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Principal Component Analysis (PCA), Introduction

� Alternative name: Karhunen–Loeve transform

� Used for: data approximation, identifying sources of variance in the data
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Maximum variance formulation (1/3)

Let the data be {xi ∈ RD | i = 1, 2, ..., N}. Let their mean be x = 1
N

∑N
i=1 xi.

Let us find the unit vector u ∈ RD to project to such that the variance J(u) of the
projected data is maximized. The projection x′i of an xi to one-dimensional linear
subspace generated by u is given by

x′i = u ai , ai = uTxi , (uTu = 1) . (1)

The variance is an average squared deviation of values from mean, 1
N

∑N
i=1(ai − a)2,

a = 1
N

∑N
i=1 ai. Substituting ai = uTxi, the mean is a = 1

N

∑N
i=1 uTxi = uTx, and

the variance J(u) is thus

J(u) =
1

N

N∑
i=1

(
uTxi − uTx

)2
=

1

N

N∑
i=1

uT(xi − x)(xi − x)
T
u = uTSu , (2)

where S is the normalized scatter matrix:

S =
1

N

N∑
i=1

(xi − x)(xi − x)
T
. (3)
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Maximum variance formulation (2/3)

The Lagrangian of this optimization problem is

L(u, λ) = J(u) + λ (1− uTu)︸ ︷︷ ︸
constraint

= uTSu + λ(1− uTu) , (4)

where λ is the Lagrange multiplier. Taking the derivative w.r.t. the vector u and
setting it to zero gives

∂L(u, λ)

∂u
= Su− λu1 = 0 , (5)

and thus
Su = λu . (6)

This is the characteristic equation for the covariance matrix S. Any eigenvalue λ and
its corresponding eigenvector u solves this equation, with variance J(u) equal to:

J(u) = uTSu = uTλu = λ . (7)

The maximum is attained if λ is the largest eigenvalue of the matrix S and u is its
corresponding eigenvector.
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Example 1 - Iris dataset

Iris dataset: feature vectors are 4-dimensional, here dimensions 2 and 3 used (petal
length and sepal width). Data shown as crosses ×.
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√
λ1 u1√
λ2 u2

mean x̄ = (3.76, 3.05)

(x− x̄)TS−1(x− x̄) =

(x− x̄)TUdiag[ 1
λ1
, 1
λ2

]UT(x− x̄) = 1

S =

[
3.09 −0.32
−0.32 0.19

]
= [u1,u2]

[
λ1

λ2

]
[u1,u2]

T

Eigenvectors: [u1,u2] =

[
−0.99 −0.11
0.11 −0.99

]
, eigenvalues: λ1 = 3.13, λ2 = 0.15

Variance is maximized when data are projected to direction u1.
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Maximum variance formulation (3/3)

We have seen that the variance of a 1-D projection is maximized when data are
projected to the direction of the eigenvector of S corresponding to the largest
eigenvalue.

It can be shown that the M -dimensional subspace maximizing the variance of the data
is the one formed by M eigenvectors of S corresponding to M largest eigenvalues.

It can also be shown that maximizing variance is equivalent to minimizing projection
approximation error.
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Multivariate Normal Model and PCA

Recall that the ML estimate of the Multivariate Normal Distribution is defined by
sample mean x ∈ RD and covariance matrix S ∈ RD×D. The pdf is then

p(x | x,S) =
1√
|2πS|

exp

{
−1

2
(x− x)

T
S−1(x− x)

}
. (8)

Denote the eigenvectors and eigenvalues of S by ui and λi, respectively
(i = 1, 2, ..., D) and let λ1 ≥ λ2 ≥ ... ≥ λD. Let U stacks the eigenvectors:

U = [u1,u2, ...,uD] (9)

There holds (characteristic equation)

SU = UΛ = U


λ1

λ2
. . .

λD

 , (10)

and
S = UΛUT . (11)
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Multivariate Normal Model and PCA

The pdf can then be equivalently expressed as

p(x | x,S) = p(y) =
1√
|2πΛ|

exp

{
−1

2
yTΛ−1y

}
, y = UT(x− x) (12)

The exponent in Eq. (12) is

−1

2

D∑
i=1

y2i
λi
. (13)

Imagine we approximate the data by PCA using first M eigenvectors (because we can
store only M or so numbers per data point, or the allowed number of computations is
limited.) How should we approximate the exponent? One option would be to truncate
the exponent to M factors only. However, then e. g. a point y = kuM+1, with
arbitrarily high k, would produce a zero exponent.

In that case, it is better to store M + 1 numbers per point: its coordinates in the
basis of the first M eigenvectors (that is, y1, y2, ..., yM) and the approximation error
∆ = y2M+1 + ...+ y2D = ‖y‖2− y21 − y22 − ...− y2M . The exponent is approximated as

−1

2

M∑
i=1

y2i
λi
− 1

2

∆

λ
, (14)

with λ = λM+1 being a common choice.
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High-dimensional data (1/2)

Dimensionality of data can be high, and even higher than number of samples.

