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Regularization Methods
2✦ Problem: Overfitting to a Finite Training Data


• Can classify the training data with 100% accuracy


• Test error is substantially larger than training error


✦ Explicit Regularization:


• Parameter Regularization (L1, L2, General norms)


• Data Augmentation (random transforms, noises)


• Dropout


• Cross-validation (hyper parameters, early stopping, model selection)


• ...


✦ Implicit Regularization (Side Effects):


• SGD, Initialization, Batch Normalization


✦ Everything Else:


• Network Architecture (invariances, parameter sharing, depth, attention)


• Loss function, task formulation, transfer learning



Parameter Regularization



General Setup
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[RPZ lecture 3:(Parameter Estimation: Maximum a Posteriori (MAP))]

<latexit sha1_base64="iaXc1b4kon6iPygE1F670TzbNWY="></latexit>

⌅ Regularized training objective:
min

◊
L(◊)+⁄R(◊) = min

◊

q
i li(◊)+⁄R(◊)

• li(◊) - loss function for the data point (xi,yi)

• R(◊) - function not depending on data
• ⁄ - regularization strength

⌅ Can be interpreted as maximum a posteriori (MAP) parameter estimation:
• p(D|◊) - likelihood of the data given parameters
• p(◊) Ã exp(≠⁄R(◊)) - prior on the model parameters
• p(◊|D) = p(D|◊)p(◊)

p(D) - Bayesian posterior over parameters
• ◊̂MAP = argmax

◊
p(D|◊)p(◊) = argmax

◊
logp(D|◊)+ logp(◊)

<latexit sha1_base64="J5onJ9dWc1hTM+Qkwne+cTEG6R0=">AAAEnnicjVNbb9MwFE5HgRFuGzzyYrEiDTGqZtyRkCZNQyAxURi7SHNVOc5pa9U3xU63Yvm/8Gt4hVf+DU7TjbYTCCuKP3/+zufjk5NUc2Zsq/WrtnSpfvnK1eVr8fUbN2/dXlm9c2BUkVPYp4qr/CglBjiTsG+Z5XCkcyAi5XCYDrfL/cMR5IYp+cWONXQE6UvWY5TYQHVXa6+wAWtsDpYOXNJ85mOcQp9JxywI9hXCukTovU </latexit>

⌅ In practice also commonly appears in the form independent of the amount of data:
min

◊

1
n

q
i li(◊)+⁄R(◊)

• ⁄ is tuned for a given dataset with cross-validation

https://cw.fel.cvut.cz/b191/_media/courses/be5b33rpz/lectures/pr_03_parameter_estimation_2019_10_11.pdf


L2 Regularization (Weight Decay)
5

r
<latexit sha1_base64="DuViMqrbck87z66RNobPbEofm4s="></latexit>

<latexit sha1_base64="PlKLgx+ZJUv6SWsQYf5UC/Im31Q=">AAAER3icjVNbb9MwGE3WASPcNnjkJWJD2sNUteMqJKRJ0ySQYCoqu0hLVTnJ18Sqb7K/bCtWfiA/gWd+AG+IR+ylG20nEH7x8ck5x/bnL6li1GCn8y1cai3fuHlr5XZ05+69+w9W1x4eGlnpDA4yyaQ+TokBRgUcIEUGx0oD4SmDo3S8678fnYI2VIrPOFEw4KQQdEQzgo4arn5PDKBBDZiVttt+UUdJCgUVliJw+gXc2qPYJu </latexit>

⌅ Sigmoid NNs:
• Small ◊ æ sigmoid outputs are close to linear

æ smoother classification boundary

<latexit sha1_base64="mwbXBBl/uqWsJ7P3+uNv3sJeAiw=">AAAHnHicjVXbbttGEGVctUrVW9w+FigGNQ1QrSyI6iWFAQNBU6MJaruuHTsGsrawJEfkwrxld2lJYfgr/Zq+tu/9m86KlG3JTRA+iMOzczk7c3bl5bFQejD4997ae633P2jf/7Dz0ceffPrZg/XPT1VWSB9P/CzO5JnHFcYixRMtdIxnuUSeeDE+9y4fm/XnVyiVyNJnepbjecLDVIyFzzVBo/XWQ6ZQKy1R+1Hp9n+oOszDUK </latexit>

⌅ L2-regularization (l2, weight decay): R(◊) = 1
2Î◊Î2

⌅ In SVMs:

• Maximize margin and minimize slacks:

min
w,b

q
i
ReLU(1≠ (wTxi+ b)yi)+⁄1

2ÎwÎ2

• Generalization bounds tighter with larger margin,

independent of dimensionality

⌅ In Linear Regression:

