
1
Czech Technical University in Prague 
Faculty of Electrical Engineering, Department of Cybernetics

Why is learning prone to fail?
Optimization issues: SGD+momentum and its convergence rate, 
Adagrad, Adam, diminishing/exploding gradient, oscillations 

Karel Zimmermann



2

Prerequisties

• Mean value of function values under a probability distribution

• Standard error of the estimated mean values  depends on  
the number samples  and standard error of input samples 

σ/ N
N σ

• Kullback-Leibler divergence:

DKL(ptrue ∥ puniform) = ∑
i

pi
true ⋅ log

pi
true

pi
uniform

= 0.136

DKL(ptrue ∥ pbinomial) = ∑
i

pi
true ⋅ log

pi
true

pi
binomial

= 0.427

https://towardsdatascience.com/light-on-math-machine-learning-intuitive-guide-to-understanding-kl-divergence-2b382ca2b2a8

𝔼x∼pdata[r(x)] = ∫x
pdata(x) ⋅ r(x) dx ≈

1
N ∑ r(xi)



= argmax
w

p(D|w)p(w) = argmax
w

p(x1, y1 . . .xN , yN |w)p(w)
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w⇤ = argmax
w

p(w|D) = argmax
w

p(D|w)p(w)

p(D)
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= argmax
w

 
Y

i

p(xi, yi|w)

!
p(w)
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We search for parameters      of unknown distribution givenw
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pdata(x, y)

p(x, y |w)



= argmax
w

p(D|w)p(w) = argmax
w

p(x1, y1 . . .xN , yN |w)p(w)
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w⇤ = argmax
w

p(w|D) = argmax
w

p(D|w)p(w)

p(D)
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= argmax
w

 
Y

i

p(xi, yi|w)

!
p(w)
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i.i.d.
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<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

= arg max
w

1
N ∑

i

log(p(xi, yi |w)) + log(p(w))

ℒ(xi,yi,w)

