vtΔt cos θt−1

yt−1 + vtΔt sin θt−1

θt−1 + ωt

= g(
xt−1
yt−1

θt−1

, [vt
ωt])

<latexit sha1_base64="9UgkpjtYJQ2yZqkaL15cuTPuFO0=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkWoC0siRV0W3Oiugn1AG8JkOmmHzkzCzEQsITs3/oobF4q49Rfc+TdO0iy09cDAmXPu5d57/IgSqWz72ygtLa+srpXXKxubW9s75u5eR4axQLiNQhqKng8lpoTjtiKK4l4kMGQ+xV1/cpX53XssJAn5nZpG2GVwxElAEFRa8szDAYNqLFjiY5rW8o8fJA+pl6hTJz3xzKpdt3NYi8QpSBUUaHnm12AYophhrhCFUvYdO1JuAoUiiOK0MogljiCawBHua8ohw9JN8jtS61grQysIhX5cWbn6uyOBTMop83Vltqic9zLxP68fq+DSTQiPYoU5mg0KYmqp0MpCsYZEYKToVBOIBNG7WmgMBURKR1fRITjzJy+SzlndOa83bhvV5k0RRxkcgCNQAw64AE1wDVqgDRB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PwBbRGZrw==</latexit> b
el
(x

t�
1
)

<latexit sha1_base64="TswsgV8SOBZh1w9384biuhslVS8=">AAACInicbVDLSsNAFJ3UV62vqEs3wVKoC0sixceu4EZ3FewDmhAm00k7dCYJMxOxhHyLG3/FjQtFXQl+jJM0C9t6YeDcc+5h7j1eRImQpvmtlVZW19Y3ypuVre2d3T19/6Arwpgj3EEhDXnfgwJTEuCOJJLifsQxZB7FPW9ynem9B8wFCYN7OY2ww+AoID5BUCrK1a9qdqj0zJ7YDMoxZ4mHaZrW887zk8fUTWR6UpnrT63U1atmw8zLWAZWAaqgqLarf9rDEMUMBxJRKMTAMiPpJJBLgihOK3YscATRBI7wQMEAMiycJD8xNWqKGRp+yNULpJGzfx0JZEJMmacmsz3FopaR/2mDWPqXTkKCKJY4QLOP/JgaMjSyvIwh4RhJOlUAIk7UrgYaQw6RVKlWVAjW4snLoHvWsM4bzbtmtXVbxFEGR+AY1IEFLkAL3IA26AAEnsALeAPv2rP2qn1oX7PRklZ4DsFcaT+/wmelrQ==</latexit>xt�1

<latexit sha1_base64="h8XBfyKL/CEX4uigqGhU+W4uCMo=">AAACCnicbVDLSgNBEJyNrxhfUY9eRoMQQcOuBPUY8KK3COYBybLMTmaTIbMPZnrFsOzZi7/ixYMiXv0Cb/6Nk2QFTSxoKKq66e5yI8EVmOaXkVtYXFpeya8W1tY3NreK2ztNFcaSsgYNRSjbLlFM8IA1gINg7Ugy4ruCtdzh5dhv3TGpeBjcwihitk/6Afc4JaAlp7jfL3d9AgPXS+5TJ4ETKz3GP0qcOnDkFEtmxZwAzxMrIyWUoe4UP7u9kMY+C4AKolTHMiOwEyKBU8HSQjdWLCJ0SPqso2lAfKbsZPJKig+10sNeKHUFgCfq74mE+EqNfFd3jo9Us95Y/M/rxOBd2AkPohhYQKeLvFhgCPE4F9zjklEQI00IlVzfiumASEJBp1fQIVizL8+T5mnFOqtUb6ql2nUWRx7toQNURhY6RzV0heqogSh6QE/oBb0aj8az8Wa8T1tzRjazi/7A+PgG/6Kafg==</latexit> g(
x
t�

1
,u

t)

<latexit sha1_base64="Rtv27fvg17MIgvEGqADtQgrLO3E=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXDsv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWGNkx8=</latexit>

x
t

<latexit sha1_base64="S2TwPECTPvBa1g+YklCQeZpRTOk=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6OVoR4HXvQ2wX3AWkqaZltY0pQkFWYp/itePCji1f/Dm/+N6daDbj4Iebz3+5GXFyaMKu0431ZlZXVtfaO6Wdva3tnds/cPukqkEpMOFkzIfogUYTQmHU01I/1EEsRDRnrh5Lrwew9EKiriez1NiM/RKKZDipE2UmAfeaFgkZpyc2UeT/Mg03lg152GMwNcJm5J6qBEO7C/vEjglJNYY4aUGrhOov0MSU0xI3nNSxVJEJ6gERkYGiNOlJ/N0ufw1CgRHAppTqzhTP29kSGuioBmkiM9VoteIf7nDVI9vPIzGiepJjGePzRMGdQCFlXAiEqCNZsagrCkJivEYyQR1qawminBXfzyMumeN9yLRvOuWW/dlnVUwTE4AWfABZegBW5AG3QABo/gGbyCN+vJerHerY/5aMUqdw7BH1ifP7x4lhc=</latexit>µt

bel(xt−1) = 𝒩(xt−1; μt−1, Σt−1)

<latexit sha1_base64="TswsgV8SOBZh1w9384biuhslVS8=">AAACInicbVDLSsNAFJ3UV62vqEs3wVKoC0sixceu4EZ3FewDmhAm00k7dCYJMxOxhHyLG3/FjQtFXQl+jJM0C9t6YeDcc+5h7j1eRImQpvmtlVZW19Y3ypuVre2d3T19/6Arwpgj3EEhDXnfgwJTEuCOJJLifsQxZB7FPW9ynem9B8wFCYN7OY2ww+AoID5BUCrK1a9qdqj0zJ7YDMoxZ4mHaZrW887zk8fUTWR6UpnrT63U1atmw8zLWAZWAaqgqLarf9rDEMUMBxJRKMTAMiPpJJBLgihOK3YscATRBI7wQMEAMiycJD8xNWqKGRp+yNULpJGzfx0JZEJMmacmsz3FopaR/2mDWPqXTkKCKJY4QLOP/JgaMjSyvIwh4RhJOlUAIk7UrgYaQw6RVKlWVAjW4snLoHvWsM4bzbtmtXVbxFEGR+AY1IEFLkAL3IA26AAEnsALeAPv2rP2qn1oX7PRklZ4DsFcaT+/wmelrQ==</latexit>xt�1
<latexit sha1_base64="6Or7KFSymz9umzn9YwPtodn0V5I=">AAACKHicbVDLSsNAFJ34rPEVdekmWAp1YUmkqDsLbnRXwT6gCWEynbRDJ5kwMxFLyOe48VfciCjSrV/iJM1CWy8Mc+acc5l7jx9TIqRlzbSV1bX1jc3Klr69s7u3bxwcdgVLOMIdxCjjfR8KTEmEO5JIivsxxzD0Ke75k5tc7z1iLgiLHuQ0xm4IRxEJCIJSUZ5xXXOY0vP21AmhHPMw9THNsnrx8oP0KfNSmZ3qjs/oUExDdSlnkrNnduYZVathFWUuA7sEVVBW2zPenSFDSYgjiSgUYmBbsXRTyCVBFGe6kwgcQzSBIzxQMIIhFm5aLJqZNcUMzYBxdSJpFuzvjhSGIh9ROfPpxaKWk/9pg0QGV25KojiROELzj4KEmpKZeWrmkHCMJJ0qABEnalYTjSGHSKpsdRWCvbjyMuieN+yLRvO+WW3dlXFUwDE4AXVgg0vQAregDToAgWfwCj7Ap/aivWlf2mxuXdHKniPwp7TvHw7LqHQ=</latexit>µt�1

≈ g(μt−1, ut) + Gt(xt−1 − μt−1)

<latexit sha1_base64="vvKUtX491EBqZ61xT802uWKKgy4="></latexit>

Gt =
@g(u = ut,x = µt�1)

@x =
1 0 −vtΔt sin μθ

t−1

0 1 vtΔt cos μθ
t−1

0 0 1

: ℝ3 → ℝ3g(x, u)

What is dimensionality of g  
if  is assumed to be known?u



<latexit sha1_base64="tb9lFQxTRMmWUV++qarw2Zk1lF8="></latexit>

Kt = ⌃tC
>
t (Ct⌃tC

>
t +Qt)

�1

Extended Kalman Filter

1. Initialization:
2. Prediction step:

<latexit sha1_base64="9vVB55kkT6XQOgNx3rrnHZH1QPc=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsxIUZcFN7qrYB/QDiWTZtrQJDMkGbEMs3Ljr7hxoYhbv8Gdf2NmOgttPRA4Oede7r3HjxhV2nG+raXlldW19dJGeXNre2fX3ttvqzCWmLRwyELZ9ZEijArS0lQz0o0kQdxnpONPrjK/c0+koqG409OIeByNBA0oRtpIA/uoz5EeS574hKXV/OMHyUM6SJz0FA7silNzcsBF4hakAgo0B/ZXfxjimBOhMUNK9Vwn0l6CpKaYkbTcjxWJEJ6gEekZKhAnykvyM1J4YpQhDEJpntAwV393JIgrNeW+qcz2VPNeJv7n9WIdXHoJFVGsicCzQUHMoA5hlgkcUkmwZlNDEJbU7ArxGEmEtUmubEJw509eJO2zmnteq9/WK42bIo4SOATHoApccAEa4Bo0QQtg8AiewSt4s56sF+vd+piVLllFzwH4A+vzB3bsmSM=</latexit>

bel(x0)