• Ridge regression: min
◊

q
i(◊

Txi ≠yi)2+
⁄
2Î◊Î2

• Solution: ◊̂ = (XXT+⁄I)≠1XTy

• Helps with underdetermined problems

• Equivalent to multiplicative noise N (1,⁄2) on the input

• Smoothing e�ect (reduces variance of ◊̂)



Simulated Data Example
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Hastie, Tibshirani and Friedman: The Elements of Statistical Learning


Springer Series in Statistics

Trevor Hastie
Robert Tibshirani
Jerome Friedman

Springer Series in Statistics

The Elements of
Statistical Learning
Data Mining, Inference, and Prediction

The Elem
ents of Statistical Learning

During the past decade there has been an explosion in computation and information tech-
nology. With it have come vast amounts of data in a variety of fields such as medicine, biolo-
gy, finance, and marketing. The challenge of understanding these data has led to the devel-
opment of new tools in the field of statistics, and spawned new areas such as data mining,
machine learning, and bioinformatics. Many of these tools have common underpinnings but
are often expressed with different terminology. This book describes the important ideas in
these areas in a common conceptual framework. While the approach is statistical, the
emphasis is on concepts rather than mathematics. Many examples are given, with a liberal
use of color graphics. It should be a valuable resource for statisticians and anyone interested
in data mining in science or industry. The book’s coverage is broad, from supervised learning
(prediction) to unsupervised learning. The many topics include neural networks, support
vector machines, classification trees and boosting—the first comprehensive treatment of this
topic in any book.

This major new edition features many topics not covered in the original, including graphical
models, random forests, ensemble methods, least angle regression & path algorithms for the
lasso, non-negative matrix factorization, and spectral clustering. There is also a chapter on
methods for “wide” data (p bigger than n), including multiple testing and false discovery rates.

Trevor Hastie, Robert Tibshirani, and Jerome Friedman are professors of statistics at
Stanford University. They are prominent researchers in this area: Hastie and Tibshirani
developed generalized additive models and wrote a popular book of that title. Hastie co-
developed much of the statistical modeling software and environment in R/S-PLUS and
invented principal curves and surfaces. Tibshirani proposed the lasso and is co-author of the
very successful An Introduction to the Bootstrap. Friedman is the co-inventor of many data-
mining tools including CART, MARS, projection pursuit and gradient boosting.

› springer.com

S T A T I S T I C S

 ----

Trevor Hastie • Robert Tibshirani • Jerome Friedman
The Elements of Statictical Learning

Hastie • Tibshirani • Friedm
an

Second Edition

https://web.stanford.edu/~hastie/ElemStatLearn/
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Training Error: 0.100
Test Error:       0.259
Bayes Error:    0.210

Neural Network - 10 Units, Weight Decay=0.02 
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Training Error: 0.160
Test Error:       0.223
Bayes Error:    0.210

FIGURE 11.4. A neural network on the mixture example of Chapter 2. The
upper panel uses no weight decay, and overfits the training data. The lower panel
uses weight decay, and achieves close to the Bayes error rate (broken purple
boundary). Both use the softmax activation function and cross-entropy error.
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Training Error: 0.100
Test Error:       0.259
Bayes Error:    0.210

Neural Network - 10 Units, Weight Decay=0.02 
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Training Error: 0.160
Test Error:       0.223
Bayes Error:    0.210

FIGURE 11.4. A neural network on the mixture example of Chapter 2. The
upper panel uses no weight decay, and overfits the training data. The lower panel
uses weight decay, and achieves close to the Bayes error rate (broken purple
boundary). Both use the softmax activation function and cross-entropy error.
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FIGURE 11.5. Heat maps of the estimated weights from the training of neural
networks from Figure 11.4. The display ranges from bright green (negative) to
bright red (positive).

solution. At the outset it is best to standardize all inputs to have mean zero
and standard deviation one. This ensures all inputs are treated equally in
the regularization process, and allows one to choose a meaningful range for
the random starting weights. With standardized inputs, it is typical to take
random uniform weights over the range [−0.7,+0.7].