Consider dimensionality D = 1M (one million) and number of samples N = 100. All
analysis still applies, but it would be wasteful to compute eigenvectors for the 1Mx1M
matrix, as its rank will anyway be at most N (thus 100). Let us define X to be a
matrix formed by stacking all the data vectors (after having subtracted the mean from
them): X = [x1 − x,x2 − x, ...,xN − x].

Thus,

S =
1

N

N∑
i=1

(xi − x)(xi − x)
T

=
1

N
XXT . (15)

The characteristic equation is then

1

N
XXTu = λu . (16)

Left-multiplying both sides by XT gives

1

N
XTX

w︷ ︸︸ ︷
(XTu) = λ

w︷ ︸︸ ︷
(XTu) . (17)
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High-dimensional data (2/2)

Thus, XTX, which is only 100× 100, has exactly the same set of eigenvalues:

1

N
XTXw = λw . (18)

Left-multiplying now by X, we get

1

N
XXT(Xw) = λ(Xw) . (19)

Conclusion: If D � N , form the matrix T = 1
NXTX and compute its eigenvalues

λ’s and eigenvectors w. Compute the eigenvectors of S = 1
NXXT as

v =
Xw

‖Xw‖
. (20)
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Example 2 - Yale database (1/5)

images of 38 subjects, each under 64 different illumination conditions:

Subject 1, 64 illumination conditions
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Example 2 - Yale database (2/5)

images of 38 subjects, each under 64 different illumination conditions:

38 subjects
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Example 2 - Yale database (3/5)

images of 38 subjects, each under 64 different illumination conditions. Thus, there is
38× 64 = 2432 images in total. Each of them is a feature vector with
192× 168 = 32256 dimensions (pixels). PCA gives the following eigenvalues:

0 20 40 60 80 100
eigenvalue index
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Example 2 - Yale database (4/5)

mean 1st ev 2nd ev 3rd ev

first 72 eigenvectors
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Example 2 - Yale database (5/5)

Reconstruction of original vector using eigenvectors

original mean and 3 evs mean and 10 evs

mean and 50 evs mean and 100 evs mean and 300 evs
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Linear Discriminant Analysis (LDA)

Setting: Classification, training set: N1 points (class 1) and N2 points (class 2)
Goal: Project data to a 1D subspace such that a low-error classifier can be
constructed.
Approach: Find a direction to project the data to such that the two classes are well
separated in this projection.

Example:
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Linear Discriminant Analysis (LDA)
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LDA: What makes a good separation?

Training set: x1
1, ...x

1
N1

(class 1), x2
1, ...x

2
N2

(class 2).
Separation is higher when:

� the means of projected data are farther apart, and/or
� the scatters of the projected data are smaller.

These two observations combined suggest the following criterion to optimize:

(µ1 − µ2)
2

s1 + s2
→ max (21)

µ1, µ2: mean of projected data

µk =
1

Nk

Nk∑
i=1

vTxki = vTxk (k = 1, 2) (22)

s1, s2: scatter of projected data

sk =

Nk∑
i=1

(vTxki − vTxk)
2 (k = 1, 2) (23)
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LDA: Criterion

(µ1 − µ2)
2

s1 + s2
→ max, µk = vTxk, sk =

Nk∑
i=1

(vTxki − µk)2 (k = 1, 2) (24)

Let us rewrite the criterion in terms of unprojected entities. The nominator:

(µ1 − µ2)
2 = [vT(x1 − x2)]

2 = vT (x1 − x2)(x1 − x2)
T︸ ︷︷ ︸

Sb

v (25)

The scatters:

s1 =

N1∑
i=1

(vTxi − vTx1)
2 =

N1∑
i=1

vT(xi − x1)(xi − x1)
T
v (26)

= vT

 N1∑
i=1

(xi − x1)(xi − x1)
T


︸ ︷︷ ︸

S1

v (27)

s2 = vTS2v S1,S2 : scatter matrices for classes 1, 2 (28)
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LDA: Criterion

(µ1 − µ2)
2

s1 + s2
→ max, µk = vTxk, sk =

Nk∑
i=1

(vTxki − µk)2 (k = 1, 2) (29)

Therefore, the criterion can be rewritten as

(µ1 − µ2)
2

s1 + s2
=

vTSbv

vT(S1 + S2)v
=

vTSbv

vTSwv
, (30)

where everything except the to-be-found vector v is computed from the training data:

Sb : between-class scatter matrix, Sb = (x1 − x2)(x1 − x2)
T (31)

Sw : within-class scatter matrix, Sw = S1 + S2 (32)