We search for parameters      of unknown distribution givenw
<latexit sha1_base64="rDGdUkJeUn0BEjLwfUt3qxCB9Oc=">AAACE3icbVDLSsNAFJ3UV42vqEs3g6VQRUoigi6LblxWsA9oQ5lMJ+3QySTMTNQQ+w9u/BU3LhRx68adf+OkjajVAwNnzrmXe+/xIkalsu0PozA3v7C4VFw2V1bX1jesza2mDGOBSQOHLBRtD0nCKCcNRRUj7UgQFHiMtLzRWea3roiQNOSXKomIG6ABpz7FSGmpZ+2Xo0oCb2E3QGro+elNi4wPvj7X4z3zm/eskl21J4B/iZOTEshR71nv3X6I44BwhRmSsuPYkXJTJBTFjIzNbixJhPAIDUhHU44CIt10ctMYlrXSh34o9OMKTtSfHSkKpEwCT1dmG8pZLxP/8zqx8k/clPIoVoTj6SA/ZlCFMAsI9qkgWLFEE4QF1btCPEQCYaVjNHUIzuzJf0nzsOrYVefiqFQ7zeMogh2wCyrAAcegBs5BHTQABnfgATyBZ+PeeDRejNdpacHIe7bBLxhvn7b8nhQ=</latexit><latexit sha1_base64="rDGdUkJeUn0BEjLwfUt3qxCB9Oc=">AAACE3icbVDLSsNAFJ3UV42vqEs3g6VQRUoigi6LblxWsA9oQ5lMJ+3QySTMTNQQ+w9u/BU3LhRx68adf+OkjajVAwNnzrmXe+/xIkalsu0PozA3v7C4VFw2V1bX1jesza2mDGOBSQOHLBRtD0nCKCcNRRUj7UgQFHiMtLzRWea3roiQNOSXKomIG6ABpz7FSGmpZ+2Xo0oCb2E3QGro+elNi4wPvj7X4z3zm/eskl21J4B/iZOTEshR71nv3X6I44BwhRmSsuPYkXJTJBTFjIzNbixJhPAIDUhHU44CIt10ctMYlrXSh34o9OMKTtSfHSkKpEwCT1dmG8pZLxP/8zqx8k/clPIoVoTj6SA/ZlCFMAsI9qkgWLFEE4QF1btCPEQCYaVjNHUIzuzJf0nzsOrYVefiqFQ7zeMogh2wCyrAAcegBs5BHTQABnfgATyBZ+PeeDRejNdpacHIe7bBLxhvn7b8nhQ=</latexit><latexit sha1_base64="rDGdUkJeUn0BEjLwfUt3qxCB9Oc=">AAACE3icbVDLSsNAFJ3UV42vqEs3g6VQRUoigi6LblxWsA9oQ5lMJ+3QySTMTNQQ+w9u/BU3LhRx68adf+OkjajVAwNnzrmXe+/xIkalsu0PozA3v7C4VFw2V1bX1jesza2mDGOBSQOHLBRtD0nCKCcNRRUj7UgQFHiMtLzRWea3roiQNOSXKomIG6ABpz7FSGmpZ+2Xo0oCb2E3QGro+elNi4wPvj7X4z3zm/eskl21J4B/iZOTEshR71nv3X6I44BwhRmSsuPYkXJTJBTFjIzNbixJhPAIDUhHU44CIt10ctMYlrXSh34o9OMKTtSfHSkKpEwCT1dmG8pZLxP/8zqx8k/clPIoVoTj6SA/ZlCFMAsI9qkgWLFEE4QF1btCPEQCYaVjNHUIzuzJf0nzsOrYVefiqFQ7zeMogh2wCyrAAcegBs5BHTQABnfgATyBZ+PeeDRejNdpacHIe7bBLxhvn7b8nhQ=</latexit><latexit sha1_base64="rDGdUkJeUn0BEjLwfUt3qxCB9Oc=">AAACE3icbVDLSsNAFJ3UV42vqEs3g6VQRUoigi6LblxWsA9oQ5lMJ+3QySTMTNQQ+w9u/BU3LhRx68adf+OkjajVAwNnzrmXe+/xIkalsu0PozA3v7C4VFw2V1bX1jesza2mDGOBSQOHLBRtD0nCKCcNRRUj7UgQFHiMtLzRWea3roiQNOSXKomIG6ABpz7FSGmpZ+2Xo0oCb2E3QGro+elNi4wPvj7X4z3zm/eskl21J4B/iZOTEshR71nv3X6I44BwhRmSsuPYkXJTJBTFjIzNbixJhPAIDUhHU44CIt10ctMYlrXSh34o9OMKTtSfHSkKpEwCT1dmG8pZLxP/8zqx8k/clPIoVoTj6SA/ZlCFMAsI9qkgWLFEE4QF1btCPEQCYaVjNHUIzuzJf0nzsOrYVefiqFQ7zeMogh2wCyrAAcegBs5BHTQABnfgATyBZ+PeeDRejNdpacHIe7bBLxhvn7b8nhQ=</latexit> D = {x1, y1 . . .xN , yN}

<latexit sha1_base64="v3nJ1Q+h5NI+4VWMv7myEQpqP5w="></latexit><latexit sha1_base64="v3nJ1Q+h5NI+4VWMv7myEQpqP5w="></latexit><latexit sha1_base64="v3nJ1Q+h5NI+4VWMv7myEQpqP5w="></latexit><latexit sha1_base64="v3nJ1Q+h5NI+4VWMv7myEQpqP5w="></latexit>

pdata(x, y)

p(x, y |w)
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<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

y
<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

≈ arg max
w

1
N ∑

i

log p(xi, yi |w)

w⋆ = arg min
w

DKL(pdata(x, y) ∥ p(x, y |w)) = ∫(x,y)
pdata(x, y) ⋅ log

pdata(x, y)
p(x, y |w)

