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Outline

Pre-requisites: linear algebra, Bayes rule
MAP/ML estimation, prior and overfitting
Linear regressior
Linear classification
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Why Is it hard?
CIFAR-10: classity 32x32 RGB images into 10 categories
https://www.cs.toronto.edu/~kriz/cifar.html
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Labels (¥i) RGB images (x;)
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Three-class recognition problem:
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Three-class recognition problem:

def classity( E):

0707
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return P
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Model probability distribution over classes by softmax function
eXp(f(X7 Wl))

p(y|x, W) = [ exp(f(x, wz)) ] / > exp(f(x, wi) = s(f(x,W))

exp(f(x, w3))
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Labels (¥i) RGB images (x;)
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Example: Linear classitier:

—2
def C\assify(E): W X| = { +1 ]

# [ inear classifier

XZV@C(E) 92 0.03
p = s(WX) s([ 1])[0.71]

return p
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» Classification (probability modeled by soft-max
exp(f(x, w1))
pylx, W) = | exp(fx,w2)) | /Y exp(f(x, wi) = s<f¢§ W)

exp(f(x,ws)) k
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» Classification (probability modeled by soft-max
exp(f(x,w1))

plylx, W) = [ exp(f(x,w2)) | /D explflx, wi) = s<f¢§,

exp(f(x,ws)) L
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* Classification (probability modeled by soft-max function):

eXp(f(X7 WQ))
exp(f(X, WB))
* Probability of observing y; when measuring X; IS

exp(f(x, w1))
(y‘X,W) —

p(yi|x;, W) = 37

(F(xi,W))

/ Z exp(f(x, Wk)

k

1

Y3

= s(f(x,W))
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* Classification (probability modeled by soft-max function):

exp(f(x, w1))
p(y‘X,W) —

exp(f(x,w2)) | / D exp(f(x,wi) = s(f(x,W))
exp(f(X, WB)) k
* Probability of observing y; when measuring X; IS

p(yi|X7;,W) — Syi(f(Xz-,W)) y:{
2.

- Training: MLE estimate of W .

W* = arg mwmz —log s, (f(x;,W))
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* Classification (probability modeled by soft-max function):

exp(f(x, w1))
p(y‘X,W) —

exp(f(x,w2)) | / D exp(f(x,wi) = s(f(x,W))
exp(f(X, WB)) k
* Probability of observing y; when measuring X; IS

p(yi|X7;,W) — Syi(f(Xz-,W)) y:{
2.

- Training: MLE estimate of W .

W* = arg mwmz —log s, (f(x;,W))




Labels (¥i) RGB images (x;)
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x; = vec( E)

W™ = arg min Z —log sy, (WX;))

return w*
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lapel
Yi = 2 Car classified as car yields small loss and gradient

0.03 = —logs,, (WX;) = —1log(0.71) = 0.15
)= | 0.71
0.26

| LR ELY
e train [ 7 il S e Il
1 1 1 2 2 2 3 3 3)
_—1

W' = arg m‘l}n Z — lOg Sy, (W Xz))

return w*

14



Plane classified as car yields huge loss and gradient

0.03 = —logs,,(WX;) = —log(0.03) = 1.52

e train [ 7 Nl S Il
1 1 1 2 2 2 3 3 3)
V}\ )

W' = arg m‘/}n Z — lOg Sy, (W Xz))

X; = vec(

return w*
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et train [ e 7 il S e Il
1 1 1 2 2 2 3 3 3)
x; = vec( ,’g )

W* = arg minz —logs,, (WX;)) = ZZ(W,ii, Yi )

w o
(

return w* L(w)




e train [ e 7 il S e Il
1 1 1 2 2 2 3 3 3)
x; = vec( ,pg - )

W* = arg min/ £ (W) ... gradient optimization
W

return w*
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def train( . -~ %
1

vec(

X, =

on

{

IMmiza

... gradient opt

arg mwin L(W)

W* =

return w*
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Dataset Learned weights of linear classifier Error

-n
MNIST — 8%
. .
.-
CIFAR-10 ..H Lol

airplane automobile bird cat deer

. . - h

frog horse ship truck

https://benchmarks.ai
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Recognition problem
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Why Is it hard?
CIFAR-10: classity 32x32 RGB images into 10 categories
https://www.cs.toronto.edu/~Kkriz/citar.ntml



Recognition problem
Huge within-class variability!

Why it is hard?

e \Viewpoint
e Occlusion
e [[lumination
e Pose

e [ype

e Context
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Why is it hard”

Huge (i) within-class variability




Why Is it hard?
Huge (i) within-class variability (ii) among class similarity!