4. Repeat from 2

<latexit sha1_base64="5sUz67eA+2NNaPg8eI5SG9wI4go="></latexit>

µt = Atµt�1 +Btut
<latexit sha1_base64="MhcMfx4Yyy9kYjXinGZxbDZvCV8="></latexit>

⌃t = At⌃t�1A
>
t +Rt

<latexit sha1_base64="dby4qtTnfGv6eX1trKlEG619s8k="></latexit>

bel(xt) = Nxt(µt,⌃t)

<latexit sha1_base64="x7qA/73W6CwRczjVstZ01Pczlgc="></latexit>

µt = µt +Kt(zt �Ctµt)
<latexit sha1_base64="yKqTySLBH4BE0/qNsG/cBU0sxxY="></latexit>

⌃t = (I�KtCt)⌃t
<latexit sha1_base64="rgIhy29Nj5APneU0Js6TWmU5XD0="></latexit>

bel(xt) = Nxt(µt,⌃t)

3. Measurement update:

<latexit sha1_base64="pvGpfJ0CF5RGmZQv4KQQ0+HYlRk=">AAADwnicdVLfb9MwEHYTYKP86uCRF4tqUtFGlaBpQ5rQBuMBXtCG6DaprSLHdTZvjhPsy0Sb5Z/kCf4bnDZtk/44ydL5vvvuuzudHwuuwXH+1Sz7wcNHG5uP60+ePnv+orH18lxHiaKsQyMRqUufaCa4ZB3gINhlrBgJfcEu/NuTHL+4Y0rzSP6EYcz6IbmSPOCUgAl5W7W/272QwLUfpL8zD/BHPP1+Mt8SlMI7N8M7M/hzCU 5yeAZSItLvmTfntqauk+3O+D8M/219Jj6qip8siq+rPlpd/WxSPW6Vh7tfHGeen+T5U/1CIi1z5zKr9rKzfitG47A687yp0VJT2domRpUmlvez2zusTu81mk7bGRtedtzCaaLCTr3Gn94goknIJFBBtO66Tgz9lCjgVLCs3ks0iwm9JVesa1xJQqb76fgEM7xtIgMcRMo8CXgcLTNSEmo9DH2TmTepF7E8uArrJhB86KdcxgkwSSdCQSIwRDi/ZzzgilEQQ+MQqrjpFdNroggFc/V1swR3ceRl5/x9291v753tNY+/FevYRK/RG9RCLjpAx+grOkUdRK0ji1nSiuwv9o39y9aTVKtWcF6hitn3/wHk+0IU</latexit>

p(zt|xt) = Nzt(Ctxt, Qt)

<latexit sha1_base64="CvvPr0KVr9rBZu1rKRAfV4i+vmk=">AAADwnicdVLfT9swEHaT/WDdr8Ie92KtQuoEq5IJbZMQgo09jBcE0wpIbRU5rgMejpPZF7Q25J/c0/hvcErapml7kqXzfffdd3c6PxZcg+Pc1Sz70eMnT9ee1Z+/ePnqdWN940xHiaKsQyMRqQufaCa4ZB3gINhFrBgJfcHO/evDHD+/YUrzSP6CYcz6IbmUPOCUgAl567X/m72QwJUfpH8zD/Aenny/mm8JSuGDm+GtKfytBC c5PAUpEelx5s24rYnrZNtT/k/Df1+fio/mxQ+r4quqj5ZXPx1Xj1vl2W6r08zSkzx9Il8opGXuTGXZWrZWL8Vo7FZGnnU1WugqW9nFaK6Lxf1s93bnp/caTaftjA0vOm7hNFFhJ17jX28Q0SRkEqggWnddJ4Z+ShRwKlhW7yWaxYRek0vWNa4kIdP9dHyCGd40kQEOImWeBDyOlhkpCbUehr7JzJvUVSwPLsO6CQRf+imXcQJM0gehIBEYIpzfMx5wxSiIoXEIVdz0iukVUYSCufq6WYJbHXnROfvYdj+1d053mgdHxTrW0Fv0DrWQiz6jA/QDnaAOota+xSxpRfZ3+7f9x9YPqVat4LxBc2bf3gMJZ0IU</latexit>

p(xt|xt�1,ut) = Nxt(Atxt�1 +Btut, Rt)
Linear system with Gaussian noise:

1. Initialization:
2. Prediction step:

<latexit sha1_base64="9vVB55kkT6XQOgNx3rrnHZH1QPc=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsxIUZcFN7qrYB/QDiWTZtrQJDMkGbEMs3Ljr7hxoYhbv8Gdf2NmOgttPRA4Oede7r3HjxhV2nG+raXlldW19dJGeXNre2fX3ttvqzCWmLRwyELZ9ZEijArS0lQz0o0kQdxnpONPrjK/c0+koqG409OIeByNBA0oRtpIA/uoz5EeS574hKXV/OMHyUM6SJz0FA7silNzcsBF4hakAgo0B/ZXfxjimBOhMUNK9Vwn0l6CpKaYkbTcjxWJEJ6gEekZKhAnykvyM1J4YpQhDEJpntAwV393JIgrNeW+qcz2VPNeJv7n9WIdXHoJFVGsicCzQUHMoA5hlgkcUkmwZlNDEJbU7ArxGEmEtUmubEJw509eJO2zmnteq9/WK42bIo4SOATHoApccAEa4Bo0QQtg8AiewSt4s56sF+vd+piVLllFzwH4A+vzB3bsmSM=</latexit>

bel(x0)

4. Repeat from 2

<latexit sha1_base64="dby4qtTnfGv6eX1trKlEG619s8k="></latexit>

bel(xt) = Nxt(µt,⌃t)

<latexit sha1_base64="rgIhy29Nj5APneU0Js6TWmU5XD0="></latexit>

bel(xt) = Nxt(µt,⌃t)

3. Measurement update:

<latexit sha1_base64="5CCEKfeXfzqOa1QPNDZLNtwhH9E="></latexit>

µt = g(ut,µt�1)
<latexit sha1_base64="4NXHzmjztWe7ymLoBDwYa2T2Z0g="></latexit>

⌃t = Gt⌃t�1G
>
t +Rt

<latexit sha1_base64="uP+tr9+kK6qFhw0mEt5VhMfRNVY="></latexit>

Kt = ⌃tH
>
t (Ht⌃tH

>
t +Qt)

�1
<latexit sha1_base64="1X5Msuo+QUFQobEJBkcLuxYsHis="></latexit>

µt = µt +Kt(zt � h(µt))
<latexit sha1_base64="whmBReMXwOp6VIfKM8xwMkXdRJ4="></latexit>

⌃t = (I�KtHt)⌃t

Linearized system with Gaussian noise:
<latexit sha1_base64="wvWCcFagGdNd/5wbGhRUJy9k1xk="></latexit>

p(xt|xt�1,ut) ⇡ Nxt(g(ut,µt�1) +Gt(xt�1 � µt�1), Rt)
<latexit sha1_base64="O/aWMpi7CYtSViCEWBdWeo+rCFk="></latexit>

⇡ Nzt(h(µt) +Ht(xt � µt), Qt)

In order to use it we need G and H, the rest is the same !!!
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<latexit sha1_base64="tb9lFQxTRMmWUV++qarw2Zk1lF8="></latexit>

Kt = ⌃tC
>
t (Ct⌃tC

>
t +Qt)

�1

Extended Kalman Filter

1. Initialization:
2. Prediction step:

<latexit sha1_base64="9vVB55kkT6XQOgNx3rrnHZH1QPc=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsxIUZcFN7qrYB/QDiWTZtrQJDMkGbEMs3Ljr7hxoYhbv8Gdf2NmOgttPRA4Oede7r3HjxhV2nG+raXlldW19dJGeXNre2fX3ttvqzCWmLRwyELZ9ZEijArS0lQz0o0kQdxnpONPrjK/c0+koqG409OIeByNBA0oRtpIA/uoz5EeS574hKXV/OMHyUM6SJz0FA7silNzcsBF4hakAgo0B/ZXfxjimBOhMUNK9Vwn0l6CpKaYkbTcjxWJEJ6gEekZKhAnykvyM1J4YpQhDEJpntAwV393JIgrNeW+qcz2VPNeJv7n9WIdXHoJFVGsicCzQUHMoA5hlgkcUkmwZlNDEJbU7ArxGEmEtUmubEJw509eJO2zmnteq9/WK42bIo4SOATHoApccAEa4Bo0QQtg8AiewSt4s56sF+vd+piVLllFzwH4A+vzB3bsmSM=</latexit>

bel(x0)

4. Repeat from 2

<latexit sha1_base64="5sUz67eA+2NNaPg8eI5SG9wI4go="></latexit>

µt = Atµt�1 +Btut
<latexit sha1_base64="MhcMfx4Yyy9kYjXinGZxbDZvCV8="></latexit>

⌃t = At⌃t�1A
>
t +Rt

<latexit sha1_base64="dby4qtTnfGv6eX1trKlEG619s8k="></latexit>

bel(xt) = Nxt(µt,⌃t)