= arg min
w

𝔼(x,y)∼pdata[log
pdata(x, y)
p(x, y |w) ] = arg min

w
𝔼(x,y)∼pdata[ − log p(x, y |w)]

∇wJ(w) = 𝔼(x,y)∼pdata[∇wlog(p(x, y |w))]
≈

1
N ∑

i

∇wlog(p(xi, yi |w))

True gradient:

Learning vs optimization

pdata(x, y)

p(x, y |w)

= arg max
w

𝔼(x,y)∼pdata[log p(x, y |w)]

J(w) = 𝔼(x,y)∼pdata[log p(x, y |w)]
True criterium we want to maximize:
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• Standard error of the mean estimated from  samples is ,  
where  is true variance of input samples.

N σ/ N
σ2

• “Estimate of the gradient” based on  vs N = 10000 N = 100

• number of computations is higher !!!100 ×
• Using the large training set for estimating the gradient may suffer from 

diminishing returns.

• Convergence in the number of computations vs number of iterations.

• standard error is better10 ×

∇wJ(w) = 𝔼(x,y)∼pdata[∇wlog(p(x, y |w))] ≈
1
N ∑

i

∇wlog(p(xi, yi |w))
Does is worth to estimate the gradient from the full training set?
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• Large  => more accurate gradient with less than linear returns.N

How should I choose  ?N

• Runtime in multicore architectures is similar for small N = 1,2,...

• Amount of required memory is linear in   
(limiting factor for the most state-of-the-art hardware)

N

• GPU achieves better runtime with “power of 2” batch sizes.
• Small batches yields regularization.

Answer:  or anything else that works ;-)N ∈ {4, 8, 16, 32, 64, 128, 256}
 ………………. often called online learningN = 1

….. often called minibatch learning1 < N < trn_size

∇wJ(w) = 𝔼(x,y)∼pdata[∇wlog(p(x, y |w))] ≈
1
N ∑

i

∇wlog(p(xi, yi |w))
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How should I split the data and generate minibatches?

Given 9 annotated sequences of length 100 frames 

https://www.storytimes.co/most-beautiful-places-to-photograph

…
…

…
…

10
0 

fra
m

es
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• Is the minibatch gradient unbiased estimate of the true gradient if  ?|𝒯 | < ∞
: Learning from a finite dataset|𝒯 | < ∞

• This causes overfitting, requires strong priors and data augmentation !!!!

∇wJ(w) = 𝔼(x,y)∼pdata[∇wlog(p(x, y |w))]
y

<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

pdata(x, y)

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

• I want to maximize J(w)

J(w) = 𝔼(x,y)∼pdata[log p(x, y |w)] vs.
∇w ̂J(w) = 𝔼(x,y)∼pdata[∇wlog(p(x, y |w))]
y

<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

̂pdata(x, y)

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

• I recycle samples from  => Criterion  is biased by the training set𝒯 ̂J(w)

̂J(w) = 𝔼(x,y)∼ ̂pdata[log p(x, y |w)]



• Colorizing images (1074 imgs/sec uploaded to Instagram) 
• Autonomous cars (predicting vertical acceleration from images) 
• Youtube videos (predicting keywords in comments from video)

10

• Some datasets grows faster than we can learn from them:

• The learning bottleneck stems from computational limitations (not from trn size).

: Learning from an finite dataset|𝒯 | = ∞

y
<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

pdata(x, y)

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

y
<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

̂pdata(x, y)

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

• We always learn from a new “not-yet-seen” mini batch. => Gradient is unbiased 
estimate => Perform SGD on the true generalization error.

vs.
̂J(w) = 𝔼(x,y)∼ ̂pdata[log p(x, y |w)]

∇w ̂J(w) = 𝔼(x,y)∼pdata[∇wlog(p(x, y |w))]
J(w) = 𝔼(x,y)∼pdata[log p(x, y |w)]

∇wJ(w) = 𝔼(x,y)∼pdata[∇wlog(p(x, y |w))]



f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w0
<latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>