Sk =

Nk∑
i=1

(xki − xk)(x
k
i − xk)

T
, (k = 1, 2) (33)

Let us now solve the maximization task:

v1 = argmax
v

vTSbv

vTSwv
(34)

Note that there is no need to contrain v to e.g. unit length, as the scaling in
denominator and nominator cancels out.
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LDA: Criterion maximization

v1 = argmax
v

vTSbv

vTSwv
(35)

Note that Sb is symmetric, positive semi-definite (rank 1) matrix.
Matrix Sw is symmetric, positive semi-definite.
Assume that Sw has full rank, thus S−1w exists. Let S

1
2
w be the symmetric,

positive-definite matrix such that Sw = S
1
2
wS

1
2
w. Let its inverse be denoted S

−1
2

w .
Define a substitution

z = S
1
2
wv . (36)

Using the variable z, the criterion becomes

vTSbv

vTSwv
=

zTS
−1

2
w SbS

−1
2

w z

zTz
(37)

Symmetric, positive definite S:
S = U diag[λ1, ..., λD] UT

U: orthogonal, unit columns
S

1
2 = U diag[

√
λ1, ...,

√
λD] UT

S−
1
2 = U diag[ 1√

λ1
, .., 1√

λD
] UT

S−1 = U diag[ 1
λ1
, ..., 1

λD
] UT

Let us fix the length of z to 1 (zTz = 1). The denomimator is then a constant, and
the criterion is maximized when the nominator is maximized. The latter achieves
maximum for the largest eigenvalue λ1 of matrix S

−1
2

w SbS
−1

2
w and the corresponding

eigenvector z1:
S
−1

2
w SbS

−1
2

w z1 = λ1z1 (38)
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LDA: Criterion maximization

(copied from previous slide:)

S
−1

2
w SbS

−1
2

w z1 = λ1z1 (39)

Taking this z1, and substituting back, gives the solution v1 = S
−1

2
w z1. Left-multiplying

the previous equation by S
−1

2
w , we see that

S−1w Sb(S
−1

2
w z1) = λ1(S

−1
2

w z1), ⇒ S−1w Sbv1 = λ1v1 . (40)

Thus v1 can be computed directly as the eigenvector of S−1w Sb corresponding to the
highest eigenvalue, λ1 (note that S−1w Sb and S

−1
2

w SbS
−1

2
w share the eigenvalues).

Moreover, Sb has rank 1. There holds Sb = (x1 − x2)(x1 − x2)
T, and

S−1w Sbv1 = Sw
−1(x1 − x2) (x1 − x2)

T
v1︸ ︷︷ ︸

a scalar
, (41)

thus the dominant eigenvector (the only one with non-zero eigenvalue) must be

v1 =
S−1w (x1 − x2)

‖S−1w (x1 − x2)‖
. (42)

1 2

3 4

5 6

7 8

9 10

11 12

13 14

15 16

17 18

19 20

21 22

23 24

25 26

27

http://cmp.felk.cvut.cz


LDA: Examples (1)
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LDA: Examples (2)
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LDA: Invariance to linear transformations

Consider the case that the data points x’s are transformed by a non-singular linear
transformation A. The entities appearing in formulation and solution of LDA are then
transformed as follows:

points scatter matrix inv. scatter m.
original x S S−1

transformed Ax ASAT A−TS−1A−1

Thus, v1 = S−1w (x1 − x2) transforms to

v′1 = A−TS−1w A−1A(x1 − x2) = A−TS−1w (x1 − x2) . (43)

The original projected coordinates are

vT
1 x = (x1 − x2)

T
S−1w x , (44)

and do not change under A, as

v′
T
1 x′ = (x1 − x2)

T
S−1w A−1Ax = (x1 − x2)

T
S−1w x = vT

1 x . (45)
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Multiple Discriminant Analysis (MDA)

Generalization of LDA to multiple classes K

Define:

Sw =

K∑
k=1

Sk (sum of class scatters) (46)

Sb =

K∑
k=1

Nk(xk − x)(xk − x)
T (47)

xk =
1

Nk

Nk∑
i=1

xki (mean of class k data) (48)

x =
1

N

N∑
i=1

xi (mean of all data) (49)

Optimization objective: Several options possible, e.g. find a projector V such that

tr{(VSwVT)−1(VSbV
T)} → max (50)
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Multiple Discriminant Analysis (MDA)

Solution: L most significant eigenvectors for the generalized eigenvalue problem:

Sbv = λSwv (51)

Note: Sb can have rank at most K − 1, thus at most K − 1 projection directions will
be produced.

Employing MDA:

Useful e.g. when the number of classes K and/or number of data is very high and
thus the only information about data which can be used is stored in means and
scatters of classes. These are computed in incremental fashion.
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