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Under the hood of linear 
classifier
Linear classifier on RGB images

Karel Zimmermann

Pre-requisites: 

• linear algebra, 



Recognition problem

https://www.cs.toronto.edu/~kriz/cifar.html
CIFAR-10: classify 32x32 RGB images into 10 categories
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How does the linear classifier work?

logits
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Model probability distribution over classes by softmax function
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0.03
0.26
0.71

plane car birds2 s3s1

Model probability distribution over classes by softmax function

p(y |x, W) =
exp( f(x, w1))
exp( f(x, w2))
exp( f(x, w3))

/ ∑
k

exp( f(x, wk) = s(f(x, W)) s(
+1
0

−2
)=

0.71
0.26
0.03

=

y = 1

y = 2

y = 3

p(y=1 |x, W) p(y=2 |x, W) p(y=3 |x, W)

Which image is incorrectly classified?
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x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

−log p(y = yi |xi, W) = − log syi
(W xi)

Loss function:

= − log(0.26)

0.26

1.35

= 1.35

xi
yi = 2

ℒ(W) =plane car birds2 s3s1

Model probability distribution over classes by softmax function

p(y |x, W) =
exp( f(x, w1))
exp( f(x, w2))
exp( f(x, w3))

/ ∑
k

exp( f(x, wk) = s(f(x, W)) s(
+1
0

−2
)=

0.71
0.26
0.03

=

y = 1

y = 2

y = 3

p(y=1 |x, W) p(y=2 |x, W) p(y=3 |x, W)

0.03
0.26
0.71



−log p(y = yi |xi, W)
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x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

Loss function:

yi = 2

ℒ(W) =

arg min
W

ℒ(W)
Learning:

1.35
xi

plane car birds2 s3s1

Model probability distribution over classes by softmax function

p(y |x, W) =
exp( f(x, w1))
exp( f(x, w2))
exp( f(x, w3))

/ ∑
k

exp( f(x, wk) = s(f(x, W)) s(
+1
0

−2
)=

0.71
0.26
0.03

=

y = 1

y = 2

y = 3

0.26

p(y=1 |x, W) p(y=2 |x, W) p(y=3 |x, W)

= − log syi
(W xi)

0.03
0.26
0.71
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x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>0.02

0.19

0.80
−log p(y = yi |xi, W)

Loss function:

yi = 2

ℒ(W) =

arg min
W

ℒ(W)
Learning:

0.22
xi

plane car birds2 s3s1

Model probability distribution over classes by softmax function

p(y |x, W) =
exp( f(x, w1))
exp( f(x, w2))
exp( f(x, w3))

/ ∑
k

exp( f(x, wk) = s(f(x, W)) s(
+1
0

−2
)=

0.71
0.26
0.03

=

y = 1

y = 2

y = 3

0.80

p(y=1 |x, W) p(y=2 |x, W) p(y=3 |x, W)

= − log syi
(W xi)
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def train(                                              
                                                                                     ):1

<latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit><latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit><latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit><latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit>

1
<latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit><latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit><latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit><latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit>

1
<latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit><latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit><latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit><latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit>

2
<latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit><latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit><latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit><latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit>

2
<latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit><latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit><latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit><latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit>

2
<latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit><latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit><latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit><latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit>

3
<latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit><latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit><latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit><latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit>

3
<latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit><latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit><latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit><latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit>

3
<latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit><latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit><latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit><latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit>

xi = vec( )
<latexit sha1_base64="F053c8wHT2+ufD9lKCF2/vxGGE8="></latexit><latexit sha1_base64="F053c8wHT2+ufD9lKCF2/vxGGE8="></latexit><latexit sha1_base64="F053c8wHT2+ufD9lKCF2/vxGGE8="></latexit><latexit sha1_base64="F053c8wHT2+ufD9lKCF2/vxGGE8="></latexit>

… gradient optimizationW⋆ = arg min
W

ℒ(W) = arg min
W ∑

i

− log syi
(W xi)

return W⋆
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def train(                                              
                                                                                     ):1

<latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit><latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit><latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit><latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit>

1
<latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit><latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit><latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit><latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit>

1
<latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit><latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit><latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit><latexit sha1_base64="kqcFHlNTiGsK33nHUTL24mSfqk8="></latexit>

2
<latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit><latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit><latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit><latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit>

2
<latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit><latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit><latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit><latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit>

2
<latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit><latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit><latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit><latexit sha1_base64="0l2cbo9WRV71eZUG9BTfEltxVpI="></latexit>

3
<latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit><latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit><latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit><latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit>

3
<latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit><latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit><latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit><latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit>

3
<latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit><latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit><latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit><latexit sha1_base64="qszBVdzY9NlhQUAowAzXk4Cxmys="></latexit>

xi = vec( )
<latexit sha1_base64="F053c8wHT2+ufD9lKCF2/vxGGE8="></latexit><latexit sha1_base64="F053c8wHT2+ufD9lKCF2/vxGGE8="></latexit><latexit sha1_base64="F053c8wHT2+ufD9lKCF2/vxGGE8="></latexit><latexit sha1_base64="F053c8wHT2+ufD9lKCF2/vxGGE8="></latexit>

… gradient optimizationW⋆ = arg min
W

ℒ(W) = arg min
W ∑

i

− log syi
(W xi)

return W⋆

reshape( )w1 reshape( )w2 reshape( )w3 reshape( )w4 reshape( )w5 reshape( )w6 reshape( )w7 reshape( )w8 reshape( )w9 reshape( )w10
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“0”

“1”

“2”

“3”

“4”

“5”

“6”

“7”

“8”

“9”
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x w1

*∑
pixels

= big number

zeros negativepositive
x w2

*∑
pixels

= small number
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Dataset

CIFAR-10

MNIST

“0”

“1”

“2”

“3”

“4”

“5”

“6”

“7”

“8”

“9”

Label Images Error

???

???

Learned weights of linear classifier
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Dataset

CIFAR-10

MNIST

“0”

“1”

“2”

“3”

“4”

“5”

“6”

“7”

“8”

“9”

Label Images Error

8%

63%

Learned weights of linear classifier

Why is it simple?

Why is it hard?
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dog

cat

bird

Huge within-class variability!

Why is it hard?

• Viewpoint

• Occlusion

• Illumination

• Pose

• Type

• Context

Due to:
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Huge within-class variability!

Why is it hard?

• Viewpoint

• Occlusion

• Illumination

• Pose

• Type

• Context

Due to:



Huge among-class similarity!

Why is it hard?



Huge among-class similarity!

Why is it hard?



Huge among-class similarity!

Why is it hard?



Recognition problem

https://www.cs.toronto.edu/~kriz/cifar.html
CIFAR-10: classify 32x32 RGB images into 10 categories

23



x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

planes1

p(y=0 |x, W)

p(y |x, W) = [exp( f(x, w1))
exp( f(x, w2))] / ∑

k

exp( f(x, wk) = s(f(x, W))

cars2

p(y=1 |x, W)

y = 0

y = 1

∈ ℝ2



p(y |x, W) = [exp( f(x, w1))
exp( f(x, w2))] / ∑

k

exp( f(x, wk) = s(f(x, W))

y = 0

y = 1

= [ exp( f(x, w)/2)
exp(−f(x, w)/2)] / (exp(f(x, w)/2) + exp(−f(x, w)/2)))

∈ ℝ2

p(y |x, w)

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

plane cars2s1

p(y=0 |x, w) p(y=1 |x, w) =

1

1 + exp(−f(x, w)/2)
exp( f(x, w)/2)

1 − 1

1 + exp(−f(x, w)/2)
exp( f(x, w)/2)

=
1

1 + exp(−f(x, w))

1 − 1
1 + exp(−f(x, w))

= [
σ(f(x, w))

1 − σ(f(x, w))]

f(x, w)

