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KL Divergence, t-SNE, Unsupervised RL

• KL Divergence


• Stochastic Neighbor Embedding (t-SNE)


• Unsupervised Representation Learning

- Latent Variable Models

- ELBO, Variational Inference

- Stochastic EM, 

- Multi-sense word vectors



KL Divergence



KL Divergence
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<latexit sha1_base64="tCpFjZap3qlM64KkV+AYyRS9BeE="></latexit>

⌅ Let p(x) and q(x) be two probability distributions.
⌅ Kullback–Leibler divergence of p and q is

DKL(pÎq) =
ÿ

x

p(x) log
p(x)

q(x)

• Definition allows p(x) = 0 by the extension limpæ0p logp = 0

• Defined when supp(p) ™ supp(q), i.e. q(x) = 0 ∆ p(x) = 0

⌅ Properties:
• DKL is a divergence: DKL Ø 0 with equality i� q = p

• Non-symmetric
• (Invariant under change of variables)
• Information-theoretic properties (Amount of information lost when q is used to

approximate p)



Non-negativity
4

<latexit sha1_base64="3oNV5F0Jz5CCAnlQrVKGU+fa4zs="></latexit>

logy2

<latexit sha1_base64="k/FoujG4SU5gx0cuhQexu+rlcvg="></latexit>

logy1

<latexit sha1_base64="t3sxAxOQbyn9n6oC2U9vTfTfMJU="></latexit>

log(p1y1+p2y2)
<latexit sha1_base64="fxq9wiXvQClT5e4ArLrFtfeXt3U="></latexit>

p1 log(y1)+p2 log(y2)

<latexit sha1_base64="whfTr8OhZtjykPwaItV8cfJEHyQ="></latexit>

log(y)

<latexit sha1_base64="jkjVu0L5Z0b6RCbRElswEViYXOA="></latexit>y

<latexit sha1_base64="ywuafXz80NqQx1S0XCLCin6nRzI="></latexit>

⌅ Non-negativity: DKL(pÎq) Ø 0

• let y(x) = q(x)
p(x)

• The inequality
q

x p(x) log p(x)
q(x) Ø 0 is equivalent to

q
x p(x) logy(x) Æ 0

• Observe that log is concave, apply Jensen’s inequality:

•
q

x p(x) logy(x) Æ log
q

x p(x)y(x) = log
q

x q(x) = log1 = 0.

⌅ From strict concavity follows that DKL(pÎq) = 0 i� p = q



Maximum Likelihood, Cross-Entropy and (Forward) KL
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<latexit sha1_base64="Ow+Zn+6qINBK5dwE/Xp6Pf0PnAA="></latexit>

⌅ Maximum Likelihood Learning for Classification:
• (xi,yi) – training data. Assume it is given by the true distribution p(x,y)

• Model: q(y|x;◊)

• Negative Log-Likelihood (NLL) minimization:
min

◊
E(x,y)≥p

Ë
≠ logq(y|x;◊)

È

=min
◊

Ex≥p(x)

Ë ÿ

y

p(y|x)(≠ logq(y|x;◊))
¸ ˚˙ ˝
Crossentropy of p(y|x) and q(y|x;◊)

È

=min
◊

Ex≥p(x)

Ë
DKL(p(y|x)Îq(y|x;◊))

È
≠

ÿ

y

p(y|x) logp(y|x)
¸ ˚˙ ˝

Entropy of p(y|x)
• For minimization in ◊, the NLL, Cross-entropy and KL divergence are equivalent
• Can apply SGD



Asymmetry
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Minimizing forward KL divergence: Minimizing reverse KL divergence:

<latexit sha1_base64="QvamLQ5SnfqqyzbuNXyCJr5U4R8="></latexit>

min
q

DKL(qÎp)

min
q

⁄
q(x)(logq(x)≠ logp(x))dx

<latexit sha1_base64="jITKx2m8WanQRMNORLGqkJy3M4s="></latexit>

min
q

DKL(pÎq)

min
q

⁄
p(x)(logp(x)≠ logq(x))dx

<latexit sha1_base64="BZsavR9Al/g1ZShTr3evjWcufJQ="></latexit>

p(x)
<latexit sha1_base64="1egjWkmcXqOWLeM6WQ91xfBLLUo="></latexit>

q(x)
<latexit sha1_base64="BZsavR9Al/g1ZShTr3evjWcufJQ="></latexit>

p(x)