= ???
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<latexit sha1_base64="VF6DRxpTz6NghhfBBZcq0ugS7+s="></latexit>

wk = wk�1 � ↵
@f>(w)

@w

����
w=wk�1

Stochastic Gradient Descent (SGD)



f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w0
<latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>
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<latexit sha1_base64="VF6DRxpTz6NghhfBBZcq0ugS7+s="></latexit>

wk = wk�1 � ↵
@f>(w)

@w

����
w=wk�1

Stochastic Gradient Descent (SGD) drawbacks



SGD drawbacks

f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w1
<latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit> w

<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>

w0
<latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit>

13

<latexit sha1_base64="VF6DRxpTz6NghhfBBZcq0ugS7+s="></latexit>

wk = wk�1 � ↵
@f>(w)

@w

����
w=wk�1



SGD drawbacks

f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>

= ???

w0
<latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit>

w1
<latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit>
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<latexit sha1_base64="VF6DRxpTz6NghhfBBZcq0ugS7+s="></latexit>

wk = wk�1 � ↵
@f>(w)

@w

����
w=wk�1



SGD drawbacks

f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>

w0
<latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit>

w1
<latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit>

= small
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<latexit sha1_base64="VF6DRxpTz6NghhfBBZcq0ugS7+s="></latexit>

wk = wk�1 � ↵
@f>(w)

@w

����
w=wk�1



SGD drawbacks

f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w2
<latexit sha1_base64="HRPTFNusQyO8CB95YkGQAIRC27Y="></latexit><latexit sha1_base64="HRPTFNusQyO8CB95YkGQAIRC27Y="></latexit><latexit sha1_base64="HRPTFNusQyO8CB95YkGQAIRC27Y="></latexit><latexit sha1_base64="HRPTFNusQyO8CB95YkGQAIRC27Y="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>

= ???
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<latexit sha1_base64="VF6DRxpTz6NghhfBBZcq0ugS7+s="></latexit>

wk = wk�1 � ↵
@f>(w)

@w

����
w=wk�1



SGD drawbacks

f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w2
<latexit sha1_base64="HRPTFNusQyO8CB95YkGQAIRC27Y="></latexit><latexit sha1_base64="HRPTFNusQyO8CB95YkGQAIRC27Y="></latexit><latexit sha1_base64="HRPTFNusQyO8CB95YkGQAIRC27Y="></latexit><latexit sha1_base64="HRPTFNusQyO8CB95YkGQAIRC27Y="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>

⇡ 0
<latexit sha1_base64="Tb9FDMEfL8xqqC2lfTM7MJuO9O0="></latexit><latexit sha1_base64="Tb9FDMEfL8xqqC2lfTM7MJuO9O0="></latexit><latexit sha1_base64="Tb9FDMEfL8xqqC2lfTM7MJuO9O0="></latexit><latexit sha1_base64="Tb9FDMEfL8xqqC2lfTM7MJuO9O0="></latexit>

17

<latexit sha1_base64="VF6DRxpTz6NghhfBBZcq0ugS7+s="></latexit>

wk = wk�1 � ↵
@f>(w)

@w

����
w=wk�1

• SGD gets stuck easily on a flat landscape 



Sigmoid fitting problem from labs

small learning rate big learning rate



close-to-zero gradient plateaus

Sigmoid fitting problem from labs



SGD in 2 dimensional weights

rw1
<latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit>

=???
rw2

<latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit>

=???

