Kalman filter
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Prerequisities: Conditional independence

A - someone Is good student How can you measure it?
'B|- full transcript of records
C - average grade

p(A|lB; C) = p(A|B) What is the natural interpretation?



Prerequisities: Conditional independence

A - someone Is good student How can you measure it?
'B|- full transcript of records
C - average grade

p(A|lB; C) = p(A|B) What is the natural interpretation?

Def: A is conditionally independent on C given Biff p(A|BlC) = p(A|B)




Complete states
Complete states: xg,X1,...,Xt € R"

Def: A is conditionally independent on C given Biff p(A|BlC) = p(A|B)

Def: State X,—l|is complete iff future X, is conditionally independent on past given X;=¢

Conseqguences:
state-transition probability: p(x¢|x:—1,u:) = p(x X, wr, Xo:t—2, Z1:¢—1, U1:6—1)
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Complete states
Complete states: xg,X1,...,Xt € R"

Def: A is conditionally independent on C given Biff p(A|BlC) = p(A|B)

Def: State X,—l|is complete iff future X, is conditionally independent on past given X;=¢

Conseqguences:
state-transition probability: p(X¢|Xt—1, W) = p(X¢|X¢—1, Ut, X0:t—2, Z1:4—1, U1:t—1)

measurement probability: p(zt|Xt) = p(Ze \.7 X0:t—1,Z1:t—1, Ul:¢)
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Factor graph

Can | get the optimal X; from this factor graph?




Bayes filter

Initialization: bel(xq) , t = 1




Bayes filter

Initialization: bel(xq) , t = 1

How do you estimate probability distribution of x1?



Bayes filter

Initialization: bel(xq) , t = 1

Prediction step (action u; performed):

@(Xt) — /p(xt|xt_1,ut)bel(xt_l)dxt_l
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Initialization: bel(xq) , t = 1

Prediction step (action u; performed):
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Bayes filter

Initialization: bel(xq) , t = 1
1. Initialization: bel(xq) , ¢t = 1
Prediction step (action u; performed):

bel(xe) = [ ploxxi1, w)bel (e




Bayes filter

Initialization: bel(xq) , t = 1
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Bayes filter

Initialization: bel(xq) , t = 1

Prediction step (action u; performed):
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Bayes filter

Initialization: bel(xq) , t = 1

Prediction step (action u; performed):

bel(xe) = [ ploxxi1, w)bel (e

0.5

How do you update probability distribution of x1 after the blue measurement?



Bayes filter

Initialization: bel(xq) , t = 1

Prediction step (action u; performed):

@(Xt) — /p(xt|xt_1,ut)bel(xt_l)dxt_l

Measurement update (hnew z; received):

bel(x;) = 1 - p(z:|x;)bel(x;)
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Bayes filter

Initialization: bel(xq) , t = 1

Prediction step (action u; performed):

@(Xt) — /p(xt|xt_1,ut)bel(xt_l)dxt_l

Measurement update (hnew z; received):

bel(x;) = 1 - p(z:|x;)bel(x;)

Repeat forever
t=1t+1

bel(x:) = p(X¢|Z1:t—1,U1:t) ... prior belief (prob. distr. of current state without
considering the current measurement z)



Bayes filter

Initialization: bel(xq) , t = 1

Prediction step (action u; performed):

@(Xt) — /p(xt|xt_1,ut)bel(xt_l)dxt_l

Measurement update (hnew z; received):

bel(x;) = 1 - p(z:|x;)bel(x;)

Repeat forever

t=1+1

bel(x:) = p(xX¢|Z1:4—1,U1:¢) ... orior belief (orob. distr. of current state without
considering the current measurement z)

bel(x:) = p(X¢|z1.4,u11) nosterior belief (prob. distr. of current state with

considering the current measurement z)