σ(f(x, w))
sigmoid



p(y |x, W) = [exp( f(x, w1))
exp( f(x, w2))] / ∑

k

exp( f(x, wk) = s(f(x, W))

y = 0

y = 1

∈ ℝ2

p(y |x, w)

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

plane cars2s1

p(y=0 |x, w) p(y=1 |x, w)

= [
σ(f(x, w))

1 − σ(f(x, w))] ∈ ℝ2



p(y |x, W) = [exp( f(x, w1))
exp( f(x, w2))] / ∑

k

exp( f(x, wk) = s(f(x, W))

y = 0

y = 1

∈ ℝ2

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

plane cars2s1

p(y=0 |x, w) p(y=1 |x, w)

p(y |x, w) = {σ( f(x, w)) y = 1
1 − σ( f(x, w)) y = 0

∈ ℝ1

p(y |x, w) = [
σ(f(x, w))

1 − σ(f(x, w))] ∈ ℝ2
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plane cars2s1

p(y=0 |x, w) p(y=1 |x, w)

p(y |x, w) = {σ( f(x, w)) y = 1
1 − σ( f(x, w)) y = 0

= yi ⋅ σ( f(x, w)) + (1 − yi) ⋅ (1 − σ( f(x, w)))

y = 0

y = 1
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plane cars2s1

p(y=0 |x, w)

p(y |x, w) = {σ( f(x, w)) y = 1
1 − σ( f(x, w)) y = 0

y = 0

y = 1

−log p(yi |xi, w)

= − log(yi ⋅ σ( f(x, w)) + (1 − yi) ⋅ σ( f(x, w)))

Loss function:
ℒ(w) =

p(y=1 |x, w)

yi = 1
xi

= yi ⋅ σ( f(x, w)) + (1 − yi) ⋅ (1 − σ( f(x, w)))
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plane cars2s1

p(y=0 |x, w)

p(y |x, w) = {σ( f(x, w)) y = 1
1 − σ( f(x, w)) y = 0

y = 0

y = 1

−log p(yi |xi, w)

= − log(yi ⋅ σ( f(x, w)) + (1 − yi) ⋅ σ( f(x, w)))

Loss function:
ℒ(w) =

arg min
w

ℒ(w)
Learning:

p(y=1 |x, w)

yi = 1
xi

= yi ⋅ σ( f(x, w)) + (1 − yi) ⋅ (1 − σ( f(x, w)))
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plane cars2s1

p(y=0 |x, w)

p(y |x, w) = {σ( f(x, w)) y = 1
1 − σ( f(x, w)) y = 0

y = 0

y = 1

−log p(yi |xi, w)

= − log(yi ⋅ σ( f(x, w)) + (1 − yi) ⋅ σ( f(x, w)))

Loss function:
ℒ(w) =

arg min
W

ℒ(W)
Learning:

p(y=1 |x, w)

yi = 1
xi

= yi ⋅ σ( f(x, w)) + (1 − yi) ⋅ (1 − σ( f(x, w)))
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plane car
p(y=0 |x, w)

p(y |x, w) = {σ( f(x, w)) y = 1
1 − σ( f(x, w)) y = 0

y = 0

y = 1

p(y=1 |x, w)

p(y=0 |x, w)p(y=1 |x, w) >

p(y=0 |x, w) p(y=1 |x, w)>

f(x, w) = 0

p(y=0 |x, w)p(y=1 |x, w) >

1D linear classifier

f(x, w) = 0

2D linear classifier

x1

x2

Draw training data that cannot be separated by linear classifier????

What is the red prob. dist. 
for linear classifier?

What is this threshold for linear class.?