20

<latexit sha1_base64="VF6DRxpTz6NghhfBBZcq0ugS7+s="></latexit>

wk = wk�1 � ↵
@f>(w)

@w

����
w=wk�1



rw1
<latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit>

rw2
<latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit>
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<latexit sha1_base64="VF6DRxpTz6NghhfBBZcq0ugS7+s="></latexit>

wk = wk�1 � ↵
@f>(w)

@w

����
w=wk�1

SGD in 2 dimensional weights



rw1
<latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit>

rw2
<latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit>
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<latexit sha1_base64="VF6DRxpTz6NghhfBBZcq0ugS7+s="></latexit>

wk = wk�1 � ↵
@f>(w)

@w

����
w=wk�1

SGD in 2 dimensional weights



rw1
<latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit>

rw2
<latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit>
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<latexit sha1_base64="VF6DRxpTz6NghhfBBZcq0ugS7+s="></latexit>

wk = wk�1 � ↵
@f>(w)

@w

����
w=wk�1

SGD in 2 dimensional weights



rw1
<latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit>

rw2
<latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit>
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<latexit sha1_base64="VF6DRxpTz6NghhfBBZcq0ugS7+s="></latexit>

wk = wk�1 � ↵
@f>(w)

@w

����
w=wk�1

SGD in 2 dimensional weights



rw1
<latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit>

rw2
<latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit>

Undesired zig-zag behaviour
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<latexit sha1_base64="VF6DRxpTz6NghhfBBZcq0ugS7+s="></latexit>

wk = wk�1 � ↵
@f>(w)

@w

����
w=wk�1

SGD in 2 dimensional weights
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↵ =
<latexit sha1_base64="1CpM48roL/Vr7Eo/C5NN3GL+8Zc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbSiT7aZdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH47uZ335iSvNYPppJwvwIh5KHnKKxUruHIhnhTb9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+7pScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMvudDLhi1IiJJUgVt7cSOkKF1NiESjYEb/nlVdKqVb2Lau3hslK/zeMowgmcwjl4cAV1uIcGNIHCGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx8Qoo9j</latexit> 1e-3

<latexit sha1_base64="VF6DRxpTz6NghhfBBZcq0ugS7+s="></latexit>

wk = wk�1 � ↵
@f>(w)

@w

����
w=wk�1

SGD in 2 dimensional weights

https://distill.pub/2017/momentum/
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https://distill.pub/2017/momentum/

↵ =
<latexit sha1_base64="1CpM48roL/Vr7Eo/C5NN3GL+8Zc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbSiT7aZdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH47uZ335iSvNYPppJwvwIh5KHnKKxUruHIhnhTb9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+7pScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMvudDLhi1IiJJUgVt7cSOkKF1NiESjYEb/nlVdKqVb2Lau3hslK/zeMowgmcwjl4cAV1uIcGNIHCGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx8Qoo9j</latexit> 5e-3

<latexit sha1_base64="VF6DRxpTz6NghhfBBZcq0ugS7+s="></latexit>

wk = wk�1 � ↵
@f>(w)

@w

����
w=wk�1

SGD in 2 dimensional weights



<latexit sha1_base64="nSSjSCZNQqq0TKkXnci+9sZoxsc=">AAACAXicbVBLSwMxGMzWV62vVS+Cl2ARPEjZFEUvhaIXjxXsA9plyWazbWg2uyRZoSz14l/x4kERr/4Lb/4b03YFbR0ITGbmI/nGTzhT2nG+rMLS8srqWnG9tLG5tb1j7+61VJxKQpsk5rHs+FhRzgRtaqY57SSS4sjntO0Pryd++55KxWJxp0cJdSPcFyxkBGsjefZBj5twgD1UQ6fw51KtIc8uOxVnCrhIUE7KIEfDsz97QUzSiApNOFaqi5xEuxmWmhFOx6VeqmiCyRD3addQgSOq3Gy6wRgeGyWAYSzNERpO1d8TGY6UGkW+SUZYD9S8NxH/87qpDi/djIkk1VSQ2UNhyqGO4aQOGDBJieYjQzCRzPwVkgGWmGhTWsmUgOZXXiStagWdV5zbs3L9Kq+jCA7BETgBCFyAOrgBDdAEBDyAJ/ACXq1H69l6s95n0YKVz+yDP7A+vgEfKJVi</latexit>