Bayes filter - derivation
Conseqguences:

measurement probability: p(zt|x¢) = p(Ze|Xt, X0:t—1,Z1:4—1, U1:¢t)
state-transition probability: p(X¢|x¢i—1,0s) = P(X¢|X¢—1, W, X0:4—2, Z1:6—1, U:t—1)

bel(x;) = p(x¢|Z1.4, u1.¢) = p(Xe |2, Z1.4—1, U1:t)

BR p(Zt‘Xth:t—laul:t) 'p(Xt|Z1:t—1>u1:t)
p(Zt‘let—la ul:t)




Bayes filter - derivation
Conseqguences:

measurement probability: p(z¢|xt) = p(Ze|Xt, X0:t—1,Z1:¢—1, U1:t)
state-transition probability: p(X¢|X:—NUt) = D(X¢|X¢—1, Ue, X0:t—2, Z1:4—1, U:t—1)

bel(Xt) — p(Xt‘letp ul:t) — p(Xt|Zt7 Z1.t—1, ul:t)

sn P(Ze|Xe; Z1g—1, Wig) - p(Xe|Z1:e—1, W) @
BR =1 - p(Zt‘Xt) ' p(Xt‘let—lv ullt)
p(Zt‘let—la ulit)




Bayes filter - derivation
Conseqguences:

measurement probability: p(zt|x¢) = p(Ze|Xt, X0:t—1,Z1:4—1, U1:¢t)
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Bayes filter - derivation
Conseqguences:

measurement probability: p(zt|x¢) = p(Ze|Xt, X0:t—1,Z1:4—1, U1:¢t)
state-transition probability: p(X¢|Xi—1, 0z) = p(X¢|X¢—1, Ug, X0:4—2, Z1:¢—1, U1:¢—1)
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Bayes filter - derivation
Conseqguences:

measurement probability: p(zt|x¢) = p(Ze|Xt, X0:t—1,Z1:4—1, U1:¢t)
state-transition probability: p(X¢|x¢i—1,0s) = P(X¢|X¢—1, W, X0:4—2, Z1:6—1, U:t—1)

bel(Xt) — p(Xt‘leta ul:t) — p(Xt|Zt7 Z1.t—1, ul:t)

BR P tizlzt—laulzt) 'p(Xt|Z1:t—17u1:t) Cl

— — - P(Z¢ | X - D(X¢|Z1:4—1, U7,
p(Zt\let—huu) Ui ( t‘ t) ( t\ 1:¢—1 1t)

LTP
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Cl

— 1] -p(zt\xt) ' ut) 'p(xt—l‘zlzt—la ul:t)dxt—l



Bayes filter - derivation
Conseqguences:

measurement probability: p(zt|x¢) = p(Ze|Xt, X0:t—1,Z1:4—1, U1:¢t)
state-transition probability: p(X¢|x¢i—1,0s) = P(X¢|X¢—1, W, X0:4—2, Z1:6—1, U:t—1)
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Bayes filter - derivation
Conseqguences:

measurement probability: p(zt|x¢) = p(Ze|Xt, X0:t—1,Z1:4—1, U1:¢t)
state-transition probability: p(X¢|x¢i—1,0s) = P(X¢|X¢—1, W, X0:4—2, Z1:6—1, U:t—1)

bel(Xt) — p(Xt‘letp ul:t) — p<Xt|Zt7 Z1.t—1, ul:t)

BR p(Zt|Xt7Z1:t—17U-1:t) 'p(Xt|Z13t—17u13t) o
— —= 1) - p(zt‘Xt) ) p(Xt‘let—lv ul:t)
p(Zt‘let—lv ul:t)

LTP

— 1] p(Zt‘Xt) ) /p(Xt|Xt—17 Z1.t—1, ul:t) ) p(Xt—1|Z1:t—17 ul:t)dxt—l

= pladixi) - [ plolxirue) - plxi-afa- w)dxiy
@(Xt)