11.5.4 Number of Hidden Units and Layers

Generally speaking it is better to have too many hidden units than too few.
With too few hidden units, the model might not have enough flexibility to
capture the nonlinearities in the data; with too many hidden units, the
extra weights can be shrunk toward zero if appropriate regularization is
used. Typically the number of hidden units is somewhere in the range of
5 to 100, with the number increasing with the number of inputs and num-
ber of training cases. It is most common to put down a reasonably large
number of units and train them with regularization. Some researchers use
cross-validation to estimate the optimal number, but this seems unneces-
sary if cross-validation is used to estimate the regularization parameter.
Choice of the number of hidden layers is guided by background knowledge
and experimentation. Each layer extracts features of the input for regres-
sion or classification. Use of multiple hidden layers allows construction of
hierarchical features at different levels of resolution. An example of the
effective use of multiple layers is given in Section 11.6.

11.5.5 Multiple Minima

The error function R(θ) is nonconvex, possessing many local minima. As a
result, the final solution obtained is quite dependent on the choice of start-
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FIGURE 11.5. Heat maps of the estimated weights from the training of neural
networks from Figure 11.4. The display ranges from bright green (negative) to
bright red (positive).

solution. At the outset it is best to standardize all inputs to have mean zero
and standard deviation one. This ensures all inputs are treated equally in
the regularization process, and allows one to choose a meaningful range for
the random starting weights. With standardized inputs, it is typical to take
random uniform weights over the range [−0.7,+0.7].

11.5.4 Number of Hidden Units and Layers

Generally speaking it is better to have too many hidden units than too few.
With too few hidden units, the model might not have enough flexibility to
capture the nonlinearities in the data; with too many hidden units, the
extra weights can be shrunk toward zero if appropriate regularization is
used. Typically the number of hidden units is somewhere in the range of
5 to 100, with the number increasing with the number of inputs and num-
ber of training cases. It is most common to put down a reasonably large
number of units and train them with regularization. Some researchers use
cross-validation to estimate the optimal number, but this seems unneces-
sary if cross-validation is used to estimate the regularization parameter.
Choice of the number of hidden layers is guided by background knowledge
and experimentation. Each layer extracts features of the input for regres-
sion or classification. Use of multiple hidden layers allows construction of
hierarchical features at different levels of resolution. An example of the
effective use of multiple layers is given in Section 11.6.

11.5.5 Multiple Minima

The error function R(θ) is nonconvex, possessing many local minima. As a
result, the final solution obtained is quite dependent on the choice of start-

weights weights

https://web.stanford.edu/~hastie/ElemStatLearn/


Weight Decay
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Î◊Î2 = const
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◊
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≠⁄–◊
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Ò◊L(◊)
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⌅ min
◊

L(◊)+ ⁄
2Î◊Î2

⌅ Gradient descent:
• gt := Ò◊L(◊)+⁄◊

• ◊t+1 = ◊t ≠–gt

• ◊t+1 = (1≠–⁄)¸ ˚˙ ˝
decay

◊t ≠–Ò◊L(◊)

✦ In neural networks:


• There is typically a manifold of optimal solutions,  
small regularization of order 10-5 may have effect


• It may be desirable to exclude biases from regularization



L2 Regularization Effect
8

Function level sets

Unregularized solution

(0,0)

Regularizer level sets
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⌅ L2 regularization e�ect (approximately quadratic loss):

• Parameter shrink along eigenvectors of the loss Hessian by
si

si+⁄

• si – eigenvalue, curvature along i’th eigenvector

Regularized solution



L1 Regularization
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Function level sets

Unregularized solution

Regularizer level sets

Regularized solution

(0,0)
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⌅ R(◊) = Î◊Î1 =
q

k |◊k|

ÒR(◊) = sign(◊)

✦ L1 regularization effect:


• promotes sparsity


• for better generalization we typically do not want sparsity (= less parameters) 



Other Variants
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yi =
q

j Wijxj
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⌅ More General Norms:
• Lp norm: R(◊) = Î◊Îp =

1q
i

|◊i|p
21

p

• p < 1 is closer to counting non-zero weights, i.e. sparsity
• p = Œ results in R(◊) = maxi ◊i

• Lp,q norm: R(W ) = ÎWÎp,q =
1q

j

1q
i

|Wij|p
2q

p
21

q
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⌅ Constrained Optimization Form:
min

W
L(W ) s.t. R(W ) Æ s

• Does not makes weights small,
but prevents them from growing too high

• Can use projected SGD to solve
• In particular L2 norm on each column: ’i

q
j

W 2
ij Æ s

called max-norm appears useful



Data Augmentation



Data Augmentation (Image Classification)
12✦ Random transforms:


• the transformed input should be as likely in the data distribution


• the class label should stay the same


• original image should be kept with sufficient probability

✦ Pros:

• Can improve generalization

• Can improve model robustness / 

enforce invariances of features

Geometric: scale, crop, rotation, non-rigid


Photometric: brightness, contrast

✦ Cons:

• altering the true data distribution too 

much could worsen performance 
(e.g. too much noise, synthetic-real gap)


• training could be slower

Filters: blur, sharpen, low-pass


Simulation: acquisition noise, fully synthetic



Data Augmentation (Image Classification)
13✦ Mixup (Zhang et al .2018): 


Inductive bias towards linear predictors -- smoother confidences and decision boundaries
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Powerful idea to augment an image: use other images (labelled or not)



Injected Noises / Dropout

✦ Injected Noises:


• input


• deep features


• parameters


• gradient updates Bayesian learning, robust local minima



Dropout
15

Srivastava, Hinton, Krizhevsky, Sutskever and Salakhutdinov

(a) Standard Neural Net (b) After applying dropout.

Figure 1: Dropout Neural Net Model. Left: A standard neural net with 2 hidden layers. Right:
An example of a thinned net produced by applying dropout to the network on the left.
Crossed units have been dropped.

its posterior probability given the training data. This can sometimes be approximated quite
well for simple or small models (Xiong et al., 2011; Salakhutdinov and Mnih, 2008), but we
would like to approach the performance of the Bayesian gold standard using considerably
less computation. We propose to do this by approximating an equally weighted geometric
mean of the predictions of an exponential number of learned models that share parameters.

Model combination nearly always improves the performance of machine learning meth-
ods. With large neural networks, however, the obvious idea of averaging the outputs of
many separately trained nets is prohibitively expensive. Combining several models is most
helpful when the individual models are di↵erent from each other and in order to make
neural net models di↵erent, they should either have di↵erent architectures or be trained
on di↵erent data. Training many di↵erent architectures is hard because finding optimal
hyperparameters for each architecture is a daunting task and training each large network
requires a lot of computation. Moreover, large networks normally require large amounts of
training data and there may not be enough data available to train di↵erent networks on
di↵erent subsets of the data. Even if one was able to train many di↵erent large networks,
using them all at test time is infeasible in applications where it is important to respond
quickly.

Dropout is a technique that addresses both these issues. It prevents overfitting and
provides a way of approximately combining exponentially many di↵erent neural network
architectures e�ciently. The term “dropout” refers to dropping out units (hidden and
visible) in a neural network. By dropping a unit out, we mean temporarily removing it from
the network, along with all its incoming and outgoing connections, as shown in Figure 1.
The choice of which units to drop is random. In the simplest case, each unit is retained with
a fixed probability p independent of other units, where p can be chosen using a validation
set or can simply be set at 0.5, which seems to be close to optimal for a wide range of
networks and tasks. For the input units, however, the optimal probability of retention is
usually closer to 1 than to 0.5.

1930

✦ During training:


• Randomly, "drop" some neurons -- set their outputs to zero


• This results in the associated weights not being used and we obtain a (random) 
subnetwork


• When learning, the network develops robustness to units being dropped

✦ During testing:


• Use all units  -- ensemble of random subnetworks trained on differently sampled data

[Srivastava et al. (2014) Dropout: A Simple Way to Prevent Neural Networks from Overfitting]

[Hinton et al. (2012) Improving neural networks by preventing co-adaptation of feature detectors]



Mathematical Model
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✦ We use randomized predictor for training (easier)

✦ We use ensemble (or its approximation) for testing

NN

Zi ≥ Bernoulli(0.3)
<latexit sha1_base64="CzymcXtqlL6LhHLvhr09V4F0BHU="></latexit>
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◊Z1
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W
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Note: Gaussian multiplicative N (1,‡2) noises work as well (Gaussian Dropout)
<latexit sha1_base64="ywP4ZHF9+1rKCIPIrCRD2DXPKqw="></latexit>
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⌅ What does it mean mathematically?

• Introduce random Bernoulli variables Zi =

Y
_]

_[

1, with probability p,

0, with probability 1≠p,

multiplying outputs of the preceding layer
• Can interpret outputs multiplied with 0 as dropped
• Drop probability q = 1≠p

• Next layer activations: a = W (x§Z)

<latexit sha1_base64="rJNvXNKhPgrXlxGpZOEkc/gXgBM=">AAAE03icjVNbaxNBGN3EtNb11uqjL4OtkEIMSb1SKRZqQBAhWtOWdkOYnXzJDtm5sDPbXMZ9EV/9e4L/xQdnmjTNpijOy545c875hm++DWVMla7VfhWKN0orqzfXbvm379y9d39948GREmlCoEVELJKTECuIKYeWpjqGE5kAZmEMx+HgwJ0fn0OiqOBf9FhCm+E+pz1KsLZUZ6MgAgVa6QQ0iUy9+iLzgxD6lBuqgdEJ2L1DqJ </latexit>