<latexit sha1_base64="1egjWkmcXqOWLeM6WQ91xfBLLUo="></latexit>

q(x)

<latexit sha1_base64="k506Dl1nGHHNmOCiDphE3kR9Mvg="></latexit>Example: q is Gaussian
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• Approximates well on average in p

• Matches moments for q in EF (e.g. Gaussian)
• Su�ces to sample from p(x)

<latexit sha1_base64="kr6W5xYvGhtzgeoJJSnv+R2dSjQ="></latexit>

• Approximates well on average in q

• Selects a mode
• Requires log(p)



Stochastic Neighbor Embedding



Motivation
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✦ Tool of representational geometry:

• dimensionality reduction for data visualization


✦ Goals:


• Data often lies on a lower-dimensional manifold


• Preserve small distances accurately


• Large distances can be increased more

<latexit sha1_base64="b2wdvKOIuCd1LO/lG32Vh9DlvqY="></latexit>

Representation in Rd

<latexit sha1_base64="L1JrI8I8lF/bUvp/53z7hgZL1os="></latexit>Data in Rn

<latexit sha1_base64="M8kNWH7dn1wFuCMm4MjFuOExjSA="></latexit>Non-linear embedding



Multidimensional Scaling (MSD)
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⌅ Non-parametric model: for each data point xt we find a corresponding embedding x̄t

Embedding Space

Input Data Space

<latexit sha1_base64="lJxhrVfv5vfC1TnuZqv760XlDAY="></latexit>

xi œ Rr

<latexit sha1_base64="qPZdus8vNTANjVxSexginYSmWaU="></latexit>xj

<latexit sha1_base64="0O9WTYf4IJl8kRPNWsedBzr+gxg="></latexit>

x̄j

<latexit sha1_base64="QIm9s5PiBLRz8UX31Gj4CnY+p3E="></latexit>

x̄i œ Rd



Multidimensional Scaling (MSD)
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Embedding Space

Input Data Space
<latexit sha1_base64="1gL6k0q6UoImkmCW7GrEnxRy5V0="></latexit>

Distances dij = Îxi ≠xjÎ (or given in other way)

<latexit sha1_base64="Eeqf0GdGZYVJbKNO8m5PxrUbhNQ="></latexit>

Distances d̄ij = Îx̄i ≠ x̄jÎ

<latexit sha1_base64="lJxhrVfv5vfC1TnuZqv760XlDAY="></latexit>

xi œ Rr

<latexit sha1_base64="qPZdus8vNTANjVxSexginYSmWaU="></latexit>xj

<latexit sha1_base64="0O9WTYf4IJl8kRPNWsedBzr+gxg="></latexit>

x̄j

<latexit sha1_base64="QIm9s5PiBLRz8UX31Gj4CnY+p3E="></latexit>

x̄i œ Rd



Multidimensional Scaling (MSD)
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Want to preserve all distances

-- too stringent

<latexit sha1_base64="/TvXP7VfCkABbwLZY5KbvDdL8xw="></latexit>

min
x̄

ÿ

i ”=j

(dij ≠ d̄ij)
2

Embedding Space

Input Data Space
<latexit sha1_base64="1gL6k0q6UoImkmCW7GrEnxRy5V0="></latexit>

Distances dij = Îxi ≠xjÎ (or given in other way)

<latexit sha1_base64="Eeqf0GdGZYVJbKNO8m5PxrUbhNQ="></latexit>

Distances d̄ij = Îx̄i ≠ x̄jÎ

<latexit sha1_base64="lJxhrVfv5vfC1TnuZqv760XlDAY="></latexit>

xi œ Rr

<latexit sha1_base64="qPZdus8vNTANjVxSexginYSmWaU="></latexit>xj

<latexit sha1_base64="0O9WTYf4IJl8kRPNWsedBzr+gxg="></latexit>

x̄j

<latexit sha1_base64="QIm9s5PiBLRz8UX31Gj4CnY+p3E="></latexit>

x̄i œ Rd



Stochastic Neighbor Embedding (SNE)
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Embedding Space