�1 = 1,�2 = 1

<latexit sha1_base64="tn0fdLZzZnS/GCNFS5UKuPf00zc=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWaKosuiG5cV7AM6Q8mkmTY0kxmSjFKG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnSATXxnG+UWltfWNzq7xd2dnd2z+oHh51dJwqyto0FrHqBUQzwSVrG24E6yWKkSgQrBtMbnO/+8iU5rF8MNOE+REZSR5ySoyVPC8iZhyE2dNs0BhUa07dmQOvErcgNSjQGlS/vGFM04hJQwXRuu86ifEzogyngs0qXqpZQuiEjFjfUkkipv1snnmGz6wyxGGs7JMGz9XfGxmJtJ5GgZ3MM+plLxf/8/qpCa/9jMskNUzSxaEwFdjEOC8AD7li1IipJYQqbrNiOiaKUGNrqtgS3OUvr5JOo+5e1p37i1rzpqijDCdwCufgwhU04Q5a0AYKCTzDK7yhFL2gd/SxGC2hYucY/gB9/gArr5HE</latexit>w2

<latexit sha1_base64="IcxoX7O2u3UpFHHh4FxbCutdpjs=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VbC00pWy2L+3SzSbsbpQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU37Xr9ac+vuDGSZeAWpQYFmv/rlD2KWRigNE1TrrucmppdRZTgTOK34qcaEsjEdYtdSSSPUvWyWeUpOrDIgYazsk4bM1N8bGY20nkSBncwz6kUvF//zuqkJr3oZl0lqULL5oTAVxMQkL4AMuEJmxMQSyhS3WQkbUUWZsTVVbAne4peXSfus7l3U3bvzWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPyorkcM=</latexit>w1

<latexit sha1_base64="IcxoX7O2u3UpFHHh4FxbCutdpjs=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VbC00pWy2L+3SzSbsbpQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU37Xr9ac+vuDGSZeAWpQYFmv/rlD2KWRigNE1TrrucmppdRZTgTOK34qcaEsjEdYtdSSSPUvWyWeUpOrDIgYazsk4bM1N8bGY20nkSBncwz6kUvF//zuqkJr3oZl0lqULL5oTAVxMQkL4AMuEJmxMQSyhS3WQkbUUWZsTVVbAne4peXSfus7l3U3bvzWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPyorkcM=</latexit>w1

<latexit sha1_base64="tn0fdLZzZnS/GCNFS5UKuPf00zc=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWaKosuiG5cV7AM6Q8mkmTY0kxmSjFKG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnSATXxnG+UWltfWNzq7xd2dnd2z+oHh51dJwqyto0FrHqBUQzwSVrG24E6yWKkSgQrBtMbnO/+8iU5rF8MNOE+REZSR5ySoyVPC8iZhyE2dNs0BhUa07dmQOvErcgNSjQGlS/vGFM04hJQwXRuu86ifEzogyngs0qXqpZQuiEjFjfUkkipv1snnmGz6wyxGGs7JMGz9XfGxmJtJ5GgZ3MM+plLxf/8/qpCa/9jMskNUzSxaEwFdjEOC8AD7li1IipJYQqbrNiOiaKUGNrqtgS3OUvr5JOo+5e1p37i1rzpqijDCdwCufgwhU04Q5a0AYKCTzDK7yhFL2gd/SxGC2hYucY/gB9/gArr5HE</latexit>w2

<latexit sha1_base64="QxxUckZUvUbCJtpiLHIzWzaRwCg=">AAACAXicbVDLSgMxFL3js9bXqBvBTbAILqTMlKJuCgU3uqtgH9AOQyaTaUMzD5KMUIa68VfcuFDErX/hzr8xbUfQ1gOBk3POJbnHSziTyrK+jKXlldW19cJGcXNre2fX3NtvyTgVhDZJzGPR8bCknEW0qZjitJMIikOP07Y3vJr47XsqJIujOzVKqBPifsQCRrDSkmse9rgO+9i1a9Uz9HOp1GzXLFllawq0SOyclCBHwzU/e35M0pBGinAsZde2EuVkWChGOB0Xe6mkCSZD3KddTSMcUulk0w3G6EQrPgpioU+k0FT9PZHhUMpR6OlkiNVAznsT8T+vm6rg0slYlKSKRmT2UJBypGI0qQP5TFCi+EgTTATTf0VkgAUmSpdW1CXY8ysvklalbJ+Xq7fVUv0mr6MAR3AMp2DDBdThGhrQBAIP8AQv8Go8Gs/Gm/E+iy4Z+cwB/IHx8Q0nkpVx</latexit>