Czech Technical University in Prague
@ Faculty of Electrical Engineering, Department of
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Recognition problem

airplane a-.‘.-..% y...=&=
automobile E..E'h.-‘
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CIFAR-10: classity 32x32 RGB images into 10 categories
https://www.cs.toronto.edu/~kriz/citar.ntml
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Labels (¥i) RGB images (x;)
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Two-class recognition problem: classity airplane/automobile

def classify( E):

0707

return p

Probability of image being from the class airplane
How to model it?
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Labels (¥i) RGB images (x;)
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~ Classification
We model probability of image x being label +1 or -1 as

_ O'(f(X,W)) y = +1
p(ylx, w) = {10(f(x,w)) y = 1

30



Labels (¥i) RGB images (x;)

-1 E'E"H..‘

~ Classification
We model probability of image x being label +1 or -1 as

_ O(f(X7W)) y = +1
p(ylx, w) = {10(f(x,w)) y = 1

1.2

where .
1 0.8

o(f(x,w)) = T+ oxp(—F(x. W) y
0.4

'S sigmoid function. 0.2

0.0



Labels (¥i) RGB images (x;)
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We model probability

 fotredw
e = {1 o6 W)
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Labels (¥i) RGB images (x;)
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N assmcatlon
We model probability pf Jmage x being label +1 or -1 as

v w) — o(f(x, w))
p(y|x, ){10(f(x,w))
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Labels (¥i) RGB images (x;)
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~ Classification
We model probability of image x being label +1 or -1 as
o(fxw)  y=+4+1 Y
p(y|x, w) =
{10(f(x,w)) y = —1 i ................................ =
X>

Linear classifier model probab|l|ty Of
peing from class +1as p =0 (W' X)

What is dimensionality of X and w?
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Labels (¥i) RGB images (x;)
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~ Classification
We model probability of image x being label +1 or -1 as

p(ylx, w) = {U(f(x, W) y— 41

1—o(f(x,w)) y=-1

1.2

where .
1 0.8

o(f(x,w)) = T+ oxp(—F(x. W) y
0.4

'S sigmoid function. 0.2

0.0



Labels (¥i) RGB images (x;)
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lassification
age x being label +1 or -1 as

We model probability

 fotredw
e = {1 o6 W)
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Labels (¥i) RGB images (x;)
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Labels (¥i) RGB images (x;)

-1 EE H‘H.-Q

N assmcatlon
We model probability pf Jmage x being label +1 or -1 as

p(ylx, w) = {U(f(x,w) —

l—o(f(x,w)) y=-1
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Labels (¥i) RGB images (x;)
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~ Classification
We model probability of image x being label +1 or -1 as

o(f(x,w)) y=+1 Y|

l—o(f(x,w)) y=-1 i

p(y\x, W) — {

Linear classifier models probabi\it¥ of Image
being from class +1as p =0 (W X)

What is dimensionality of X and w?
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Labels (¥i) RGB images (x;)
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Classification
Example: Linear classifier

det C\assify(E): w'  IIx| = 2.5 score
# Linear c/ass/f/er/'
X = vec( E )

D=0 (WTE)

return P

41



Labels (¥i) RGB images (x;)
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Classification
Example: Linear classifier

det C\assify(E): w'  IIx| = 2.5 score

# Linear c/ass/f/V 12
X = vec( E ) 1.0

T 0.8
D=0 (W X) 0.6
0.4
return P 0.2

0.0



Labels (¥i) RGB images (x;)
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Classification
Example: Linear classifier

def C\assify(E): w' |I[X| = 2.5 score
# Linear classifier -

X = vec( E ) 102
p=o0 (WTE) A/Ej

return P = o0(2.5)|= 0.92 0.2

S it a good classifier? "’



Show python code
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Labels (¥i) RGB images (x;)
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Training
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Training = search for unknown parameters w

which fits a given data

Training data

Y1
I
B

-

45



Labels (¥i) RGB images (x;)
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Labels (¥i) RGB images (x;)
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Labels (¥i) RGB images (x;)
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Training

