
Parameter Estimation



• Experiment: flipping a coin  

• Suppose you tried 20 times and observed: 18 H and 2 T  

• What you can say about p? 
• 0 < p < 1 (strictly) 
• it is more likely that p is closer to 0.9 
• but other values of p, including 1/2 are not excluded… 

• Bayes has proposed to assign probabilities to p considered as beliefs (the information that we 
have about p)
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Parameters as Random Variables (Bayesian View)

Bayes posterior of p (Beta distribution)

K 2 {Heads,Tails}
P(K=Heads) = p

P(K=Tails) = 1� p

p is unknown



• Maximum Likelihood 

• Maximum a Posteriori (MAP) and Minimum Mean Squared Error Estimate:
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“Point” Estimates of Parameters

• ✓ - parameters

• Estimate

ˆ

✓ML = argmax✓
Q

i p(xi; ✓)

• Use: plug-in: p(x;

ˆ

✓ML)
<latexit sha1_base64="4jWFtxVem/ApSySulyKtTQ83ad8="></latexit><latexit sha1_base64="4jWFtxVem/ApSySulyKtTQ83ad8="></latexit><latexit sha1_base64="4jWFtxVem/ApSySulyKtTQ83ad8="></latexit><latexit sha1_base64="4jWFtxVem/ApSySulyKtTQ83ad8="></latexit><latexit sha1_base64="C1DKM/hdF6tE1KcYrXy03lHrgIc="></latexit>

• ✓ - random variable, prior p(✓)

• Likelihood: p(D|✓) =
Q

i p(xi|✓)

• Posterior: p(✓|D) =

p(D|✓)p(✓)
p(D)

• MAP:

ˆ

✓MAP = argmax✓ p(✓|D)

• MMSE:

ˆ

✓MMSE = argmin✓̂

R
(✓ � ˆ

✓)

2
p(✓|D)d✓

• Use: plug-in: p(x|ˆ✓MAP), p(x|ˆ✓MMSE)
<latexit sha1_base64="MolQXQihR7swpCKrwusHa+xuo1A="></latexit><latexit sha1_base64="MolQXQihR7swpCKrwusHa+xuo1A="></latexit><latexit sha1_base64="MolQXQihR7swpCKrwusHa+xuo1A="></latexit><latexit sha1_base64="MolQXQihR7swpCKrwusHa+xuo1A="></latexit><latexit sha1_base64="tdinq+K5hbAMCxmOYwo4MjGcVZ0="></latexit>

• Training data: D = (x1, x2 . . . xn)
<latexit sha1_base64="iI036Totcq/uETfHcynloicEG7I="></latexit>

• Parametric model: p(x ; ✓)
<latexit sha1_base64="upMgM+A+zcPxyrQhbLA0JE2vDeM="></latexit>



• Training data: D = (x1, x2, . . . xn),

• Assume x is uniform in [0, ✓]

• Want to estimate ✓

(we will consider ✓ML, ✓MAP, and Bayesian posterior p(✓|D)).

• Density:

p(x ; ✓) =

8
<

:
1/✓, 0  x  ✓;

0, otherwise.

• ML estimate:

max

✓

nY

i=1

1

✓
[[xi  ✓]] ! ✓ML = max

i
xi .

• Let us see how the distribution p(x ;

ˆ✓) changes as we get more training data x1, x2, . . . xn.
<latexit sha1_base64="NprFNErR3G50xH72muGk/irutHw="></latexit>
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ML: Uniform Distribution
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5
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ML for Uniform Distribution
• Estimating interval bound
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Bayesian Inference: Uniform Distribution
• Training data: D = (x1, x2, . . . xn),

• x is uniform in [0, ✓]

• ✓ is a random variable apriori ✓ is uniform in [0,M], M = 10

<latexit sha1_base64="OSlLQVc858db3sG4rxdyuvqwHjo="></latexit>

• The Posterior distribution of ✓ when given the data is: p(✓ | D):

p(✓ |D) /
nY

i=1

p(xi | ✓)p(✓) =
nY

i=1

1

✓
[[xi  ✓]]p(✓)

p(✓ |D) =

1

Z

1

✓n
[[m  ✓  M]], where m = max

i
(xi ).

