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LDA alias Fisher Liear Discriminant (FLD)

Goal:

� performs dimensionality reduction by mapping high-dimensional data to a
low-dimensional space

� finds optimal subspace such that the separability of classes is maximized

� achieved by minimizing the within-class distance and maximizing the
between-class distance simultaneously
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LDA Formulation

� given:

• data set X = {x1, ...,xN},xi ∈ RD.

• each data point belongs exactly to one of C object classes {L1, ..., LC}.

• Xi is the data matrix for class Li.

• Ni is the number of vectors in class Li, thus N =
∑
Ni.

• mi is the class mean and m is the global mean of X.

� define:

• within-class scatter matrix Sw:
Sw =

∑C
i=1

∑
xj∈Li(xj −mi)(xj −mi)

T = HwH
T
w,

Hw = [X1 −m1 · 1T1 , ...,XC −mC · 1TC] ∈ RD×N

• between-class scatter matrix Sb:
Sb =

∑C
i=1Ni(mi −m)(mi −m)T = HbH

T
b ,

Hb = [
√
N1(m1 −m), ...,

√
NC(mC −m)] ∈ RD×C

• total scatter matrix St:
St = Sb + Sw =

∑N
i=1(xi −m)(xi −m)T = HtH

T
t ,

Ht = [x1 −m, ...,xN −m] ∈ RD×N
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LDA Formulation

� the Fisher criterion:

JF (Φ) = trace{(ΦTSwΦ)−1(ΦTSbΦ)},

(trace{A} =
∑N

i=1 aii ⇒ sum of the diagonal elements)

where Φ is a linear transformation matrix.

� solution maximizing JF :

• Φ∗ = arg max[ ΦTSbΦ

ΦTSwΦ
]

• the set of the first eigenvectors {φi} that satisfies

Sbφ = λSwφ

(generalized eigenvalue problem)

⇒ JF is maximized by optimal linear transformation Φ∗ such that the projected
data are most linearly separable

[derivation]
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LDA Example [courtesy of A. Farag & S. Elhabian: CVIP Lab]

Input 2D dataset:
X1 = {(4, 2), (2, 4), (2, 3), (3, 6), (4, 4)}
X2 = {(9, 10), (6, 8), (9, 5), (8, 7), (10, 8)}

Solution:

� class means:
m1 = (3.0, 3.8)T

m2 = (8.4, 7.6)T

� class covariances:
cov(X1) =

(
1.00 −0.25
−0.25 2.20

)
cov(X2) =

(
2.30 −0.05
−0.05 3.30

)

aa

aa

� within- and between-class scater matrices:
Sw = cov(X1) + cov(X2) =

[
3.3 −0.3
−0.3 5.5

]
Sb = (m1 −m2)(m1 −m2)T =

[
29.16 20.52
20.52 14.44

]
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LDA Example [courtesy of A. Farag & S. Elhabian: CVIP Lab]

We solve the generalized eigenvalue problem:

S−1
w Sbφ = λφ

⇒ |S−1
w Sb − λI| = 0

⇒

∣∣∣∣∣
(

3.3 −0.3
−0.3 5.5

)−1(
29.16 20.52
20.52 14.44

)
− λ

(
1 0
0 1

)∣∣∣∣∣ = 0

⇒
∣∣∣∣( 0.3045 0.0166

0.0166 0.1827

)(
29.16 20.52
20.52 14.44

)
− λ

(
1 0
0 1

)∣∣∣∣ = 0

⇒
∣∣∣∣( 9.2213− λ 6.489

4.2339 2.9794− λ

)∣∣∣∣ = (9.2213− λ)(2.9794− λ)− (6.489 · 4.2339) = 0

⇒ λ2 − 12.2007λ = 0

⇒ λ(λ− 12.2007) = 0

⇒ λ1 = 0, λ2 = 12.2007
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LDA Example [courtesy of A. Farag & S. Elhabian: CVIP Lab]

