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Unser: Splines. A perfect fit for signal and image processing. 1999
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Polynomial splines
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B-splines

4 / 43



Cubic B-spline
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Signal interpolation

+
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Finding B-spline coefficients
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IIR filter
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Two-scale relation
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Spline pyramid
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Splines - summary

▶ To represent a continuous function in a discrete basis
▶ Compact support
▶ Simple to evaluate (low-order polynomials)
▶ Smooth, continuously differentiable (up to some order)
▶ Good approximation properties
▶ Uniform B- splines

▶ coefficients fast to calculate
▶ multiscale version fast to calculate and exact

▶ Applications: interpolation, approximation, signal/image
transformations, multiscale processing
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Thevenaz: Optimization of Mutual Information for Multiresolution
Image Registration, IEEE TMI 2000

Key points
▶ Registration by optimization
▶ a pixel-based similarity criterion - mutual information
▶ B-spline representation
▶ multiresolution
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Mutual Information

I = H(X )+H(Y )−H(X ,Y )≥ 0, entropy H(X ) =−∑i P(xi ) logP(xi ),
H(X ,Y ) = ∑i ∑j P(Xi ,Yj) logP(Xi ,Yj)
Note that limp→0+ p logp = 0
Negative MI:
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Histogram estimation
Parzen window
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Criterion model

Deformation parameters µ

15 / 43



Hessian approximation

▶ from first-order derivatives
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Standard optimizers
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Marquardt-Levenberg

adaptive λ
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Multiresolution
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Kybic, Unser: Fast Paramtric Elastic Image Registration. 2003

Key points
▶ Pixelwise similarity criterion
▶ Elastic (nonlinear) registration
▶ B-spline representation of the transformation and image
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Cost function
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Image interpolation

Deformation model
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Optimization
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Landmarks
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Examples
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Examples (2)
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Examples (3)
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Thirion: Image matching...analogy with Maxwell’s demons. MIA 1998

Key points
▶ Non-rigid, no global deformation model
▶ Registration by boundary motion
▶ Needs to find boundaries / keypoints
▶ Iterative
▶ Localize points/bounaries and interpolate
▶ Fast, local and parallelizable
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Maxwell demons

Second law of thermodynamics: The total entropy of an isolated system
never decreases. Isolated systems evolves towards thermodynamic
equilibrium (maximum entropy).
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Deformable model

K similarity, D distance,
complexity O(N2), similar to ICP and CPD
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Diffusion model

31 / 43



Demons for registration

▶ demons on boundary →normal forces. Top: Closest point attraction.
Bottom: dark → inside, white → outside.
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Demons for registration (2)

next iterations
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Initialization
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Algorithm

1. extract demons from image S, find normals (gradients)
2. Until convergence

2.1 Compute elementary demon forces
2.2 Fit global update model or smooth by a Gaussian
2.3 Update transformation
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Variants

1. Complete grid demons, force from optical flow, multiscale
2. Contour demons on edges, rigid/nonrigid transformation by least

squares fitting + outlier rejection,

3. Demons for segmented images, on boundaries, rigid/nonrigid
transformation, different classes → constant magnitude forces
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Bijectivity

37 / 43



3D example
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3D examples
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Segmentation example
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Intersubject registration example
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Intersubject registration example (2)
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Atlas based segmentation
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