• Z — normalization constant, not needed form MAP estimate.

• MAP (maximum a posteriori):

✓MAP = argmax

✓
p(✓ |D) ! ✓MAP = max

i
xi = ✓ML.

<latexit sha1_base64="bIIV+4rEoGQmYgO+tXiUdASjKAI="></latexit>
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Bayesian Estimation: Uniform Distribution

✓̂MAP = ✓̂ML
<latexit sha1_base64="ahBSTQMEA8iKd5g5+QLkJ1IJAss="></latexit><latexit sha1_base64="jsVXHBsVnPsfnVGDNH/KEjl+3Ao="></latexit><latexit sha1_base64="jsVXHBsVnPsfnVGDNH/KEjl+3Ao="></latexit><latexit sha1_base64="jsVXHBsVnPsfnVGDNH/KEjl+3Ao="></latexit><latexit sha1_base64="lUYdgsk72zb41vQrQi1Os4HpwyM="></latexit>

✓̂MMSE
<latexit sha1_base64="qovrh0/4OBSmI1DBMWCdafJQJUU="></latexit><latexit sha1_base64="kfe3ZyUDhZxZaL9Zt5BJj8EvlgY="></latexit><latexit sha1_base64="kfe3ZyUDhZxZaL9Zt5BJj8EvlgY="></latexit><latexit sha1_base64="kfe3ZyUDhZxZaL9Zt5BJj8EvlgY="></latexit><latexit sha1_base64="oVfzKN4Hlnw+4rbJU/7PSq8c5B8="></latexit>

p(x|✓̂ML)
<latexit sha1_base64="RRQ7SnlCjFKA8PslSPegsvYUnH8="></latexit><latexit sha1_base64="RRQ7SnlCjFKA8PslSPegsvYUnH8="></latexit><latexit sha1_base64="RRQ7SnlCjFKA8PslSPegsvYUnH8="></latexit><latexit sha1_base64="RRQ7SnlCjFKA8PslSPegsvYUnH8="></latexit><latexit sha1_base64="yiV6SGIL/0xVgj15nUX1o7UCOzo="></latexit> p(✓|D)

<latexit sha1_base64="J2AyfP0QWigqLvdkoq41vpgIERA="></latexit><latexit sha1_base64="J2AyfP0QWigqLvdkoq41vpgIERA="></latexit><latexit sha1_base64="J2AyfP0QWigqLvdkoq41vpgIERA="></latexit><latexit sha1_base64="J2AyfP0QWigqLvdkoq41vpgIERA="></latexit><latexit sha1_base64="I/WxMIVWoFoe652VklE/bYvUZLI="></latexit>

Data point

explained later
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Bayesian Inference: Uniform Distribution
• Training data: D = (x1, x2, . . . xn),

• x is uniform in [0, ✓]

• ✓ is a random variable apriori ✓ is uniform in [0,M], M = 10

<latexit sha1_base64="OSlLQVc858db3sG4rxdyuvqwHjo="></latexit>

• “Bayesian inference of ✓” = computing (approximating) posterior distribution p(✓ | D):

p(✓ |D) =

1

Z

1

✓n
[[m  ✓  M]], where m = max

i
(xi )

Z
p(✓ |D)d✓ = 1 ) Z =

Z M

m

1

✓n
d✓ =

�1

(n + 1)✓n+1

���
M

m
=

1

n + 1

⇣
1

m

n+1
� 1

M

n+1
y

⌘

<latexit sha1_base64="LrjLmfy6zuK0JEi4krvHMzOC+UQ="></latexit>

• Bayesian MMSE estimate of ✓:

✓MMSE =

Z
✓p(✓|D)d✓

<latexit sha1_base64="+1LvrcEFStOCitnWxTm+tKnDgJs="></latexit>
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Bayesian Estimation: Uniform Distribution

✓̂MAP = ✓̂ML
<latexit sha1_base64="ahBSTQMEA8iKd5g5+QLkJ1IJAss="></latexit><latexit sha1_base64="jsVXHBsVnPsfnVGDNH/KEjl+3Ao="></latexit><latexit sha1_base64="jsVXHBsVnPsfnVGDNH/KEjl+3Ao="></latexit><latexit sha1_base64="jsVXHBsVnPsfnVGDNH/KEjl+3Ao="></latexit><latexit sha1_base64="lUYdgsk72zb41vQrQi1Os4HpwyM="></latexit>