Input Data Space
<latexit sha1_base64="1gL6k0q6UoImkmCW7GrEnxRy5V0="></latexit>

Distances dij = Îxi ≠xjÎ (or given in other way)

<latexit sha1_base64="Eeqf0GdGZYVJbKNO8m5PxrUbhNQ="></latexit>

Distances d̄ij = Îx̄i ≠ x̄jÎ

<latexit sha1_base64="lJxhrVfv5vfC1TnuZqv760XlDAY="></latexit>

xi œ Rr

<latexit sha1_base64="qPZdus8vNTANjVxSexginYSmWaU="></latexit>xj

<latexit sha1_base64="0O9WTYf4IJl8kRPNWsedBzr+gxg="></latexit>

x̄j

<latexit sha1_base64="QIm9s5PiBLRz8UX31Gj4CnY+p3E="></latexit>

x̄i œ Rd

<latexit sha1_base64="jv3GgA+ZCy79pu39zLfzw+WOrC8="></latexit>

min
x̄

ÿ

i

KL
!
pi Îqi

"

<latexit sha1_base64="LVh0/csTWNTx83Yu85WjJAD2R1g="></latexit>

qi(j) =
e

≠d̄2ij

q
j ”=i e

≠d̄2ij
, ’j ”= i

<latexit sha1_base64="FUTibgZOjXOh/NnLvSIFMCQvHi8="></latexit>

pi(j) =
e

≠d2ij/2‡2
i

q
jÕ”=i e

≠d2
ijÕ/2‡2

i
, ’j ”= i

<latexit sha1_base64="qgOtAmjnVzhTz7SlIR3wZzkGOtE="></latexit>

• argmin
x̄

ÿ

i

KL
!
pi Îqi

"
= argmax

x̄

ÿ

i

ÿ

j

pi(j) logqi(j)

• Maximum likelihood learning to predict the “nearest neighbor” by q

• In comparison to MDS: normalization, distant neighbors are down-weighted
• In comparison to “Contrastive Learning”: distribution pi(j) instead of a known “positive”



t-Distributed SNE (t-SNE)
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[Maaten & Hinton (2008): Visualizing Data using t-SNE]

<latexit sha1_base64="KL8vmM79NWpy9yE45YtR/wVLbQ0="></latexit>

p(j|i) Ã e≠d2
ij/2‡2, ’j ”= i

(Student t with 1 degree 
 of freedom is Cauchy)

<latexit sha1_base64="YW7jdHkuva1L/m+JVTQgdPxwcRM="></latexit>

q(j|i) Ã
!
1+ d̄2

ij

"≠1, ’j ”= i

• Improves clustering of the data (sometimes too much)

• Omitted: symmetrization, initialization, adaptive sigma

Embedding Space

Input Data Space
<latexit sha1_base64="1gL6k0q6UoImkmCW7GrEnxRy5V0="></latexit>

Distances dij = Îxi ≠xjÎ (or given in other way)

<latexit sha1_base64="Eeqf0GdGZYVJbKNO8m5PxrUbhNQ="></latexit>

Distances d̄ij = Îx̄i ≠ x̄jÎ

<latexit sha1_base64="lJxhrVfv5vfC1TnuZqv760XlDAY="></latexit>

xi œ Rr

<latexit sha1_base64="qPZdus8vNTANjVxSexginYSmWaU="></latexit>xj

<latexit sha1_base64="0O9WTYf4IJl8kRPNWsedBzr+gxg="></latexit>

x̄j

<latexit sha1_base64="QIm9s5PiBLRz8UX31Gj4CnY+p3E="></latexit>

x̄i œ Rd

<latexit sha1_base64="35UdPGaLLKsf2CPHVv2OHnfyamc="></latexit>

min
x̄

ÿ

i

KL
!
p(·|i)Îq(·|i)