Probability of observing yiwhen measuring X;Is
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Labels (¥i) RGB images (x;)

|| vll.ﬂ-&-—-
S| 1 =

Tralnlng

which fits a given data

o(f(x,w)) y = +1

e = {1 ~o(feew) y=-1

Probability of observing yiwhen measuring X;Is
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Labels (¥i) RGB images (x;)

|| -ld |-
- N B [ e 5

Training
Training = search for unknown parameters w

which fits a given data

folew)  y=
e = {1 ~o(feew) y=-1

Probability of observing yiwhen measuring X;Is



Two-class classification problem

B U(f(X7W)) y = +1
p(yx7w){1a(f(x,w)) Y= 1 :U(y-f(X,W)>

51



Two-class classification problem

Pyl w) = {“” W) YTy few)

lcf(f(x,w)i/1 ‘ ,

X

(

w' = argmin (Z — log(p(yi|x:. W))>

p(yz‘xsz)

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 ——0.9 1

52



Equivalen |
ce of common binary classification losses

o(f(x,w)) y = +1

p(y‘wi) — {
) y= 1 ZO(y-f(X,W))

1 — a(f(x,w/ ‘

VILE: W= ]
arg min (Z ~log(p(y: . w>>)

= —log |0 (y; f(xi,W))]




Equivalence of common binary classification losses

p(y|x, W) = {U(f(x’ ") ) y Z Jj - “(y RASS W))

10(f(X,W/ ‘ ,

MLE: w' = arg m“i,n (Z — log(p(vi|xi, W)))

= —log |0 (y; f(xi,W))]

&
L ogistic loss

log [1 + exp(—y; f(Xi, W)))




Equivalence of common binary classification losses
&

L ogistic loss
10g [1 —+- exp(—yi f(XZ', W))]




Equivalence of common binary classification losses

_Jo(f(x,w)) y = +1
p(yx7w){10(f(x,w)) Y= 1 :U(y-f(X,W)>

—

w' = argmin (Z — log(p(yilx:. W)))

(

= —log |0 (yi f(xi, W))]
=5
Logistic loss

log |1 + exp(—y; f(xi, W))]

56



Equivalence of common binary classification losses

o (f(x,w)) y = +1
{1 —o(f(x,w)) y=—-1| U(y | f(X’W)>

~.

w' = argmin (Z — log(p(y:|x:, W)))

(

p(y|X,W) —

= —log |0 (yi f(xi, W))]
&
Logistic loss

log |1 + exp(—y; f(xi, W))]

57



Equivalence of common binary classification losses

p(y|x, w) = {U(f(X, w)) y = +1

\1<7(f(3‘;>w)) y = —1

w' = argmin (Z — log(p(yilx:. W)))

(

= —log |0 (yi f(xi, W))]
&
Logistic loss

log |1 + exp(—y; f(xi, W))]

&
Cross-entropy loss

—[??z”l()g (U(f(Xz',W))) + (1 — ;) - log (1—0(f(Xz'>W)))]

~ yz+1
Yi = € {0,1} .




Labels (¥i) RGB images (x;)
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Training
Example: Training linear classifier

def train(

L

-1 -1 —-1)

x; = vec( )V,

return w”

59



Labels (¥i) RGB images (x;)
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Training
Example: Training linear classifier

def train( . . %H . .

-1 -1 —-1)

x; = vec( )V

w* = argmin Y _log [1+ exp(—y; w'%;)

return w*

60



Labels (¥i) RGB images (x;)
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Training
Example: Training linear classifier score  label
‘= kB '25 yZ — _]-
oo o I PR R
-1 -1 —-1)

x; = vec( )V
v Ta— arg minz log [1 + exp(—yz']

return w*




Labels (¥i) RGB images (x;)

-1 EHIEIEII‘
Training
Example: Training linear classifier score  label
- '25 yz — _]-
def tram ..«'g .'
1 —1 —1) (-1)x(-2.95) = 2.5

1.5+

x; = vec( )V,

W = arg minz log |1 4 exp(—

14

return w”




Labels (¥i) RGB images (x;)

EH.E.E.“

—1

Training
Examp\e Training linear classitier

def tram

—1 1 —1

T__

Yi W Xy

w™ = argmin Y (log [1 + exp(—

W

return w”

score label

2.5 Y

(-1)x(-2.5) =

1.5+

2.

—1

—

O




Labels (¥i) RGB images (x;)

EH.E.E.“

—1

Training
Example: Training linear classifier

def train( . . % -

—1 —1 —1)

w™ = argmin Y (log [1 + exp(—y; W' X; ]

W

return w”

SCOre

2.5

(-1)x(2.5

1.5+

label

) = -2.

O




W = arg min Z log [1 T GXP(—% WTE’)]

W




W = arg min

W

Z log |1 4 exp(—y;

T __

W X

)

L(w)

e There Is no closed-form solution
o (Gradient optimization

W — W —

O0L(w)

Ow

e
where

OL(W)

Ow

?