— - plzylxe) - / p(%e %1, 1) - bel(xy_ )dxs_;



bel Xt

1. Initialization: bel(xg) , t = 1
2. Prediction step (hew actlon u; performed):

3. Measurement update (new z, received):

4. Repeat from 2:
t=t+1
_ bel
belix) LX)
bel(x)

bel(x,) bel(x,) bel(x,)

bel(x;)




bel(x:) =1 - p(Z¢|X¢) - /p(xt|xt_1, u;) - bel(x;_1)dx;_q
b@l(Xt)

1. Initialization: bel(xg) , t = 1

2. Prediction step (new action u; performed). o 4ora any obvious limitation

bel(x;) = / p(x¢|x—1, uz)bel (xs—1)dxs 1 of dicrete prob. distribution?

Discrete probability distribution
3. Measurement update (new z, received): will suffer from curse of dimensionality

bel(x;) = 1 - p(z¢|x¢)bel(x;) => Let’s return to Gaussians
IN continuous space

4. Repeat from 2: _

t=1+1
m(xo b@l(Xl) X 112> @ p(Xg /X27 113) be](x3)
b@l(X()) p(}q\XOv \11)




System model

Linear system:
X = AXi—1 + Biuy

i — CtXt

Let’s add Gaussian noise



System model

Linear system with Gaussian noise: Non-linear system with Gaussian noise:
p(Xt‘Xt—la ut) — Nxt (AtXt—l + Biuy, Rt) p(Xt‘Xt—la ut) — Nxt(f(xt—la ut)v Rt)

p(Zt‘Xt) :NZt(CtXt7 Qt) p(Zt‘Xt) :NZt(h(Xt)7 Qt)




p(Xt‘Xt—la ut) — Nxt(AtXt—l + Biuy, Rt)
p(zt|Xt) — Nzt(CtXtv Qt)

Linear system with Gaussian noise:

Gaussian
1. Initialization:gel(xo) 1

2. Prediction step (new gction u; performed).  hel(x;) = Ny, (I, X;)

o = A;p, 1 + Biuy
bel(x :/ xi|xe_1, wp)bel(xp_1)dxe_y Lt St
(x¢) P(X¢[x¢—1, ug)bel(xe—1)dx: -1 Et:Atzt—lA:‘FRt

3. Measurement update (new z, received):

bel(x;) = 1 - p(z¢|x;)bel(x;) INntuition behind prediction step
4. Repeat from 2: bel(x,)
t=1t+1 2
bel(X)) s u2) @ p(XS/XQ,Ug) bel(x;)



Intuition benhind prediction step

Linear system:
Xl‘ — AZ‘XZ‘—I —+ Btllt

_1 + B,

-----------------& -------------

=AX

X




Intuition benhind prediction step

Linear system with Gaussian noise:
pX[x,_j,u) = V(x5 Ax,_; +Bu, R)




Intuition benhind prediction step

Linear system with Gaussian noise: Expectation IS linear mapping
pX | X,_,u) = V(X Ax,_; +Bu, R) “{y} = E{Ax + b} = AE{x} + b = AX +b

bel(x,)\= A (x; A//tt 1 +Bu,A'Y 1A + R Covarlance IS as follows:
ﬂt ¢ Hy-9o-y»'}

= E{ :(Ax+b) —(Ai+b)] [(Ax"‘b)‘ (Ai"'b)r}

= lE{ :A(x—i)] [A(x—i)]T}
IE{A(x —R)(x-%)TAT }
A[E{(x—i)(x—i)T}AT

Xt— 1 ACxAT

2_1)
See section 3.2.4 in the
probabillistic robotics book
for the full derivation.



p(Xt‘Xt—la ut) — Nxt(AtXt—l + Biuy, Rt)
p(zt|Xt) — Nzt(CtXta Qt)

Linear system with Gaussian noise:

Gaussian
1. Initialization:gel(xo) ot

2. Prediction step (new dction M; performed).  hel(x,) = Ny, (T, 34)
f A
bel(Xt) — )bel(xt_l)dxt_l

3. Measure

- .‘ .” '.-‘
.. “‘ < '..' : ! ' PN
E— :' " ; ; ) >
el(x;) = AR}
RETh - BN K TR ¥
r”.:' 5 ‘f ) . ';'f ? K
‘$ 5 ’ ‘.. d. .F‘ N R -