Hence(
9.2213 6.489
4.2339 2.9794

)
φ1 = λ1

(
φ1

φ2

)
⇒
(

9.2213 6.489
4.2339 2.9794

)
φ1 = 0

(
φ1

φ2

)
(

9.2213 6.489
4.2339 2.9794

)
φ2 = λ2

(
φ1

φ2

)
⇒
(

9.2213 6.489
4.2339 2.9794

)
φ2 = 12.2007

(
φ1

φ2

)

Thus

φ1 =

(
−0.5755
0.8178

)
φ2 =

(
0.9088
0.4173

)
= φ∗
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LDA Example [courtesy of A. Farag & S. Elhabian: CVIP Lab]
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LDA Example [courtesy of A. Farag & S. Elhabian: CVIP Lab]
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Fukunaga-Koontz Transform (FKT) and LDA

� set
St = Sw + Sb = [U,U⊥]

[
D 0
0 0

] [
UT

UT
⊥

]
.

• St may be singular, r = rank(St) < D

• D = diag{λ1, ..., λr}, λ1 ≥ ... ≥ λr > 0

• U ∈ RD×r is the set of eigenvectors corresponding to nonzero eigenvalues

• U⊥ ∈ RD×(D−r) is the orthogonal complement of U
� rewrite St using transformation operator P = UD−1/2:

PTStP = PT (Sw + Sb)P = S̃w + S̃b = I

• S̃w = PTSwP = VΛwV
T

• S̃b = PTSbP = VΛbV
T

• I = Λw + Λb

• V ∈ Rr×r is the orthogonal eigenvector matrix

• Λw,Λb ∈ Rr×r are diagonal eigenvalue matrices
� classification performed by nearest neighbor in the transformed subspace
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Fukunaga-Koontz Transform (FKT) and LDA

� data space can be decomposed into 4 subspaces:
1. S1: span(Sb)

⋂
null(Sw), eigenvectors {vi} corresp. to λw = 0 and λb = 1.

Hence, λbλw =∞.
2. S2: span(Sb)

⋂
span(Sw), eigenvectors {vi} corresp. to 0 < λw < 1 and

0 < λb < 1. Hence, 0 < λb
λw

<∞.
3. S3: null(Sb)

⋂
span(Sw), eigenvectors {vi} corresp. to λw = 1 and λb = 0.

Hence, λbλw = 0.
4. S4: null(Sb)

⋂
null(Sw), eigenvectors corresp. to the zero eigenvalues of St
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LDA/FKT algorithm

Input: Data matrix X
Output: Projection matrix ΦF such that JF is maximized

1. Compute Hb,Ht from data matrix X

2. Apply QR decomposition on Ht = QR, where Q ∈ RD×rt,R ∈ Rrt×N and
rt = rank(Ht), N = |X|, D...dimensionality of xi

3. Let S̃t = RRT , since S̃t = QTStQ = QTHtH
T
t Q = RRT

4. Let Z = QTHb

5. Let S̃b = ZZT , since S̃b = QTSbQ = QTHbH
T
bQ = ZZT

6. Compute the eigenvectors {vi} and eigenvalues {λi} of S̃−1
t S̃b

7. Sort the eigenvectors vi according to λi in decreasing order

8. The final projection matrix ΦF = QV, where V = {vi}. Note that QV is the
union of Subspaces 1,2, and 3. If only Subspaces 1 and 2 are needed,
ΦF = QVk (the first k columns of V)

• Time complexity: O(DN2)

• Space complexity: O(DN)

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18

http://cmp.felk.cvut.cz


LDA Limitations

� optimal only for two Gaussian distributions with equal covariances

� fails when classes have the same mean and differ only in variance

⇒ transform the multiclass problem into a binary classification problem and define:

• intraclass space: ΩI = {(xi−xj) | L(xi) = L(xj)}, L(xi) is the label of xi
• number of samples in ΩI: NI = 1

2

∑
ni(ni − 1)

• extraclass space: ΩE = {(xi − xj) | L(xi) 6= L(xj)}

• number of samples in ΩE: NE =
∑
Li 6=Lj ninj

• mI = mE = 0

• SI = HIH
T
I = 1

NI

∑
L(xi)=L(xj)

(xi − xj)(xi − xj)
T

• HI = 1√
NI

[..., (xi − xj), ...],∀i > j such that L(xi) = L(xj)