606



W = arg mleog + exp(—y; W Xz)]

W

L(w)

e There Is no closed-form solution
o (Gradient optimization

W — W —

L] \yhere L) _ 5~

ow Ow

_T
—YiX;

1+ exp(y;w

el

6/

i)



W = arg min
W

Z log |1 4 exp(—y;

T

W X

)

L(w)

e There s no closed-form solution

o (Gradient optimization
T

where

W — W —

Ow

Learned weights

as a template:

OL(w)

OL(W)

Ow

automobile

X
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Show python code
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W

w* — argmin (Z  log(p(ailx, w)

(

)

l0ss function

» Classification: p(y[x, w) = {

e Choice of f(x,w)is crucial

_|_

(—log p(w))

prior/regulariser

o(f(x,w)) y = +1
IL—o(f(x,w)) y=-1

70



W

w' = argmin (Z — log(p(yi|xi, W))) + (—logp(w))

(

loss function prior/regulariser
o(f(x,w)) y = +1
1 —o(f(x,w)) y=-1

» Linear f(x,w)cannot generate wild decision boundary

» Classification: p(y[x, w) = {

gyl oo
B
1 D examp‘e _1 .............. i)é: ....... XX):k ....... X .................
T

/1



w' = arg min (

W

Z — log(p(y;|x;, W))>

(

» Classification: p(y[x, w) = {

1D example:

l0ss function

OO0 O ONONG)

X XXX X

_|_

(—log p(w))

prior/regulariser

o(f(x,w)) y = +1
IL—o(f(x,w)) y=-1

» Linear f(x,w)cannot generate wild decision boundary

/2



w' = arg min (

W

Z — log(p(yi|xi, W))

(

)

» Classification: p(y[x, w) = {

1D example:

l0ss function

OO0 X XXX X000

X

>

_|_

(—log p(w))

prior/regulariser

o(f(x,w)) y = +1
IL—o(f(x,w)) y=-1

» Linear f(x,w)cannot generate wild decision boundary

/3



X

w' = arg min

W

» Classification: p(y[x, w) = {

|

Z — log(p(yi|xi, W))

(

)

l0ss function

o(f(x,w))
L —o(f(x,w))

+ (— log p(w))

prior/regulariser
y=+1
y = —1

» Linear f(x,w)cannot generate wild decision boundary

2D example:

74



w* = arg min (Z — log(p(yq;xi,w») + (= log p(w))

loss function prior/regulariser
o(f(x,w)) y = +1
1 —o(f(x,w)) y=-1

e Wild f(x,w)with high-dimensional W
suffers from the curse of dimensionality and overfitting

» Classification: p(y[x, w) = {

OO0 X0 X X

1D case

79



w* = arg min (Z — log(p(yq;xi,w») + (= log p(w))

loss function prior/regulariser
o(f(x,w)) y = +1
1 —o(f(x,w)) y=-1

e Wild f(x,w)with high-dimensional W
suffers from the curse of dimensionality and overfitting

» Classification: p(y[x, w) = {

OO X0 X X @)

1D case 2D case
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w* = arg min (Z — log(p(yq;xi,w») + (= log p(w))

loss function prior/regulariser
o(f(x,w)) y = +1
1 —o(f(x,w)) y=-1

e Wild f(x,w)with high-dimensional W
suffers from the curse of dimensionality and overfitting

» Classification: p(y[x, w) = {

x T X (e

OO X0 X X @)

1D case 2D case CIFAR case

’7/



W

w = argmin (Z — IOg(p(inz'aW))> + (—logp(w))

(

loss function prior/regulariser
o(f(x,w)) y =+1
L—o(fx,w)) y=-1
e Wild f(x,w)with high-dimensional W

suffers from the curse of dimensionality and overfitting
» We exploit prior p(w) to restrict the wildness of f(x, w)

» Classification: p(y[x, w) = {

e | 2reqgulariser p(w) =N (0,0%) = [w|5
|1 reqgulariser, L1+L2 regulariser (elastic net)
* prior on f(x,w) structure (e.g. consists of convolutions)

e patch normalization

/8



Conclusions

Explained regression and linear classifier as MAP/ML

estimator

Discussed under/overfitting and regularisations

Next lesson will go deeper

Competencies required for the test T1

Derive MAP/ML estimate for two-class and K-class

classification problem.
Compute logistic-loss and cross-er

Understand when classifier score r

tropy-loss

as high/low values.

Understand when loss has high/low values.
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