<latexit sha1_base64="x7qA/73W6CwRczjVstZ01Pczlgc="></latexit>

µt = µt +Kt(zt �Ctµt)
<latexit sha1_base64="yKqTySLBH4BE0/qNsG/cBU0sxxY="></latexit>

⌃t = (I�KtCt)⌃t
<latexit sha1_base64="rgIhy29Nj5APneU0Js6TWmU5XD0="></latexit>

bel(xt) = Nxt(µt,⌃t)

3. Measurement update:

<latexit sha1_base64="pvGpfJ0CF5RGmZQv4KQQ0+HYlRk=">AAADwnicdVLfb9MwEHYTYKP86uCRF4tqUtFGlaBpQ5rQBuMBXtCG6DaprSLHdTZvjhPsy0Sb5Z/kCf4bnDZtk/44ydL5vvvuuzudHwuuwXH+1Sz7wcNHG5uP60+ePnv+orH18lxHiaKsQyMRqUufaCa4ZB3gINhlrBgJfcEu/NuTHL+4Y0rzSP6EYcz6IbmSPOCUgAl5W7W/272QwLUfpL8zD/BHPP1+Mt8SlMI7N8M7M/hzCU 5yeAZSItLvmTfntqauk+3O+D8M/219Jj6qip8siq+rPlpd/WxSPW6Vh7tfHGeen+T5U/1CIi1z5zKr9rKzfitG47A687yp0VJT2domRpUmlvez2zusTu81mk7bGRtedtzCaaLCTr3Gn94goknIJFBBtO66Tgz9lCjgVLCs3ks0iwm9JVesa1xJQqb76fgEM7xtIgMcRMo8CXgcLTNSEmo9DH2TmTepF7E8uArrJhB86KdcxgkwSSdCQSIwRDi/ZzzgilEQQ+MQqrjpFdNroggFc/V1swR3ceRl5/x9291v753tNY+/FevYRK/RG9RCLjpAx+grOkUdRK0ji1nSiuwv9o39y9aTVKtWcF6hitn3/wHk+0IU</latexit>

p(zt|xt) = Nzt(Ctxt, Qt)

<latexit sha1_base64="CvvPr0KVr9rBZu1rKRAfV4i+vmk=">AAADwnicdVLfT9swEHaT/WDdr8Ie92KtQuoEq5IJbZMQgo09jBcE0wpIbRU5rgMejpPZF7Q25J/c0/hvcErapml7kqXzfffdd3c6PxZcg+Pc1Sz70eMnT9ee1Z+/ePnqdWN940xHiaKsQyMRqQufaCa4ZB3gINhFrBgJfcHO/evDHD+/YUrzSP6CYcz6IbmUPOCUgAl567X/m72QwJUfpH8zD/Aenny/mm8JSuGDm+GtKfytBC c5PAUpEelx5s24rYnrZNtT/k/Df1+fio/mxQ+r4quqj5ZXPx1Xj1vl2W6r08zSkzx9Il8opGXuTGXZWrZWL8Vo7FZGnnU1WugqW9nFaK6Lxf1s93bnp/caTaftjA0vOm7hNFFhJ17jX28Q0SRkEqggWnddJ4Z+ShRwKlhW7yWaxYRek0vWNa4kIdP9dHyCGd40kQEOImWeBDyOlhkpCbUehr7JzJvUVSwPLsO6CQRf+imXcQJM0gehIBEYIpzfMx5wxSiIoXEIVdz0iukVUYSCufq6WYJbHXnROfvYdj+1d053mgdHxTrW0Fv0DrWQiz6jA/QDnaAOota+xSxpRfZ3+7f9x9YPqVat4LxBc2bf3gMJZ0IU</latexit>

p(xt|xt�1,ut) = Nxt(Atxt�1 +Btut, Rt)
Linear system with Gaussian noise:

1. Initialization:
2. Prediction step:

<latexit sha1_base64="9vVB55kkT6XQOgNx3rrnHZH1QPc=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsxIUZcFN7qrYB/QDiWTZtrQJDMkGbEMs3Ljr7hxoYhbv8Gdf2NmOgttPRA4Oede7r3HjxhV2nG+raXlldW19dJGeXNre2fX3ttvqzCWmLRwyELZ9ZEijArS0lQz0o0kQdxnpONPrjK/c0+koqG409OIeByNBA0oRtpIA/uoz5EeS574hKXV/OMHyUM6SJz0FA7silNzcsBF4hakAgo0B/ZXfxjimBOhMUNK9Vwn0l6CpKaYkbTcjxWJEJ6gEekZKhAnykvyM1J4YpQhDEJpntAwV393JIgrNeW+qcz2VPNeJv7n9WIdXHoJFVGsicCzQUHMoA5hlgkcUkmwZlNDEJbU7ArxGEmEtUmubEJw509eJO2zmnteq9/WK42bIo4SOATHoApccAEa4Bo0QQtg8AiewSt4s56sF+vd+piVLllFzwH4A+vzB3bsmSM=</latexit>

bel(x0)

4. Repeat from 2

<latexit sha1_base64="dby4qtTnfGv6eX1trKlEG619s8k="></latexit>

bel(xt) = Nxt(µt,⌃t)

<latexit sha1_base64="rgIhy29Nj5APneU0Js6TWmU5XD0="></latexit>

bel(xt) = Nxt(µt,⌃t)

3. Measurement update:

<latexit sha1_base64="5CCEKfeXfzqOa1QPNDZLNtwhH9E="></latexit>

µt = g(ut,µt�1)
<latexit sha1_base64="4NXHzmjztWe7ymLoBDwYa2T2Z0g="></latexit>

⌃t = Gt⌃t�1G
>
t +Rt

<latexit sha1_base64="uP+tr9+kK6qFhw0mEt5VhMfRNVY="></latexit>

Kt = ⌃tH
>
t (Ht⌃tH

>
t +Qt)

�1
<latexit sha1_base64="1X5Msuo+QUFQobEJBkcLuxYsHis="></latexit>

µt = µt +Kt(zt � h(µt))
<latexit sha1_base64="whmBReMXwOp6VIfKM8xwMkXdRJ4="></latexit>

⌃t = (I�KtHt)⌃t

Linearized system with Gaussian noise:
<latexit sha1_base64="wvWCcFagGdNd/5wbGhRUJy9k1xk="></latexit>

p(xt|xt�1,ut) ⇡ Nxt(g(ut,µt�1) +Gt(xt�1 � µt�1), Rt)
<latexit sha1_base64="O/aWMpi7CYtSViCEWBdWeo+rCFk="></latexit>

⇡ Nzt(h(µt) +Ht(xt � µt), Qt)

In order to use it we need G and H, the rest is the same !!!
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>
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>
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Extended Kalman Filter
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2. Prediction step:

<latexit sha1_base64="9vVB55kkT6XQOgNx3rrnHZH1QPc=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsxIUZcFN7qrYB/QDiWTZtrQJDMkGbEMs3Ljr7hxoYhbv8Gdf2NmOgttPRA4Oede7r3HjxhV2nG+raXlldW19dJGeXNre2fX3ttvqzCWmLRwyELZ9ZEijArS0lQz0o0kQdxnpONPrjK/c0+koqG409OIeByNBA0oRtpIA/uoz5EeS574hKXV/OMHyUM6SJz0FA7silNzcsBF4hakAgo0B/ZXfxjimBOhMUNK9Vwn0l6CpKaYkbTcjxWJEJ6gEekZKhAnykvyM1J4YpQhDEJpntAwV393JIgrNeW+qcz2VPNeJv7n9WIdXHoJFVGsicCzQUHMoA5hlgkcUkmwZlNDEJbU7ArxGEmEtUmubEJw509eJO2zmnteq9/WK42bIo4SOATHoApccAEa4Bo0QQtg8AiewSt4s56sF+vd+piVLllFzwH4A+vzB3bsmSM=</latexit>

bel(x0)

4. Repeat from 2

<latexit sha1_base64="5sUz67eA+2NNaPg8eI5SG9wI4go="></latexit>

µt = Atµt�1 +Btut
<latexit sha1_base64="MhcMfx4Yyy9kYjXinGZxbDZvCV8="></latexit>

⌃t = At⌃t�1A
>
t +Rt

<latexit sha1_base64="dby4qtTnfGv6eX1trKlEG619s8k="></latexit>

bel(xt) = Nxt(µt,⌃t)

<latexit sha1_base64="x7qA/73W6CwRczjVstZ01Pczlgc="></latexit>

µt = µt +Kt(zt �Ctµt)
<latexit sha1_base64="yKqTySLBH4BE0/qNsG/cBU0sxxY="></latexit>

⌃t = (I�KtCt)⌃t
<latexit sha1_base64="rgIhy29Nj5APneU0Js6TWmU5XD0="></latexit>

bel(xt) = Nxt(µt,⌃t)

3. Measurement update:
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p(zt|xt) = Nzt(Ctxt, Qt)
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p(xt|xt�1,ut) = Nxt(Atxt�1 +Btut, Rt)
Linear system with Gaussian noise:

1. Initialization:
2. Prediction step:

<latexit sha1_base64="9vVB55kkT6XQOgNx3rrnHZH1QPc=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsxIUZcFN7qrYB/QDiWTZtrQJDMkGbEMs3Ljr7hxoYhbv8Gdf2NmOgttPRA4Oede7r3HjxhV2nG+raXlldW19dJGeXNre2fX3ttvqzCWmLRwyELZ9ZEijArS0lQz0o0kQdxnpONPrjK/c0+koqG409OIeByNBA0oRtpIA/uoz5EeS574hKXV/OMHyUM6SJz0FA7silNzcsBF4hakAgo0B/ZXfxjimBOhMUNK9Vwn0l6CpKaYkbTcjxWJEJ6gEekZKhAnykvyM1J4YpQhDEJpntAwV393JIgrNeW+qcz2VPNeJv7n9WIdXHoJFVGsicCzQUHMoA5hlgkcUkmwZlNDEJbU7ArxGEmEtUmubEJw509eJO2zmnteq9/WK42bIo4SOATHoApccAEa4Bo0QQtg8AiewSt4s56sF+vd+piVLllFzwH4A+vzB3bsmSM=</latexit>

bel(x0)

4. Repeat from 2

<latexit sha1_base64="dby4qtTnfGv6eX1trKlEG619s8k="></latexit>

bel(xt) = Nxt(µt,⌃t)

<latexit sha1_base64="rgIhy29Nj5APneU0Js6TWmU5XD0="></latexit>

bel(xt) = Nxt(µt,⌃t)

3. Measurement update:

<latexit sha1_base64="5CCEKfeXfzqOa1QPNDZLNtwhH9E="></latexit>

µt = g(ut,µt�1)
<latexit sha1_base64="4NXHzmjztWe7ymLoBDwYa2T2Z0g="></latexit>

⌃t = Gt⌃t�1G
>
t +Rt

<latexit sha1_base64="uP+tr9+kK6qFhw0mEt5VhMfRNVY="></latexit>

Kt = ⌃tH
>
t (Ht⌃tH

>
t +Qt)

�1
<latexit sha1_base64="1X5Msuo+QUFQobEJBkcLuxYsHis="></latexit>

µt = µt +Kt(zt � h(µt))
<latexit sha1_base64="whmBReMXwOp6VIfKM8xwMkXdRJ4="></latexit>

⌃t = (I�KtHt)⌃t

Linearized system with Gaussian noise:
<latexit sha1_base64="wvWCcFagGdNd/5wbGhRUJy9k1xk="></latexit>

p(xt|xt�1,ut) ⇡ Nxt(g(ut,µt�1) +Gt(xt�1 � µt�1), Rt)
<latexit sha1_base64="O/aWMpi7CYtSViCEWBdWeo+rCFk="></latexit>

⇡ Nzt(h(µt) +Ht(xt � µt), Qt)

In order to use it we need G and H, the rest is the same !!!



Absolute marker detector in EKF
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hm(xt) =
+cos θt ⋅ (mx − xt) + sin θt ⋅ (my − yt)
−sin θt ⋅ (mx − xt) + cos θt ⋅ (my − yt)

mθ − θt

around point μt =
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≈ h(μt) + Ht(xt − μt)

What is dimensionality of h 
if m is assumed to be known?

: ℝ3 → ℝ3hm(x)



<latexit sha1_base64="tb9lFQxTRMmWUV++qarw2Zk1lF8="></latexit>

Kt = ⌃tC
>
t (Ct⌃tC

>
t +Qt)

�1

Extended Kalman Filter

1. Initialization:
2. Prediction step:

<latexit sha1_base64="9vVB55kkT6XQOgNx3rrnHZH1QPc=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsxIUZcFN7qrYB/QDiWTZtrQJDMkGbEMs3Ljr7hxoYhbv8Gdf2NmOgttPRA4Oede7r3HjxhV2nG+raXlldW19dJGeXNre2fX3ttvqzCWmLRwyELZ9ZEijArS0lQz0o0kQdxnpONPrjK/c0+koqG409OIeByNBA0oRtpIA/uoz5EeS574hKXV/OMHyUM6SJz0FA7silNzcsBF4hakAgo0B/ZXfxjimBOhMUNK9Vwn0l6CpKaYkbTcjxWJEJ6gEekZKhAnykvyM1J4YpQhDEJpntAwV393JIgrNeW+qcz2VPNeJv7n9WIdXHoJFVGsicCzQUHMoA5hlgkcUkmwZlNDEJbU7ArxGEmEtUmubEJw509eJO2zmnteq9/WK42bIo4SOATHoApccAEa4Bo0QQtg8AiewSt4s56sF+vd+piVLllFzwH4A+vzB3bsmSM=</latexit>

bel(x0)

4. Repeat from 2

<latexit sha1_base64="5sUz67eA+2NNaPg8eI5SG9wI4go="></latexit>

µt = Atµt�1 +Btut
<latexit sha1_base64="MhcMfx4Yyy9kYjXinGZxbDZvCV8="></latexit>

⌃t = At⌃t�1A
>
t +Rt

<latexit sha1_base64="dby4qtTnfGv6eX1trKlEG619s8k="></latexit>

bel(xt) = Nxt(µt,⌃t)

<latexit sha1_base64="x7qA/73W6CwRczjVstZ01Pczlgc="></latexit>

µt = µt +Kt(zt �Ctµt)
<latexit sha1_base64="yKqTySLBH4BE0/qNsG/cBU0sxxY="></latexit>

⌃t = (I�KtCt)⌃t
<latexit sha1_base64="rgIhy29Nj5APneU0Js6TWmU5XD0="></latexit>

bel(xt) = Nxt(µt,⌃t)

3. Measurement update:

<latexit sha1_base64="pvGpfJ0CF5RGmZQv4KQQ0+HYlRk=">AAADwnicdVLfb9MwEHYTYKP86uCRF4tqUtFGlaBpQ5rQBuMBXtCG6DaprSLHdTZvjhPsy0Sb5Z/kCf4bnDZtk/44ydL5vvvuuzudHwuuwXH+1Sz7wcNHG5uP60+ePnv+orH18lxHiaKsQyMRqUufaCa4ZB3gINhlrBgJfcEu/NuTHL+4Y0rzSP6EYcz6IbmSPOCUgAl5W7W/272QwLUfpL8zD/BHPP1+Mt8SlMI7N8M7M/hzCU 5yeAZSItLvmTfntqauk+3O+D8M/219Jj6qip8siq+rPlpd/WxSPW6Vh7tfHGeen+T5U/1CIi1z5zKr9rKzfitG47A687yp0VJT2domRpUmlvez2zusTu81mk7bGRtedtzCaaLCTr3Gn94goknIJFBBtO66Tgz9lCjgVLCs3ks0iwm9JVesa1xJQqb76fgEM7xtIgMcRMo8CXgcLTNSEmo9DH2TmTepF7E8uArrJhB86KdcxgkwSSdCQSIwRDi/ZzzgilEQQ+MQqrjpFdNroggFc/V1swR3ceRl5/x9291v753tNY+/FevYRK/RG9RCLjpAx+grOkUdRK0ji1nSiuwv9o39y9aTVKtWcF6hitn3/wHk+0IU</latexit>

p(zt|xt) = Nzt(Ctxt, Qt)

<latexit sha1_base64="CvvPr0KVr9rBZu1rKRAfV4i+vmk=">AAADwnicdVLfT9swEHaT/WDdr8Ie92KtQuoEq5IJbZMQgo09jBcE0wpIbRU5rgMejpPZF7Q25J/c0/hvcErapml7kqXzfffdd3c6PxZcg+Pc1Sz70eMnT9ee1Z+/ePnqdWN940xHiaKsQyMRqQufaCa4ZB3gINhFrBgJfcHO/evDHD+/YUrzSP6CYcz6IbmUPOCUgAl567X/m72QwJUfpH8zD/Aenny/mm8JSuGDm+GtKfytBC c5PAUpEelx5s24rYnrZNtT/k/Df1+fio/mxQ+r4quqj5ZXPx1Xj1vl2W6r08zSkzx9Il8opGXuTGXZWrZWL8Vo7FZGnnU1WugqW9nFaK6Lxf1s93bnp/caTaftjA0vOm7hNFFhJ17jX28Q0SRkEqggWnddJ4Z+ShRwKlhW7yWaxYRek0vWNa4kIdP9dHyCGd40kQEOImWeBDyOlhkpCbUehr7JzJvUVSwPLsO6CQRf+imXcQJM0gehIBEYIpzfMx5wxSiIoXEIVdz0iukVUYSCufq6WYJbHXnROfvYdj+1d053mgdHxTrW0Fv0DrWQiz6jA/QDnaAOota+xSxpRfZ3+7f9x9YPqVat4LxBc2bf3gMJZ0IU</latexit>

p(xt|xt�1,ut) = Nxt(Atxt�1 +Btut, Rt)
Linear system with Gaussian noise:

1. Initialization:
2. Prediction step:

<latexit sha1_base64="9vVB55kkT6XQOgNx3rrnHZH1QPc=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsxIUZcFN7qrYB/QDiWTZtrQJDMkGbEMs3Ljr7hxoYhbv8Gdf2NmOgttPRA4Oede7r3HjxhV2nG+raXlldW19dJGeXNre2fX3ttvqzCWmLRwyELZ9ZEijArS0lQz0o0kQdxnpONPrjK/c0+koqG409OIeByNBA0oRtpIA/uoz5EeS574hKXV/OMHyUM6SJz0FA7silNzcsBF4hakAgo0B/ZXfxjimBOhMUNK9Vwn0l6CpKaYkbTcjxWJEJ6gEekZKhAnykvyM1J4YpQhDEJpntAwV393JIgrNeW+qcz2VPNeJv7n9WIdXHoJFVGsicCzQUHMoA5hlgkcUkmwZlNDEJbU7ArxGEmEtUmubEJw509eJO2zmnteq9/WK42bIo4SOATHoApccAEa4Bo0QQtg8AiewSt4s56sF+vd+piVLllFzwH4A+vzB3bsmSM=</latexit>

bel(x0)

4. Repeat from 2

<latexit sha1_base64="dby4qtTnfGv6eX1trKlEG619s8k="></latexit>

bel(xt) = Nxt(µt,⌃t)

<latexit sha1_base64="rgIhy29Nj5APneU0Js6TWmU5XD0="></latexit>

bel(xt) = Nxt(µt,⌃t)

3. Measurement update:

<latexit sha1_base64="5CCEKfeXfzqOa1QPNDZLNtwhH9E="></latexit>

µt = g(ut,µt�1)
<latexit sha1_base64="4NXHzmjztWe7ymLoBDwYa2T2Z0g="></latexit>

⌃t = Gt⌃t�1G
>
t +Rt

<latexit sha1_base64="uP+tr9+kK6qFhw0mEt5VhMfRNVY="></latexit>

Kt = ⌃tH
>
t (Ht⌃tH

>
t +Qt)

�1
<latexit sha1_base64="1X5Msuo+QUFQobEJBkcLuxYsHis="></latexit>

µt = µt +Kt(zt � h(µt))
<latexit sha1_base64="whmBReMXwOp6VIfKM8xwMkXdRJ4="></latexit>

⌃t = (I�KtHt)⌃t

Linearized system with Gaussian noise:
<latexit sha1_base64="wvWCcFagGdNd/5wbGhRUJy9k1xk="></latexit>

p(xt|xt�1,ut) ⇡ Nxt(g(ut,µt�1) +Gt(xt�1 � µt�1), Rt)
<latexit sha1_base64="O/aWMpi7CYtSViCEWBdWeo+rCFk="></latexit>

⇡ Nzt(h(µt) +Ht(xt � µt), Qt)

Lets run it !!!
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State

xt … estimated robot pose

zmi
t … marker measurements

… prediction stepbel(xt)

… measurement update stepbel(xt)

…… ground truth trajectory
…… estimated trajectory

EKF SLAM: absolute marker, differential-drive motion model

…… ground truth abs. marker pose

Wrong ini state x0



EKF SLAM: absolute marker, differential-drive motion model

noisy measurementsnoiseless measurements



EKF SLAM: absolute marker, differential-drive motion model
huge covariance Qsmall covariance Q
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Relative marker detector in EKF SLAM
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What is dimensionality of h 
if m is also unknown?

: ℝ6 → ℝ3hm(x)



Marker measurement model in EKF SLAM
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State
EKF SLAM: relative marker, differential-drive motion model
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Relative and absolute markers together



State
EKF SLAM: abs marker, relative marker, differential-drive motion model

m  .. estimated rel. marker pose

xt … estimated robot pose

zmi
t … marker measurements

…… ground truth rel. marker pose

…… ground truth abs. marker pose

… prediction stepbel(xt)

… measurement update stepbel(xt)

…… ground truth trajectory
…… estimated trajectory



EKF SLAM: abs marker, relative marker, differential-drive motion model
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EKF SLAM: abs marker, relative marker, differential-drive motion model
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the first absolute marker detection



EKF SLAM: abs marker, relative marker, differential-drive motion model
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EKF SLAM: abs marker, relative marker, differential-drive motion model
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EKF SLAM: abs marker, relative marker, differential-drive motion model
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EKF SLAM: abs marker, relative marker, differential-drive motion model
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EKF SLAM: abs marker, relative marker, differential-drive motion model
State

m  .. estimated rel. marker pose
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EKF SLAM Graph SLAM

SLAM: abs marker, relative marker, differential-drive motion model



SLAM: abs marker, relative marker, differential-drive motion model

EKF SLAM Graph SLAM



EKF SLAM Graph SLAM

SLAM: abs marker, relative marker, differential-drive motion model

Wrongly initialized angle



GraphSLAM vs Extended Kalman Filter (EKF)



GraphSLAM vs Extended Kalman Filter (EKF)

If willing to contribute, ask Roman: siproman@fel.cvut.cz


mailto:siproman@fel.cvut.cz


GraphSLAM vs Extended Kalman Filter (EKF)

https://www.mrt.kit.edu/z/publ/download/LeLarge_Thesis_SLAM_FormulaStudent.pdf

Localization accuracy



GraphSLAM vs Extended Kalman Filter (EKF)
running time



Where does the EKF linearization fail????
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u1 = [ 1
π/2] z1 = [0

2] Inconsistent angular motion and measurement

WTF???

∥R∥F ⋙ ∥Q∥F



Linearized model Non-linear model 
with true rotation

hm(xt) = w2r(m, xt)hm(xt) ≈ h(μt) + Ht(xt − μt)

Inconsistent angular motion and measurement
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Motion model in EKFSummary

Transition probability:
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GPS measurement model in EKF
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Measurement probability:

<latexit sha1_base64="1BRPrlELmA81Qu/7GjO3BdDoXv4=">AAACPHicbVA9T8MwEHX4JnwVGFksKhBTlSC+FqRKLGUrglKkpooc51IsHCeyHUQV9Yex8CPYmFgYQIiVGacEBIWTTn737p3O94KUM6Ud58EaG5+YnJqembXn5hcWlyrLK+cqySSFFk14Ii8CooAzAS3NNIeLVAKJAw7t4Oqo6LevQSqWiDPdT6Ebk55gEaNEG8qvnHox0ZdBlDcGvrYP7a/yqCwD6DGRB4aV7GZgu3gTO0V6nl 28bok9EOG3yq9UnZozDPwXuCWoojKafuXeCxOaxSA05USpjuukupsTqRnlMLC9TEFK6BXpQcdAQWJQ3Xx4/ABvGCbEUSJNCo2H7M+JnMRK9ePAKIvb1GivIP/rdTIdHXRzJtJMg6Cfi6KMY53gwkkcMglU874BhEpm/orpJZGEauO3bUxwR0/+C863a+5ebfdkp1o/Lu2YQWtoHW0hF+2jOmqgJmohim7RI3pGL9ad9WS9Wm+f0jGrnFlFv8J6/wArU6pz</latexit>

Ht = Ct =


1 0 0
0 1 0

�
`

Summary



Marker measurement model in EKF localization

p(
zx
t

zy
t

zθ
t

⏟
zm

t

|
xt
yt

θt
⏟

xt

) = 𝒩(zm
t ; w2r(m, xt)

hm(xt)

, Qm
t )

= 𝒩(zm
t ;

+cos θt ⋅ (mx − xt) + sin θt ⋅ (my − yt)
−sin θt ⋅ (mx − xt) + cos θt ⋅ (my − yt)

mθ − θt

hm(xt)

, Qm
t )

around point μt =
xt
yt

θt

≈ 𝒩(zt; hm(μt) + Ht(xt − μt), Qt)

Ht =
−cos θt −sin θt −sin θt ⋅ (mx − xt) + cos θt ⋅ (my − yt)
+sin θt −cos θt −cos θt ⋅ (mx − xt) − sin θt ⋅ (my − yt)

0 0 −1

`

∂
∂xt

∂
∂yt

∂
∂θt

Summary



Marker measurement model in EKF SLAM

p(
zx
t

zy
t

zθ
t

⏟
zm

t

|

xt
yt

θt

mx

my

mθ

xt

) = 𝒩(zm
t ; w2r(m, xt)

hm(xt)

, Qm
t )

= 𝒩(zm
t ;

+cos θt ⋅ (mx − xt) + sin θt ⋅ (my − yt)
−sin θt ⋅ (mx − xt) + cos θt ⋅ (my − yt)

mθ − θt

hm(xt)

, Qm
t )

``

Ht =
−cos θt −sin θt −sin θt ⋅ (mx − xt) + cos θt ⋅ (my − yt) cos θt sin θt 0
+sin θt −cos θt −cos θt ⋅ (mx − xt) − sin θt ⋅ (my − yt) −sin θt +cos θt 0