✓̂MMSE
<latexit sha1_base64="qovrh0/4OBSmI1DBMWCdafJQJUU="></latexit><latexit sha1_base64="kfe3ZyUDhZxZaL9Zt5BJj8EvlgY="></latexit><latexit sha1_base64="kfe3ZyUDhZxZaL9Zt5BJj8EvlgY="></latexit><latexit sha1_base64="kfe3ZyUDhZxZaL9Zt5BJj8EvlgY="></latexit><latexit sha1_base64="oVfzKN4Hlnw+4rbJU/7PSq8c5B8="></latexit>

p(x|D) =
R
p(x|✓)p(✓|D)d✓

<latexit sha1_base64="TKZF8LyHYTO0jhK/3OMcO+6SQUc="></latexit><latexit sha1_base64="TKZF8LyHYTO0jhK/3OMcO+6SQUc="></latexit><latexit sha1_base64="TKZF8LyHYTO0jhK/3OMcO+6SQUc="></latexit><latexit sha1_base64="TKZF8LyHYTO0jhK/3OMcO+6SQUc="></latexit><latexit sha1_base64="zR5x+X4xe6znac8lTABGuBa0CkI="></latexit>

p(x|✓̂ML)
<latexit sha1_base64="RRQ7SnlCjFKA8PslSPegsvYUnH8="></latexit><latexit sha1_base64="RRQ7SnlCjFKA8PslSPegsvYUnH8="></latexit><latexit sha1_base64="RRQ7SnlCjFKA8PslSPegsvYUnH8="></latexit><latexit sha1_base64="RRQ7SnlCjFKA8PslSPegsvYUnH8="></latexit><latexit sha1_base64="yiV6SGIL/0xVgj15nUX1o7UCOzo="></latexit> p(✓|D)

<latexit sha1_base64="J2AyfP0QWigqLvdkoq41vpgIERA="></latexit><latexit sha1_base64="J2AyfP0QWigqLvdkoq41vpgIERA="></latexit><latexit sha1_base64="J2AyfP0QWigqLvdkoq41vpgIERA="></latexit><latexit sha1_base64="J2AyfP0QWigqLvdkoq41vpgIERA="></latexit><latexit sha1_base64="I/WxMIVWoFoe652VklE/bYvUZLI="></latexit>

- posterior

“predictive posterior”: where new observations are expected to be found,

- knowledge about parameters

compare to p(x |✓ML)
<latexit sha1_base64="ex8AZZuQQ5qSHyNeqfLo86R7+FA="></latexit>
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Bayesian Estimation: Uniform Distribution

p(x |D)
<latexit sha1_base64="+m0F9w+to8EQitTghvL5nOCCx2Y="></latexit>

p(✓|D)
<latexit sha1_base64="L2AH/wImFaxNHD8IfOiWZQbU8/k="></latexit>

p(x |✓ML)
<latexit sha1_base64="4h5IvmM5ldWpEIbVOg6e8WWM6Wc="></latexit>
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<latexit sha1_base64="+m0F9w+to8EQitTghvL5nOCCx2Y="></latexit>

p(✓|D)
<latexit sha1_base64="L2AH/wImFaxNHD8IfOiWZQbU8/k="></latexit>

p(x |✓ML)
<latexit sha1_base64="4h5IvmM5ldWpEIbVOg6e8WWM6Wc="></latexit>
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p(✓|D)
<latexit sha1_base64="L2AH/wImFaxNHD8IfOiWZQbU8/k="></latexit>
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<latexit sha1_base64="4h5IvmM5ldWpEIbVOg6e8WWM6Wc="></latexit>
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p(x |✓ML)
<latexit sha1_base64="4h5IvmM5ldWpEIbVOg6e8WWM6Wc="></latexit>



0 1 2 3 4 5 6 7 8 9 10
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 

 

Prior distribution p(θ)

Bayesian p(x)

11

Bayesian Estimation: Uniform Distribution
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