• SE = HEH
T
E = 1

NE

∑
L(xi) 6=L(xj)

(xi − xj)(xi − xj)
T

• HE = 1√
NE

[..., (xi − xj), ...],∀i > j such that L(xi) 6= L(xj)

• St = NI
2N SI + NE

2N SE = S
′
I + S

′
E
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Multiple Discriminant Analysis (MDA)

� Goal: find a subspace Φ in which ΩI ans ΩE are the most separable
� based on Bhattacharyya distance
• measures the overlap of any two probability density functions
• error bound of the Bayes classifier
• for Gaussian pdfs:

Dbh = 1
8(mE −mI)

T
(
SE+SI

2

)−1

(mE −mI) + 1
2 ln

∣∣∣SE+SI
2

∣∣∣√
|SE|
√
|SI|

• since mI = mE:

Dbh = 1
2 ln

∣∣∣SE+SI
2

∣∣∣√
|SE|
√
|SI|

= 1
4{ln |S

−1
E SI + S−1

I SE + 2I| −D ln 4}.
� define new criterion based on Bhattacharyya distance:

JMDA = ln |(ΦTSEΦ)−1(ΦTSIΦ) + (ΦTSIΦ)−1(ΦTSEΦ) + 2Id|

� find optimal subspace Φ∗ maximizing class separability:

Φ∗ = arg max

(
ln

∣∣∣∣((ΦTSIΦ)

ΦTSEΦ)
+

(ΦTSEΦ)

(ΦTSIΦ)
+ 2Id

∣∣∣∣)
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MDA/FKT Algorithm

Input: Data matrix X
Output: Projection matrix ΦMDA such that JMDA is maximized

1. Compute HI,Ht from data matrix X

2. Apply QR decomposition on Ht = QR, where Q ∈ RD×rt,R ∈ Rrt×N and
rt = rank(Ht)

3. Let S̃t = RRT , since S̃t = QTStQ = QTHtH
T
t Q = RRT

4. Let Z = QTHI

5. Let S̃′I = NI
2NZZT , since S̃

′
I = QTS

′
IQ = NI

2NQTHIH
T
IQ = NI

2NZZT

6. Compute the eigenvectors {vi} and eigenvalues {σi} of S̃−1
t S̃

′
I

7. Compute the generalized eigenvalues {λi} of (SI,SE) using λi = NIσi
NE(1−σi)

8. Sort the eigenvectors vi according to λi + 1
λi

in decreasing order

9. The final projection matrix ΦMDA = QVk (the first k columns of V), where
V = {vi}. Note that k could be greater than C − 1

• Time complexity: O(DN2)

• Space complexity: O(DN)

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18

http://cmp.felk.cvut.cz


Experiments: LDA vs. MDA

1. Three Gaussian classes: the same mean, different covariance matrices

(a) Original 3D data. (b) Two-dimensional projection by MDA/FKT. Note, that LDA-based methods fail since Sb = 0.

2. Two classes: Gaussian mixture
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aa

Questions?

aa
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Derivation of the solution of JF

To find the maximum of JF we derive and equate to zero:

d
dΦJF (Φ) = d

dΦ

(
ΦTSbΦ

ΦTSwΦ

)
= 0

⇒ (ΦTSwΦ) d
dΦ(ΦTSbΦ)− (ΦTSbΦ) d

dΦ(ΦTSwΦ) = 0

⇒ (ΦTSwΦ)2SbΦ− (ΦTSbΦ)2SwΦ = 0 / : 2ΦTSwΦ

⇒
(

ΦTSwΦ
ΦTSwΦ

)
SbΦ−

(
ΦTSbΦ

ΦTSwΦ

)
SwΦ = 0

⇒ SbΦ− JF (Φ)SwΦ = 0

⇒ S−1
w SbΦ− JF (Φ)Φ = 0

Solving the generalized eigenvalue problem

S−1
w Sbφ = λφ where λ = JF (φ) = scalar

yields

Φ∗ = arg max JF (Φ) = arg max

(
ΦTSbΦ

ΦTSwΦ

)
[back]
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