- & % he 1 O o A : b
YRRy
T,

: i fl 8
a6 r Lwils 3 A
4. Repeat fi

t — t _|_ 1https://cs.wikipedia.org/wiki/T homas_Bayes



1. Initialization:
bel(xg) = N (x¢; b, =




|
I
|

| NN 0 0.2 0 |
bel(XO) :N(Xt; Ho = 0|’ — 0 1 ) 1 //\




10
p(X¢|X—1,u¢) = N(Xu 0o 1| Ft-1 T
) A, ) B,
1 0 0.2
p(Zt‘Xt) — N(Zt; 0 1 Xt—1, 0 )
1. Initialization: Ci o
bel(XQ) — N(Xt; H, — 0 ,20 —
2. Prediction step (new action u;):

bel(x;) = Nx, (B, )
pry = Agpry g + Beuy

3, = Atzt—lA;r + Ry




1 0 0.2
p(zifxi) = N (2

1.

Initialization: C o Q:

bel(XO) — N<Xt7 H, — 720 —

. Prediction step (new action u;):

bel(x;) = Nx, (B, )
Py = Agpy_ g + Biug

3, = AtEt—lA;r + Ry

New measurement
Z
1 .
‘ /\ X consistent
measurement

recelived



1 0 1 1 0
p(Xt|Xt—17 U—t) — N(Xu 0 1 Xt—1 T 0 Uy, 0 1
~ _ Ay ~ _ B * R
1 0 0.2 0
plalx) =N (2 | x| g 4]) -
1. Initialization: C o Q: 7
bel(X()) — N(Xt' ., — U 2() — .2 ) .
» o 0 ’ 0 |7 " consistent
2. Prediction step (hew action u;): easurement
bel(x¢) = Nx, (f;, Z¢)
ﬁt — Atl’l’t—l _I_ Btut ’ ’ T :

3. Measurement update (new z;):

bel(x¢) = N, (py, )

K, =3,C, (C;X:C, +Q;)"
py = By + Ke(ze — Cepay)

Zf, — (I — Kfcf)if,

bel(x)

p(Xl

\Xg, \11>




1 0 1
p(Xt|Xt—1aut) — N(Xu 0 1 Xt—1 T 0 Uy,
i Ay i - By d

1 0O 0.2 0

plalx) =N (2 | (x| g 1) -
1. Initialization: Cy o Q: Y

0 0.2
bel(XO) — N(Xt, l,l;O — O 720 — O ) 1 -

2. Prediction step (new action u;):
bel(x¢) = Nx, (f;, Z¢)
By = Ay + Biuy
2ip = AtEt—lA;r + R
3. Measurement update (new z;):
bel(xt)_: Nxt ([L_t, Zt)
K :EtC;(CtZtC;i‘ Q)"
Py = Ky T Kt(zt: Cepy)
>, = (I — K. C. )X,

_ ) Where is

the most prob x2?

R

New measurement|received
Z, iInconsistent

X
measurement

consistent
easurement




1 0 1 0 1 0

p(Xt|Xt—1aut) — N(Xt7 0 1 Xt1 T 0 1 Uy, 0 1 )
_ Ay ) - B i R;

p(z|x4) :J\/(zt; ! ? X¢_1, -2 (1) ) 3 iInconsistent
0 1 0 _ measurement
S— S——

1. Initialization: Ct o Q1 09 o 2

bel(xo) = N(xs; p, = 0 240 =1 1_) l consistent
2. Prediction step (hew action u;): easurement

bel(x;) = Nx, (B, )
Py = Agpy_ g + Biug

3, = AtEt—lA;r + Ry

3. Measurement update (new z;):

bel(x¢) = N, (py, )