0 0 −1 0 0 1

∂
∂xt

∂
∂yt

∂
∂θt

∂
∂mx

∂
∂my

∂
∂mθ

<latexit sha1_base64="s3vIh7QjdIfWIeyR/US2zV701+4="></latexit>

⇡ N (zt; h(µt) +Ht(xt � µt), Qt) around point μt =

xt
yt

θt

mx
t

my
t

mθ
t



Extended Kalman Filter

<latexit sha1_base64="VYYDsOwcgvy9I8NkymWMBjZXsl0="></latexit>

p(zt|xt) = Nzt(h(xt), Qt)
<latexit sha1_base64="9UgkpjtYJQ2yZqkaL15cuTPuFO0=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkWoC0siRV0W3Oiugn1AG8JkOmmHzkzCzEQsITs3/oobF4q49Rfc+TdO0iy09cDAmXPu5d57/IgSqWz72ygtLa+srpXXKxubW9s75u5eR4axQLiNQhqKng8lpoTjtiKK4l4kMGQ+xV1/cpX53XssJAn5nZpG2GVwxElAEFRa8szDAYNqLFjiY5rW8o8fJA+pl6hTJz3xzKpdt3NYi8QpSBUUaHnm12AYophhrhCFUvYdO1JuAoUiiOK0MogljiCawBHua8ohw9JN8jtS61grQysIhX5cWbn6uyOBTMop83Vltqic9zLxP68fq+DSTQiPYoU5mg0KYmqp0MpCsYZEYKToVBOIBNG7WmgMBURKR1fRITjzJy+SzlndOa83bhvV5k0RRxkcgCNQAw64AE1wDVqgDRB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PwBbRGZrw==</latexit> b
el
(x

t�
1
)

<latexit sha1_base64="TswsgV8SOBZh1w9384biuhslVS8=">AAACInicbVDLSsNAFJ3UV62vqEs3wVKoC0sixceu4EZ3FewDmhAm00k7dCYJMxOxhHyLG3/FjQtFXQl+jJM0C9t6YeDcc+5h7j1eRImQpvmtlVZW19Y3ypuVre2d3T19/6Arwpgj3EEhDXnfgwJTEuCOJJLifsQxZB7FPW9ynem9B8wFCYN7OY2ww+AoID5BUCrK1a9qdqj0zJ7YDMoxZ4mHaZrW887zk8fUTWR6UpnrT63U1atmw8zLWAZWAaqgqLarf9rDEMUMBxJRKMTAMiPpJJBLgihOK3YscATRBI7wQMEAMiycJD8xNWqKGRp+yNULpJGzfx0JZEJMmacmsz3FopaR/2mDWPqXTkKCKJY4QLOP/JgaMjSyvIwh4RhJOlUAIk7UrgYaQw6RVKlWVAjW4snLoHvWsM4bzbtmtXVbxFEGR+AY1IEFLkAL3IA26AAEnsALeAPv2rP2qn1oX7PRklZ4DsFcaT+/wmelrQ==</latexit>xt�1
<latexit sha1_base64="6Or7KFSymz9umzn9YwPtodn0V5I=">AAACKHicbVDLSsNAFJ34rPEVdekmWAp1YUmkqDsLbnRXwT6gCWEynbRDJ5kwMxFLyOe48VfciCjSrV/iJM1CWy8Mc+acc5l7jx9TIqRlzbSV1bX1jc3Klr69s7u3bxwcdgVLOMIdxCjjfR8KTEmEO5JIivsxxzD0Ke75k5tc7z1iLgiLHuQ0xm4IRxEJCIJSUZ5xXXOY0vP21AmhHPMw9THNsnrx8oP0KfNSmZ3qjs/oUExDdSlnkrNnduYZVathFWUuA7sEVVBW2zPenSFDSYgjiSgUYmBbsXRTyCVBFGe6kwgcQzSBIzxQMIIhFm5aLJqZNcUMzYBxdSJpFuzvjhSGIh9ROfPpxaKWk/9pg0QGV25KojiROELzj4KEmpKZeWrmkHCMJJ0qABEnalYTjSGHSKpsdRWCvbjyMuieN+yLRvO+WW3dlXFUwDE4AXVgg0vQAregDToAgWfwCj7Ap/aivWlf2mxuXdHKniPwp7TvHw7LqHQ=</latexit>µt�1

<latexit sha1_base64="TswsgV8SOBZh1w9384biuhslVS8=">AAACInicbVDLSsNAFJ3UV62vqEs3wVKoC0sixceu4EZ3FewDmhAm00k7dCYJMxOxhHyLG3/FjQtFXQl+jJM0C9t6YeDcc+5h7j1eRImQpvmtlVZW19Y3ypuVre2d3T19/6Arwpgj3EEhDXnfgwJTEuCOJJLifsQxZB7FPW9ynem9B8wFCYN7OY2ww+AoID5BUCrK1a9qdqj0zJ7YDMoxZ4mHaZrW887zk8fUTWR6UpnrT63U1atmw8zLWAZWAaqgqLarf9rDEMUMBxJRKMTAMiPpJJBLgihOK3YscATRBI7wQMEAMiycJD8xNWqKGRp+yNULpJGzfx0JZEJMmacmsz3FopaR/2mDWPqXTkKCKJY4QLOP/JgaMjSyvIwh4RhJOlUAIk7UrgYaQw6RVKlWVAjW4snLoHvWsM4bzbtmtXVbxFEGR+AY1IEFLkAL3IA26AAEnsALeAPv2rP2qn1oX7PRklZ4DsFcaT+/wmelrQ==</latexit>xt�1

<latexit sha1_base64="nb9hG43zh17jL6Jr3JzFynnrL/0="></latexit>

p(xt|xt�1,ut) = Nxt(g(xt�1,ut), Rt)

<latexit sha1_base64="h8XBfyKL/CEX4uigqGhU+W4uCMo=">AAACCnicbVDLSgNBEJyNrxhfUY9eRoMQQcOuBPUY8KK3COYBybLMTmaTIbMPZnrFsOzZi7/ixYMiXv0Cb/6Nk2QFTSxoKKq66e5yI8EVmOaXkVtYXFpeya8W1tY3NreK2ztNFcaSsgYNRSjbLlFM8IA1gINg7Ugy4ruCtdzh5dhv3TGpeBjcwihitk/6Afc4JaAlp7jfL3d9AgPXS+5TJ4ETKz3GP0qcOnDkFEtmxZwAzxMrIyWUoe4UP7u9kMY+C4AKolTHMiOwEyKBU8HSQjdWLCJ0SPqso2lAfKbsZPJKig+10sNeKHUFgCfq74mE+EqNfFd3jo9Us95Y/M/rxOBd2AkPohhYQKeLvFhgCPE4F9zjklEQI00IlVzfiumASEJBp1fQIVizL8+T5mnFOqtUb6ql2nUWRx7toQNURhY6RzV0heqogSh6QE/oBb0aj8az8Wa8T1tzRjazi/7A+PgG/6Kafg==</latexit> g(
x
t�

1
,u

t)

Non-linear system with Gaussian noise:

<latexit sha1_base64="mRy2BO26WUJkvLDTOUwbuNl7aHQ=">AAACEHicbVC7TsMwFHV4lvIKMLJEVIiyVAmqgLESC2xFog+piSLHdVqrdhzZDqKK8gks/AoLAwixMrLxNzhpBmi5kqXjc+7RvfcEMSVS2fa3sbS8srq2Xtmobm5t7+yae/tdyROBcAdxykU/gBJTEuGOIorifiwwZAHFvWByleu9eywk4dGdmsbYY3AUkZAgqDTlmycu13LuTl0G1ViwNMA0y+rFLwjTh8xPVXbqmzW7YRdlLQKnBDVQVts3v9whRwnDkUIUSjlw7Fh5KRSKIIqzqptIHEM0gSM80DCCDEsvLQ7KrGPNDK2QC/0iZRXsb0cKmZRTFujOfE05r+Xkf9ogUeGll5IoThSO0GxQmFBLcStPxxoSgZGiUw0gEkTvaqExFBApnWFVh+DMn7wIumcN57zRvG3WWjdlHBVwCI5AHTjgArTANWiDDkDgETyDV/BmPBkvxrvxMWtdMkrPAfhTxucP2S6eYw==</latexit>

bel(xt)

<latexit sha1_base64="Rtv27fvg17MIgvEGqADtQgrLO3E=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXDsv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWGNkx8=</latexit>

x
t

<latexit sha1_base64="S2TwPECTPvBa1g+YklCQeZpRTOk=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6OVoR4HXvQ2wX3AWkqaZltY0pQkFWYp/itePCji1f/Dm/+N6daDbj4Iebz3+5GXFyaMKu0431ZlZXVtfaO6Wdva3tnds/cPukqkEpMOFkzIfogUYTQmHU01I/1EEsRDRnrh5Lrwew9EKiriez1NiM/RKKZDipE2UmAfeaFgkZpyc2UeT/Mg03lg152GMwNcJm5J6qBEO7C/vEjglJNYY4aUGrhOov0MSU0xI3nNSxVJEJ6gERkYGiNOlJ/N0ufw1CgRHAppTqzhTP29kSGuioBmkiM9VoteIf7nDVI9vPIzGiepJjGePzRMGdQCFlXAiEqCNZsagrCkJivEYyQR1qawminBXfzyMumeN9yLRvOuWW/dlnVUwTE4AWfABZegBW5AG3QABo/gGbyCN+vJerHerY/5aMUqdw7BH1ifP7x4lhc=</latexit>µt