"



Examples
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[Hinton & Roweis (2002): Stochastic Neighbor Embedding]

SNE algorithm on 256-dimensional grayscale images of handwritten digits 



Examples
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t-SNE

[Maaten & Hinton (2008): Visualizing Data using t-SNE]

Sammon Mapping:

MNIST data

COIL data

t-SNE Sammon Mapping

<latexit sha1_base64="b6a1uw653bHjA/sHVPC2sU9lLI4="></latexit>

L =
!

i != j

(dij ! ødij )2

dij



Unsupervised Representation Learning



Latent Variable Models
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✦ We explicitly model that multiple observations have some common causes (common 
factors) that are not directly observed or, latent


✦ Examples:


• The true class labels for classification are not observed, only labels given by several 
experts, which may be error-prone. The true label is latent. 

• A text document has a particular topic that we do not know. The frequency of 
word occurrence and their meaning depend on this common latent topic. 

• In a handwritten note, the style and appearance of letters follow a particular style, 
unique for each writer and the writer is latent. 

• In our word vector example, words may have multiple meanings. 



Unsupervised Learning
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<latexit sha1_base64="d+5CnpohQbDE3XQrIK6m+hmpjtc="></latexit>

Observationx <latexit sha1_base64="1ZcGk762u6kQHphkQ0NIJy+GXPo="></latexit>

Latent meaning per conditioning word,z

<latexit sha1_base64="XiQX/dY6OfXBL1JyfOnbYycz55w="></latexit>

Conditioning word,á

<latexit sha1_base64="8Kie4WH4qaAJTy9g5B92sKHTeFs="> 7JqMnhcfJUkGdZZQ5xo6ySCCg/hkiR3dgIab9kyqCBQZxu3m68R5WUZ2cyQAPlDDjEy5r5ufxK1QrfQK+JiZyWazMI805kIf54muRbAn9NOgMgzwTI5omEsVQzwIxNW/Q0oqQxGp/5FaiXP0/Wuv3rbbxtlus/2m2fq8u31Qy2/iuvXcemHVrLb11jqwPlgd69Qi9nf7p/3L/l35WPlamVbmWeianXOeWaVV+fYHRlmffQ==</latexit>

! Model:

x Ð observed,z Ð latent,c Ð conditioning (side information)

p! (x|z,c) Ð model of observations knowing the latent state

p! (z|c) Ð model of latent states

Generative model:p! (x,z|c) = p! (x|z,c)p! (z,c)

<latexit sha1_base64="nAUCISNttiULxuvn0YcxZFAQbkQ="></latexit>

Latent embeddingu(x), latent embeddingv(z,c)

<latexit sha1_base64="zWoDTmv/vqa5CiPR6vHCPS2cBUw="></latexit>

! Maximum likelihood learning (omitting conditioning onc):

Observations{ xi } n
i =1

Likelihood ofxi : p! (xi ) =
!

z
p! (xi ,z) =

!

z
p! (xi |z)p! (z)

Log-likelihood:L (! ) =
!

i
log

!

z
p! (xi |z; ! )p! (z)



Learning by EM
19✦ Need to maximize the log-likelihood of the data evidence:

✦ Proof using KL (omitting the outer sum in i):

<latexit sha1_base64="BHtKmDbfLoIepnnt5DbZeDTDy3Q="></latexit>

Evidence Lower Bound (ELBO)

<latexit sha1_base64="wU2OF5qFmQbbBZXn7SvadHZNAKw="></latexit>!

i

logp(xi )

" #$ %
Evidence

=
!

i

log
!

z

p(xi |z)p(z)

" #$ %
di! cult in general

<latexit sha1_base64="Vl6D8k4IHNQsaBEgjE0s44nlh5U="></latexit>

=
!

i

log
!

z

q(z|xi )
p(xi |z)p(z)

q(z|xi )
!