K, =3,C, (C;X:C, +Q;)"
py = By + Ke(ze — Cepay)

Zf, — (I — Kfcf)if,




10
P(Xe|Xt—1,0t) = N(Xu 0 1 Xt 1 1
YL
) L Ay ]
1 0 0.2
plaufxi) = N(zs |, 4| %1 |
1. Initialization: Cy o i
bel<XO) — N<Xt; Ho = 0 720 —
2. Prediction step (new action u;):
bel(x¢) = Nx, (f;, Z¢)
By = Agpy_q + Bruy

3 = Atzt—lA;r + Ry

3. Measurement update (new z;):
bel(x¢) = N, (py, )
K, =3,C, (C;X:C, +Q;)"
pe = py + Ki(ze — Coppy)
> = (I -K.C,)X,




KF example: state = (x ... position, v ...velocity)

_1 1_
p(Xt|Xt—17 ut) — Nxt ( _O 1_

N——
Ay

©
Xt—1 T

_O 1_

\—— | S —

B

p(z¢|Xy) = Nzt( 1 0] x—1, |0.3] )

——
Cy

——
Q¢

Ug,

2. Prediction step (new action u: performed):

pry = Agpry g + Bouy
Et — AtEt_lA;r —|— Rt

bel(x;) = Nx, (B, )

0.01

0

0

0.01

R

’

o, = 0]

) o
What happens after
the prediction step?

bel(x)

)
|
[
{
f
{




KF example: state = (x ... position, v ...velocity)

(x,|x u)_N('l 1'X +'1 o‘u 0.01 0')
P\X¢|X¢—1, Ut) = X ¢ O 1 t—1 O 1 ty O 001
L _ § i § _
A, B R
p(z¢|xs) = Nzt( 1 0] x—1, |0.3] >
—— ——

C, Q:

2. Prediction step (new action u: performed):
By = Acpry g + Brug
Et — AtZt_lA;r —|— Rt

bel(x;) = Nx, (B, )




KF example: state = (x ... position, v ...velocity)

(x,|x u)—N(-l 1'X +'1 ou 0.01 0')
P\X¢|X¢—1, Ut) = X ¢ O 1 t—1 O 1 ty O 001
A, B, R;
p(z¢|Xy) = Nzt( [1 O} Xi_1, [0.3} )
N—— N——

C, Q:

2. Prediction step (new action u: performed):
By = Acpy g + Biuy
Et — AtZt_lA;r —|— Rt

bel(x;) = Nx, (B, )




KF example: state = (x ... position, v ...velocity)

(x,|x u)—N(-l 1'X +'1 0] . 0.01 0')
P\X¢|X¢—1, Ut) = X ¢ 0 1 t—1 0 1 ty 0 0.01
) il i} ] i _
A B; R;
p(z¢|xs) = Nzt( 1 0] x—1, |0.3] )
C; Q+ 3

2. Prediction step (new action u: performed):
By = Acpy g + Biuy
Et — AtZt_lA;r —|— Rt

bel(x;) = Nx, (B, )




KF example: state = (x ... position, v ...velocity)

_1 1_
p(Xt|Xt—17 ut) — Nxt ( _O 1_

N——
Ay

Xt—1 T

o

_O 1_

— ———
R

B

p(z¢|Xy) = Nzt( 1 0] %41, [\03/])

Q:
2. Prediction step (new action u: performed):

——
Cy

By = Acpry g + Brug
Et — AtZt_lA;r —|— Rt

bel(x;) = Nx, (B, )

Ug,

0.01
0

0

0.01

Can you explain
the gaussian skew?

bel(x,) I




KF example: state = (x ... position, v ...velocity)
Position measurement

1 1 1 0 0.01 0
—— —— <~ _—— What happens after
A B, R the measurement step?
p(z¢|Xxs) = NZt< 1 0] x—1, 0.3 )
N—— N—— — .
Ct Qt bel(XS) i
2. Prediction step (hew action u: performed): [

pry = Agpry g + Beuy
S, =A3 A + Ry
bel(x;) = N, (I, 3¢)
3. Measurement update (new z; received):
K, =3,C, (C;%,C, +Qu)~"
p, =y + Ki(zg — Copty)
¥ = (I -K,C))X,
bel(x;) = Nx, (1, X¢)