Is it a big issue?
<latexit sha1_base64="mRy2BO26WUJkvLDTOUwbuNl7aHQ=">AAACEHicbVC7TsMwFHV4lvIKMLJEVIiyVAmqgLESC2xFog+piSLHdVqrdhzZDqKK8gks/AoLAwixMrLxNzhpBmi5kqXjc+7RvfcEMSVS2fa3sbS8srq2Xtmobm5t7+yae/tdyROBcAdxykU/gBJTEuGOIorifiwwZAHFvWByleu9eywk4dGdmsbYY3AUkZAgqDTlmycu13LuTl0G1ViwNMA0y+rFLwjTh8xPVXbqmzW7YRdlLQKnBDVQVts3v9whRwnDkUIUSjlw7Fh5KRSKIIqzqptIHEM0gSM80DCCDEsvLQ7KrGPNDK2QC/0iZRXsb0cKmZRTFujOfE05r+Xkf9ogUeGll5IoThSO0GxQmFBLcStPxxoSgZGiUw0gEkTvaqExFBApnWFVh+DMn7wIumcN57zRvG3WWjdlHBVwCI5AHTjgArTANWiDDkDgETyDV/BmPBkvxrvxMWtdMkrPAfhTxucP2S6eYw==</latexit>

bel(xt)

<latexit sha1_base64="Rtv27fvg17MIgvEGqADtQgrLO3E=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXDsv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWGNkx8=</latexit>

x
t

<latexit sha1_base64="S2TwPECTPvBa1g+YklCQeZpRTOk=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6OVoR4HXvQ2wX3AWkqaZltY0pQkFWYp/itePCji1f/Dm/+N6daDbj4Iebz3+5GXFyaMKu0431ZlZXVtfaO6Wdva3tnds/cPukqkEpMOFkzIfogUYTQmHU01I/1EEsRDRnrh5Lrwew9EKiriez1NiM/RKKZDipE2UmAfeaFgkZpyc2UeT/Mg03lg152GMwNcJm5J6qBEO7C/vEjglJNYY4aUGrhOov0MSU0xI3nNSxVJEJ6gERkYGiNOlJ/N0ufw1CgRHAppTqzhTP29kSGuioBmkiM9VoteIf7nDVI9vPIzGiepJjGePzRMGdQCFlXAiEqCNZsagrCkJivEYyQR1qawminBXfzyMumeN9yLRvOuWW/dlnVUwTE4AWfABZegBW5AG3QABo/gGbyCN+vJerHerY/5aMUqdw7BH1ifP7x4lhc=</latexit>µt

Linearized system with Gaussian noise:
<latexit sha1_base64="wvWCcFagGdNd/5wbGhRUJy9k1xk="></latexit>

p(xt|xt�1,ut) ⇡ Nxt(g(ut,µt�1) +Gt(xt�1 � µt�1), Rt)
<latexit sha1_base64="O/aWMpi7CYtSViCEWBdWeo+rCFk="></latexit>

⇡ Nzt(h(µt) +Ht(xt � µt), Qt)



Extended Kalman Filter

<latexit sha1_base64="VYYDsOwcgvy9I8NkymWMBjZXsl0="></latexit>

p(zt|xt) = Nzt(h(xt), Qt)
<latexit sha1_base64="9UgkpjtYJQ2yZqkaL15cuTPuFO0=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkWoC0siRV0W3Oiugn1AG8JkOmmHzkzCzEQsITs3/oobF4q49Rfc+TdO0iy09cDAmXPu5d57/IgSqWz72ygtLa+srpXXKxubW9s75u5eR4axQLiNQhqKng8lpoTjtiKK4l4kMGQ+xV1/cpX53XssJAn5nZpG2GVwxElAEFRa8szDAYNqLFjiY5rW8o8fJA+pl6hTJz3xzKpdt3NYi8QpSBUUaHnm12AYophhrhCFUvYdO1JuAoUiiOK0MogljiCawBHua8ohw9JN8jtS61grQysIhX5cWbn6uyOBTMop83Vltqic9zLxP68fq+DSTQiPYoU5mg0KYmqp0MpCsYZEYKToVBOIBNG7WmgMBURKR1fRITjzJy+SzlndOa83bhvV5k0RRxkcgCNQAw64AE1wDVqgDRB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PwBbRGZrw==</latexit> b
el
(x

t�
1
)

<latexit sha1_base64="TswsgV8SOBZh1w9384biuhslVS8=">AAACInicbVDLSsNAFJ3UV62vqEs3wVKoC0sixceu4EZ3FewDmhAm00k7dCYJMxOxhHyLG3/FjQtFXQl+jJM0C9t6YeDcc+5h7j1eRImQpvmtlVZW19Y3ypuVre2d3T19/6Arwpgj3EEhDXnfgwJTEuCOJJLifsQxZB7FPW9ynem9B8wFCYN7OY2ww+AoID5BUCrK1a9qdqj0zJ7YDMoxZ4mHaZrW887zk8fUTWR6UpnrT63U1atmw8zLWAZWAaqgqLarf9rDEMUMBxJRKMTAMiPpJJBLgihOK3YscATRBI7wQMEAMiycJD8xNWqKGRp+yNULpJGzfx0JZEJMmacmsz3FopaR/2mDWPqXTkKCKJY4QLOP/JgaMjSyvIwh4RhJOlUAIk7UrgYaQw6RVKlWVAjW4snLoHvWsM4bzbtmtXVbxFEGR+AY1IEFLkAL3IA26AAEnsALeAPv2rP2qn1oX7PRklZ4DsFcaT+/wmelrQ==</latexit>xt�1
<latexit sha1_base64="6Or7KFSymz9umzn9YwPtodn0V5I=">AAACKHicbVDLSsNAFJ34rPEVdekmWAp1YUmkqDsLbnRXwT6gCWEynbRDJ5kwMxFLyOe48VfciCjSrV/iJM1CWy8Mc+acc5l7jx9TIqRlzbSV1bX1jc3Klr69s7u3bxwcdgVLOMIdxCjjfR8KTEmEO5JIivsxxzD0Ke75k5tc7z1iLgiLHuQ0xm4IRxEJCIJSUZ5xXXOY0vP21AmhHPMw9THNsnrx8oP0KfNSmZ3qjs/oUExDdSlnkrNnduYZVathFWUuA7sEVVBW2zPenSFDSYgjiSgUYmBbsXRTyCVBFGe6kwgcQzSBIzxQMIIhFm5aLJqZNcUMzYBxdSJpFuzvjhSGIh9ROfPpxaKWk/9pg0QGV25KojiROELzj4KEmpKZeWrmkHCMJJ0qABEnalYTjSGHSKpsdRWCvbjyMuieN+yLRvO+WW3dlXFUwDE4AXVgg0vQAregDToAgWfwCj7Ap/aivWlf2mxuXdHKniPwp7TvHw7LqHQ=</latexit>µt�1

<latexit sha1_base64="TswsgV8SOBZh1w9384biuhslVS8=">AAACInicbVDLSsNAFJ3UV62vqEs3wVKoC0sixceu4EZ3FewDmhAm00k7dCYJMxOxhHyLG3/FjQtFXQl+jJM0C9t6YeDcc+5h7j1eRImQpvmtlVZW19Y3ypuVre2d3T19/6Arwpgj3EEhDXnfgwJTEuCOJJLifsQxZB7FPW9ynem9B8wFCYN7OY2ww+AoID5BUCrK1a9qdqj0zJ7YDMoxZ4mHaZrW887zk8fUTWR6UpnrT63U1atmw8zLWAZWAaqgqLarf9rDEMUMBxJRKMTAMiPpJJBLgihOK3YscATRBI7wQMEAMiycJD8xNWqKGRp+yNULpJGzfx0JZEJMmacmsz3FopaR/2mDWPqXTkKCKJY4QLOP/JgaMjSyvIwh4RhJOlUAIk7UrgYaQw6RVKlWVAjW4snLoHvWsM4bzbtmtXVbxFEGR+AY1IEFLkAL3IA26AAEnsALeAPv2rP2qn1oX7PRklZ4DsFcaT+/wmelrQ==</latexit>xt�1

<latexit sha1_base64="nb9hG43zh17jL6Jr3JzFynnrL/0="></latexit>

p(xt|xt�1,ut) = Nxt(g(xt�1,ut), Rt)

<latexit sha1_base64="h8XBfyKL/CEX4uigqGhU+W4uCMo=">AAACCnicbVDLSgNBEJyNrxhfUY9eRoMQQcOuBPUY8KK3COYBybLMTmaTIbMPZnrFsOzZi7/ixYMiXv0Cb/6Nk2QFTSxoKKq66e5yI8EVmOaXkVtYXFpeya8W1tY3NreK2ztNFcaSsgYNRSjbLlFM8IA1gINg7Ugy4ruCtdzh5dhv3TGpeBjcwihitk/6Afc4JaAlp7jfL3d9AgPXS+5TJ4ETKz3GP0qcOnDkFEtmxZwAzxMrIyWUoe4UP7u9kMY+C4AKolTHMiOwEyKBU8HSQjdWLCJ0SPqso2lAfKbsZPJKig+10sNeKHUFgCfq74mE+EqNfFd3jo9Us95Y/M/rxOBd2AkPohhYQKeLvFhgCPE4F9zjklEQI00IlVzfiumASEJBp1fQIVizL8+T5mnFOqtUb6ql2nUWRx7toQNURhY6RzV0heqogSh6QE/oBb0aj8az8Wa8T1tzRjazi/7A+PgG/6Kafg==</latexit> g(
x
t�

1
,u

t)

Non-linear system with Gaussian noise:

<latexit sha1_base64="mRy2BO26WUJkvLDTOUwbuNl7aHQ=">AAACEHicbVC7TsMwFHV4lvIKMLJEVIiyVAmqgLESC2xFog+piSLHdVqrdhzZDqKK8gks/AoLAwixMrLxNzhpBmi5kqXjc+7RvfcEMSVS2fa3sbS8srq2Xtmobm5t7+yae/tdyROBcAdxykU/gBJTEuGOIorifiwwZAHFvWByleu9eywk4dGdmsbYY3AUkZAgqDTlmycu13LuTl0G1ViwNMA0y+rFLwjTh8xPVXbqmzW7YRdlLQKnBDVQVts3v9whRwnDkUIUSjlw7Fh5KRSKIIqzqptIHEM0gSM80DCCDEsvLQ7KrGPNDK2QC/0iZRXsb0cKmZRTFujOfE05r+Xkf9ogUeGll5IoThSO0GxQmFBLcStPxxoSgZGiUw0gEkTvaqExFBApnWFVh+DMn7wIumcN57zRvG3WWjdlHBVwCI5AHTjgArTANWiDDkDgETyDV/BmPBkvxrvxMWtdMkrPAfhTxucP2S6eYw==</latexit>

bel(xt)

<latexit sha1_base64="Rtv27fvg17MIgvEGqADtQgrLO3E=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXDsv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWGNkx8=</latexit>

x
t

<latexit sha1_base64="S2TwPECTPvBa1g+YklCQeZpRTOk=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6OVoR4HXvQ2wX3AWkqaZltY0pQkFWYp/itePCji1f/Dm/+N6daDbj4Iebz3+5GXFyaMKu0431ZlZXVtfaO6Wdva3tnds/cPukqkEpMOFkzIfogUYTQmHU01I/1EEsRDRnrh5Lrwew9EKiriez1NiM/RKKZDipE2UmAfeaFgkZpyc2UeT/Mg03lg152GMwNcJm5J6qBEO7C/vEjglJNYY4aUGrhOov0MSU0xI3nNSxVJEJ6gERkYGiNOlJ/N0ufw1CgRHAppTqzhTP29kSGuioBmkiM9VoteIf7nDVI9vPIzGiepJjGePzRMGdQCFlXAiEqCNZsagrCkJivEYyQR1qawminBXfzyMumeN9yLRvOuWW/dlnVUwTE4AWfABZegBW5AG3QABo/gGbyCN+vJerHerY/5aMUqdw7BH1ifP7x4lhc=</latexit>µt <latexit sha1_base64="mRy2BO26WUJkvLDTOUwbuNl7aHQ=">AAACEHicbVC7TsMwFHV4lvIKMLJEVIiyVAmqgLESC2xFog+piSLHdVqrdhzZDqKK8gks/AoLAwixMrLxNzhpBmi5kqXjc+7RvfcEMSVS2fa3sbS8srq2Xtmobm5t7+yae/tdyROBcAdxykU/gBJTEuGOIorifiwwZAHFvWByleu9eywk4dGdmsbYY3AUkZAgqDTlmycu13LuTl0G1ViwNMA0y+rFLwjTh8xPVXbqmzW7YRdlLQKnBDVQVts3v9whRwnDkUIUSjlw7Fh5KRSKIIqzqptIHEM0gSM80DCCDEsvLQ7KrGPNDK2QC/0iZRXsb0cKmZRTFujOfE05r+Xkf9ogUeGll5IoThSO0GxQmFBLcStPxxoSgZGiUw0gEkTvaqExFBApnWFVh+DMn7wIumcN57zRvG3WWjdlHBVwCI5AHTjgArTANWiDDkDgETyDV/BmPBkvxrvxMWtdMkrPAfhTxucP2S6eYw==</latexit>

b
el
(x

t)

<latexit sha1_base64="Rtv27fvg17MIgvEGqADtQgrLO3E=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXDsv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWGNkx8=</latexit>xt

<latexit sha1_base64="S2TwPECTPvBa1g+YklCQeZpRTOk=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6OVoR4HXvQ2wX3AWkqaZltY0pQkFWYp/itePCji1f/Dm/+N6daDbj4Iebz3+5GXFyaMKu0431ZlZXVtfaO6Wdva3tnds/cPukqkEpMOFkzIfogUYTQmHU01I/1EEsRDRnrh5Lrwew9EKiriez1NiM/RKKZDipE2UmAfeaFgkZpyc2UeT/Mg03lg152GMwNcJm5J6qBEO7C/vEjglJNYY4aUGrhOov0MSU0xI3nNSxVJEJ6gERkYGiNOlJ/N0ufw1CgRHAppTqzhTP29kSGuioBmkiM9VoteIf7nDVI9vPIzGiepJjGePzRMGdQCFlXAiEqCNZsagrCkJivEYyQR1qawminBXfzyMumeN9yLRvOuWW/dlnVUwTE4AWfABZegBW5AG3QABo/gGbyCN+vJerHerY/5aMUqdw7BH1ifP7x4lhc=</latexit> µ
t

Linearized system with Gaussian noise:
<latexit sha1_base64="wvWCcFagGdNd/5wbGhRUJy9k1xk="></latexit>

p(xt|xt�1,ut) ⇡ Nxt(g(ut,µt�1) +Gt(xt�1 � µt�1), Rt)
<latexit sha1_base64="O/aWMpi7CYtSViCEWBdWeo+rCFk="></latexit>

⇡ Nzt(h(µt) +Ht(xt � µt), Qt)

Is it a big issue?



Extended Kalman Filter

Jean Buridan

<latexit sha1_base64="mRy2BO26WUJkvLDTOUwbuNl7aHQ=">AAACEHicbVC7TsMwFHV4lvIKMLJEVIiyVAmqgLESC2xFog+piSLHdVqrdhzZDqKK8gks/AoLAwixMrLxNzhpBmi5kqXjc+7RvfcEMSVS2fa3sbS8srq2Xtmobm5t7+yae/tdyROBcAdxykU/gBJTEuGOIorifiwwZAHFvWByleu9eywk4dGdmsbYY3AUkZAgqDTlmycu13LuTl0G1ViwNMA0y+rFLwjTh8xPVXbqmzW7YRdlLQKnBDVQVts3v9whRwnDkUIUSjlw7Fh5KRSKIIqzqptIHEM0gSM80DCCDEsvLQ7KrGPNDK2QC/0iZRXsb0cKmZRTFujOfE05r+Xkf9ogUeGll5IoThSO0GxQmFBLcStPxxoSgZGiUw0gEkTvaqExFBApnWFVh+DMn7wIumcN57zRvG3WWjdlHBVwCI5AHTjgArTANWiDDkDgETyDV/BmPBkvxrvxMWtdMkrPAfhTxucP2S6eYw==</latexit>

b
el
(x

t)

<latexit sha1_base64="Rtv27fvg17MIgvEGqADtQgrLO3E=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXDsv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWGNkx8=</latexit>xt

<latexit sha1_base64="S2TwPECTPvBa1g+YklCQeZpRTOk=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6OVoR4HXvQ2wX3AWkqaZltY0pQkFWYp/itePCji1f/Dm/+N6daDbj4Iebz3+5GXFyaMKu0431ZlZXVtfaO6Wdva3tnds/cPukqkEpMOFkzIfogUYTQmHU01I/1EEsRDRnrh5Lrwew9EKiriez1NiM/RKKZDipE2UmAfeaFgkZpyc2UeT/Mg03lg152GMwNcJm5J6qBEO7C/vEjglJNYY4aUGrhOov0MSU0xI3nNSxVJEJ6gERkYGiNOlJ/N0ufw1CgRHAppTqzhTP29kSGuioBmkiM9VoteIf7nDVI9vPIzGiepJjGePzRMGdQCFlXAiEqCNZsagrCkJivEYyQR1qawminBXfzyMumeN9yLRvOuWW/dlnVUwTE4AWfABZegBW5AG3QABo/gGbyCN+vJerHerY/5aMUqdw7BH1ifP7x4lhc=</latexit> µ
t

Beware of ending up as the mythical dunkey!
Sometimes better to use  

the most dominant mode only



Summary Extended Kalman Filter (EKF)

• EKF is KF with transition and measurement probabilities approximated 
by the first order Taylor expansion around current state.

• It nicely scales to higher dimension and does not grow to infinity.

• EKF is suboptimal observer of the current state for  
non-linear systems under Gaussian noise

• There are other ways of non-linearity approximation such as 
Assumed Density Filter (ADF) or Unscented Kalman Filter (UKF).

• It has been used for onboard guidance and navigation 
system for the Apollo Spacecraft Mission 
https://en.wikipedia.org/wiki/Apollo_(spacecraft)

• It cannot relinearize in contrast to GN/LM/TR !!!
• It cannot represent other than Gaussian distr. in contrast to factorgraphs !!

https://en.wikipedia.org/wiki/Apollo_(spacecraft)