!

i

!

z

q(z|xi ) log
p(xi |z)p(z)

q(z|xi )
" #$ %

<latexit sha1_base64="2yI7oxyXbkuJNqcTREBQ4lSmXVk="></latexit>

Holds for any distributionq(z|xi ) by Jensen inequality

<latexit sha1_base64="c4XT98JcmVNUJarpQxoOOELr/ss="></latexit>

logp(x)

! "# $
Evidence

!
%

z

q(z|x) log
p(x,z)
q(z|x)

! "# $
ELBO

=
%

z

q(z|x)
&

logp(x) ! log
p(x,z)
q(z|x)

'

=
%

z

q(z|x)
&

! log
p(x,z)

p(x)q(z|x)

'

=
%

z

q(z|x) log
q(z|x)
p(z|x)

= DKL (q(z|x) " p(z|x)) # 0.



EM Algorithm
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<latexit sha1_base64="TZYi+Dqn8RIEPYJBusqnS2HMOf0="></latexit>

!

Log-Likelihood

ELBO

<latexit sha1_base64="ko49taugBz3p7Qo4MWfHK23xjNQ="></latexit>

! EM Algorithm:

¥ E-step: For current! maximize ELBO inq

¥ M -step: For currentq maximize ELBO in!
<latexit sha1_base64="y0ACz/lmg1e0+FAmGEgu3AdsGas="></latexit>q

<latexit sha1_base64="Q3qpD52LXp3tUX9wADGhhGoK+Jo="></latexit>

ELBO(! ,q) =
!

i

!

z

q(z|xi ) log
p! (xi |z)p! (z)

q(z|xi )

<latexit sha1_base64="OWTOljhC3AGiqHkn+Zhq4qeBzfk="></latexit>

! E-step:

ELBO(! ,q) = Evidence(! ) !
!

i DKL (q(z|xi ) " p! (z|xi ))

Optimal q minimizes the reverse KL divergence to theposteriorp(z|xi )!

When q is general enough, the optimizer isq(z|xi ) = p! (z|xi ) (Bayesian posterior

expectation). I.e., q(z|Yt ,xt ) learns to perform inference: it predicts distribution over

hidden representations given observationx.

! M -step:

argmax
!

!

i

!

z
q(z|xi ) logp! (xi |z)

Supervised learning problem (maximumlikelihood), assuming thatq(z|xi ) is the true

data conditional distribution.



Stochastic EM Algorithm
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<latexit sha1_base64="TZYi+Dqn8RIEPYJBusqnS2HMOf0="></latexit>

!

<latexit sha1_base64="tXvKESXvFc6EjtDK3BiWlGp62OY="></latexit>q

<latexit sha1_base64="6ekHiBmT/ortsgbpv1EEcKPr0/M="></latexit>

ELBO( ! ,q)
<latexit sha1_base64="ko49taugBz3p7Qo4MWfHK23xjNQ="></latexit>

! EM Algorithm:

¥ E-step: For current! maximize ELBO inq

¥ M -step: For currentq maximize ELBO in!

<latexit sha1_base64="Q3qpD52LXp3tUX9wADGhhGoK+Jo="></latexit>

ELBO(! ,q) =
!

i

!

z

q(z|xi ) log
p! (xi |z)p! (z)

q(z|xi )

<latexit sha1_base64="aAv+wjA0Kn9BqQhguss6cAgfU6U="></latexit>

! E-step:

¥ Perform one step of SGD for improvingq ! Stochastic Variational Inference

¥ Need to di! erentiate expectation inq(z|xi )

! M -step:

¥ Perform one step of SGD! Stochastic EM

¥ Like supervised learning withz " q(z|xi )



Multi-Sense Word Vectors
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<latexit sha1_base64="9Td69TjXApf7PxqFY/7w/D+uKHU="></latexit>

! Inferenceq(z|x,c)

<latexit sha1_base64="P0VzMcDNSJLI+VcsAyrGvLDW6KQ="></latexit>

p(z|c)

Closest word:

<latexit sha1_base64="i/ne38SMCTJDGnRWgSjjlJzzaos="></latexit>

! Learned prior distribution