⌅ Prediction is random now?
• Denote the network output as f(x,Z;◊)

• We have two choices how to make predictions:
- Randomized predictor: p(y|x,Z) = f(x,Z;◊)

- Ensemble: p(y|x) = EZ[f(x,Z;◊)] =
q
z

p(z)f(x,z;◊)



Training
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⌅ Expected loss of randomized predictor:
• Double expectation in noises and data: EZ

Ë
E(x,y)≥data

Ë
l(y,f(x,Z;◊))

ÈÈ

• Same as: EZ≥Bernoulli(q), (x,y)≥data
Ë
l(y,f(x,Z;◊))

È

⌅ What it means practically:
• Draw a batch of data
• For each data point i independently sample noises zi

• Unbiased loss estimate using a batch of size M :
1

M

Mq
i=1

l(yi,f(xi,zi;◊))

• Compute forward and backward pass
• Will have increased variance of the stochastic gradient



Testing
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NN

Zi ≥ Bernoulli(0.3)
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averaging of many well fitting models:

⌅ Use sampling:
• EZ

Ë
f(x,Z;◊)

È
¥ 1

M

qM
i=1f(xi,zi;◊)

• Generalizes slightly better than the above
• Can be used to also estimate model uncertainty

<latexit sha1_base64="pPl2aNuvVcF5DEi+/xgjnQDoIhc="></latexit>

⌅ More accurate analytic approximations than the first option are possible
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⌅ Use approximation (common default):
• EZ

Ë
f(x,Z;◊)

È
¥ f(x,EZ[Z];◊)

• Since EZ[Z] = p, we have
a = W (x§E[Z]) = (pW )x

• i.e. need to scale down the weights
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⌅ Both variants achieve a "committee"
or "ensembling" e�ect



CIFAR10 Example: Dropout
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✦ Typically need to train longer due to 
higher gradient variance


• There are techniques to approximate 
the effect analytically: 
Fast Dropout, Analytic Dropout (AP2)

Training Loss Validation Loss

Validation Accuracy



Effect on Features
20✦ Experiment:


• MNIST auto encoder with 1 fully-connected hidden layer of 256 units

Dropout

Method Test Classification error %

L2 1.62
L2 + L1 applied towards the end of training 1.60
L2 + KL-sparsity 1.55
Max-norm 1.35
Dropout + L2 1.25
Dropout + Max-norm 1.05

Table 9: Comparison of di↵erent regularization methods on MNIST.

also see how the advantages obtained from dropout vary with the probability of retaining
units, size of the network and the size of the training set. These observations give some
insight into why dropout works so well.

7.1 E↵ect on Features

(a) Without dropout (b) Dropout with p = 0.5.

Figure 7: Features learned on MNIST with one hidden layer autoencoders having 256 rectified
linear units.

In a standard neural network, the derivative received by each parameter tells it how it
should change so the final loss function is reduced, given what all other units are doing.
Therefore, units may change in a way that they fix up the mistakes of the other units.
This may lead to complex co-adaptations. This in turn leads to overfitting because these
co-adaptations do not generalize to unseen data. We hypothesize that for each hidden unit,
dropout prevents co-adaptation by making the presence of other hidden units unreliable.
Therefore, a hidden unit cannot rely on other specific units to correct its mistakes. It must
perform well in a wide variety of di↵erent contexts provided by the other hidden units. To
observe this e↵ect directly, we look at the first level features learned by neural networks
trained on visual tasks with and without dropout.

1943

[Srivastava et al. (2014)]

✦ Hypothehis: dropout prevents co-adaptation and learns simpler features

✦ Further interesting studies in the paper: effect on activation sparsity, connection to 
ridge regression, etc.



Model Uncertainty with Dropout
21[Louizos and Welling 2017]

Output y = f(x,Z;◊)
<latexit sha1_base64="USUu6e0ejGTlYaxuM8uw9DJzjDc="></latexit>

Input x
<latexit sha1_base64="Rf72xZ7YRHK10+3iKde1r4vo2Oc="></latexit>

Mean of the ensemble

Scatter of the ensemble



Implicit Regularization



CIFAR10 Example: BN
23✦ BN has a strong regularization effect! 


• It depends on a randomly formed batch -> injecting specific structured noises

• The normalization bends the parameter space -> different behavior of SGD

Training Loss Validation Loss

Validation Accuracy