KF example: state = (x ... position, v ...velocity)

1 1 1 0 001 0
p(Xt‘Xt—la ut) — Nxt( 0 1 Xt—1 T 0 1 Uy, 0 0.01 ) _ Zs =5
i i i i i 17 Velocity = (x5-x0)/5
A, B, R, = (5-3)/5=0.4
p(z¢|Xxs) = NZt< 1 0] x—1, 0.3 )
~—— e t
C; Q:+
2. Prediction step (hew action u: performed): [

pry = Agpry g + Beuy
S =A%, 1A + R,
bel(x;) = N, (I, 3¢)
3. Measurement update (new z; received):
K, =3,C, (C;%,C, +Qu)~"
p, =y + Ki(zg — Copty)
¥ = (I -K,C))X,
bel(x;) = Nx, (1, X¢)




KF example: state = (x ... position, v ...velocity)

(x,|x u)—/\/'(_l 1 +'1 0| .~ [0.01 0')
P\ %1, Ue) = Nxi \ [ 1] Ft—1 0 1| Y 0 0.01
A, B, R,
p(z¢|xs) = Nzt( 1 0] x—1, 0.3 )
N—— N——" +
C. Qt | L
2. Prediction step (hew action u: performed): | |

pry = Agpry g + Beuy
S =A%, 1A + R,
bel(x;) = Nx, (f, X¢)
3. Measurement update (new z; received):
K, =3,C, (C;X:C, +Q)"
py = py + Ki(ze — Gy
¥ = (I -K,C))X,
bel(x;) = Nx, (14, X¢)




KF example: state = (x ... position, v ...velocity)

(x, % u)—/\/(-l 1'X +'1 o'u 0.01 0')
p t t—1, t) — X ¢ O 1 t—1 O 1 U O 001
_ - _ - _ _
Ay B; R;
p(z¢|xs) = Nzt( 1 0] x—1, 0.3 )
N—— —— +
C; Q:+

2. Prediction step (new action u: performed):
By = Acpry g + Brug
S =A%, 1A + R,
bel(x;) = Nx, (f, X¢)
3. Measurement update (new z; received):
K, =3,C, (C;X:C, +Q)"
py = py + Ki(ze — Ceppy)
¥ = (I -K,C))X,
bel(x;) = Nx, (14, X¢)




KF example: state = (x ... position, v ...velocity)

(x, % u)—/\/(-l 1'X +'1 o'u 0.01 0')
p t t—1, t) — X ¢ O 1 t—1 O 1 U O 001
_ - _ - _ _
Ay B; R;
p(z¢|xs) = Nzt( 1 0] x—1, 0.3 )
N—— —— +
C; Q:+

2. Prediction step (new action u: performed):
By = Acpry g + Brug
S =A%, 1A + R,
bel(x;) = Nx, (f, X¢)
3. Measurement update (new z; received):
K, =3,C, (C;X:C, +Q)"
py = py + Ki(ze — Ceppy)
¥ = (I -K,C))X,
bel(x;) = Nx, (14, X¢)




Summary Kalman Filter

Kalman filter is optimal observer of the current state for linear systems
under Gaussian noise for complete states

't can also estimate previous states via Kalman smoothing

Kalman filter is Bayes filter where measurement and transition
orobabilities are linear-gaussians.

't nicely scales to higher dimension but the linearity and
gaussianity yields significant limitations

e Example 18-dimensional state space
e Dicrete bel: Each dimension 10 discrete values => 1018 parameters
o KF bel: Continuous Gaussian representation ==> 18A2+18=342 params

Extended Kalman filter removes the linearity limitation but
loses the optimality



