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Positional Jacobian and singularities

x(t) = f(q(t))
chain rule
=====⇒ dx

dt
=
∂f

∂q

dq

dtẋẏ
ż

 =


∂f1
∂q1

. . . ∂f1
∂qn

∂f2
∂q1

. . . ∂f2
∂qn

∂f3
∂q1

. . . ∂f3
∂qn


︸ ︷︷ ︸

J(q)


q̇1

...

q̇n



A robot configuration q(0) is singular if

rank J(q(0)) < max
q∈Rn

rank J(q)

An end-effector pose x(0) is singular if there exists a singular configuration
q(0) such that

x(0) = f(q(0))
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2R manipulator in 2D

θ1

θ2

[
x

y

]
=

[
f1(θ1, θ2)

f2(θ1, θ2)

]
=

[
l1 cos θ1 + l2 cos(θ1 + θ2)

l1 sin θ1 + l2 sin(θ1 + θ2)

]

(x, y)

l1

l2
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Singularities of 2R manipulator in 2D

[
x
y

]
=

[
f1(θ1, θ2)
f2(θ1, θ2)

]
=

[
l1 cos θ1 + l2 cos(θ1 + θ2)
l1 sin θ1 + l2 sin(θ1 + θ2)

]
J(θ) =

∂f

∂θ
=

[
−l1 sin θ1 − l2 sin(θ1 + θ2) −l2 sin(θ1 + θ2)
l1 cos θ1 + l2 cos(θ1 + θ2) l2 cos(θ1 + θ2)

]
Since max

θ∈R2
rank J(θ) = 2, then a configuration θ(0) is singular iff

rank J(θ(0)) < 2 ⇐⇒ detJ(θ(0)) = 0 ⇐⇒ θ
(0)
1 ∈ R, θ(0)2 ∈ {0, π}
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2R manipulator in 2D (non-singular configuration)

θ
(0)
2 = π

2

(x, y)

l1

l2

θ
(0)
1 = 0

J2θ̇2

J1θ̇1
[
ẋ

ẏ

]
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2R manipulator in 2D (singular configuration)

θ
(0)
2 = 0 (x, y)

l1 l2

θ
(0)
1 = 0

[
ẋ

ẏ

]
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RPP manipulator in 3D
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