= yi ⋅ σ( f(x, w)) + (1 − yi) ⋅ (1 − σ( f(x, w)))
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“0”

“1”

“2”

“3”

“4”

“5”

“6”

“7”

“8”

“9”

Label Images Error

8%

Learned weights

Why is it simple?

f(x, w) = 0

2D linear classifier

x2

f(x, w) = 0

2D linear classifier

x2

63%

Why is it hard?



p(y |x, w) = {σ( f(x, w)) y = 1
1 − σ( f(x, w)) y = 0

= yi ⋅ σ( f(x, w)) + (1 − yi) ⋅ σ( f(x, w))

p(y |x, w) = {σ( f(x, w)) y = 1
1 − σ( f(x, w)) y = − 1

∑
i

− log p(yi |xi, w) = ∑
i

− log(yi ⋅ σ( f(xi, w)) + (1 − yi) ⋅ σ( f(xi, w)))ℒ(W) =

Binary cross-entropy loss:

Logistic loss:

∑
i

− log p(yi |xi, w)ℒ(W) = = ∑
i

− log(σ(yi f(xi, w))) = ∑
i

log(1 + exp(−yi f(xi, w)))

Equivalence of common binary losses

loss = y*(-torch.log(torch.sigmoid(w@x)))  
       + (1-y)*(-torch.log(1-torch.sigmoid(w@x)))

loss = -torch.log(torch.sigmoid(y*(w@x)))
loss = torch.log(1+torch.exp(-y*(w@x))) 

= {σ( f(x, w)) y = 1
σ(−f(x, w)) y = − 1

= σ(yi f(xi, w))



Softmax => Cross-entropy loss:

Equivalence of common binary losses

p(y |x, W) = [exp( f(x, w1))
exp( f(x, w2))] / ∑

k

exp( f(x, wk) = s(f(x, W))

p(y |x, w) = [ exp( f(x, w)/2)
exp(−f(x, w)/2)] / (exp(f(x, w)/2) + exp(−f(x, w)/2)))

=

1

1 + exp(−f(x, w)/2)
exp( f(x, w)/2)

1 − 1

1 + exp(−f(x, w)/2)
exp( f(x, w)/2)

=
1

1 + exp(−f(x, w))

1 − 1
1 + exp(−f(x, w))

= [
σ(f(x, w))

1 − σ(f(x, w))]

= {σ( f(x, w)) y = 1
1 − σ( f(x, w)) y = 0

= yi ⋅ σ( f(x, w)) + (1 − yi) ⋅ σ( f(x, w))p(y |x, w)



Caffe: Multinomial Logistic Loss Layer

Pytorch: BCELoss 
TensorFlow: log_loss

ℒ(w) = CE(yi, p(yi |xi, w))

(Multinomial) Logistic loss,  
Cross-entropy loss,  …

Input: probabilities

Various implementation and names

Classifier
f(xi, w)

logits Softmax
s(f(xi, w))

p(yi |xi, w) Loss

yi

−log p(yi |xi, w)

xi

https://www.tensorflow.org/api_docs/python/tf/losses/log_loss
http://caffe.berkeleyvision.org/tutorial/layers/multinomiallogisticloss.html
https://pytorch.org/docs/master/nn.html#bceloss


Caffe: Multinomial Logistic Loss Layer

Pytorch: BCELoss 
TensorFlow: log_loss

ℒ(w) = CE(yi, p(yi |xi, w))

(Multinomial) Logistic loss,  
Cross-entropy loss,  …

Input: probabilities

Various implementation and names

Pytorch: CrossEntropyLoss

TensorFlow: softmax_cross_entropy 

Caffe: SoftmaxWithLoss Layer 

ℒ(w) = CE(yi, f(xi, w))

Classifier
f(xi, w)

logits Softmax
s(f(xi, w))

p(yi |xi, w) Loss

yi

−log p(yi |xi, w)

xi

Softmax loss,  
Categorical Cross-entropy loss,  …

Input: logits

http://caffe.berkeleyvision.org/tutorial/layers/multinomiallogisticloss.html
https://www.tensorflow.org/api_docs/python/tf/losses/log_loss
https://pytorch.org/docs/master/nn.html#bceloss
https://pytorch.org/docs/master/nn.html#crossentropyloss
https://www.tensorflow.org/api_docs/python/tf/losses/softmax_cross_entropy
http://caffe.berkeleyvision.org/tutorial/layers/softmaxwithloss.html
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Competencies required for the test T1

• Classification loss for two-class and K-class classification problem.

• Equivalence of common binary classification losses

• Meaning of weights in linear classifier

• 2D visualization, decision boundary, features

• Drawback of linear classifier (too simple for some problems)