�1 = 4,�2 = 1
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SGD on quadric

with A = diag([�1, . . . ,�n])
<latexit sha1_base64="gtUFDZTVjsEEd/wLL5mwinExdUQ="></latexit>

Gradient:

Criterion:
<latexit sha1_base64="s0zJZn+8dFWdy67PPA6txWrVMa8="></latexit>

@f(w)

@wi

����
wi=wk�1

i

<latexit sha1_base64="cMggVKF1dR03/1CJaA/Ay3Pk8bQ="></latexit>

= �iw
k�1
i

<latexit sha1_base64="d5UkNSDin9tJNtPixODjK0kzl1A=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2ARXGiZKUXdFApudFfBPqAdhkyaaUMzD5KMUIbixl9x40IRt36FO//GtB1BWw8ETs45l+QeL+ZMKsv6MnJLyyura/n1wsbm1vaOubvXlFEiCG2QiEei7WFJOQtpQzHFaTsWFAcepy1veDXxW/dUSBaFd2oUUyfA/ZD5jGClJdc86HId7mHXrp7Zp+jnVq5WXLNolawp0CKxM1KEDHXX/Oz2IpIENFSEYyk7thUrJ8VCMcLpuNBNJI0xGeI+7Wga4oBKJ52uMEbHWukhPxL6hApN1d8TKQ6kHAWeTgZYDeS8NxH/8zqJ8i+dlIVxomhIZg/5CUcqQpM+UI8JShQfaYKJYPqviAywwETp1gq6BHt+5UXSLJfs81LltlKs3WR15OEQjuAEbLiAGlxDHRpA4AGe4AVejUfj2Xgz3mfRnJHN7MMfGB/fltCVqA==</latexit>

�1 = �1,�2 = 4

<latexit sha1_base64="IcxoX7O2u3UpFHHh4FxbCutdpjs=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VbC00pWy2L+3SzSbsbpQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU37Xr9ac+vuDGSZeAWpQYFmv/rlD2KWRigNE1TrrucmppdRZTgTOK34qcaEsjEdYtdSSSPUvWyWeUpOrDIgYazsk4bM1N8bGY20nkSBncwz6kUvF//zuqkJr3oZl0lqULL5oTAVxMQkL4AMuEJmxMQSyhS3WQkbUUWZsTVVbAne4peXSfus7l3U3bvzWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPyorkcM=</latexit>w1

<latexit sha1_base64="tn0fdLZzZnS/GCNFS5UKuPf00zc=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWaKosuiG5cV7AM6Q8mkmTY0kxmSjFKG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnSATXxnG+UWltfWNzq7xd2dnd2z+oHh51dJwqyto0FrHqBUQzwSVrG24E6yWKkSgQrBtMbnO/+8iU5rF8MNOE+REZSR5ySoyVPC8iZhyE2dNs0BhUa07dmQOvErcgNSjQGlS/vGFM04hJQwXRuu86ifEzogyngs0qXqpZQuiEjFjfUkkipv1snnmGz6wyxGGs7JMGz9XfGxmJtJ5GgZ3MM+plLxf/8/qpCa/9jMskNUzSxaEwFdjEOC8AD7li1IipJYQqbrNiOiaKUGNrqtgS3OUvr5JOo+5e1p37i1rzpqijDCdwCufgwhU04Q5a0AYKCTzDK7yhFL2gd/SxGC2hYucY/gB9/gArr5HE</latexit>w2

rare rare less rare



29

SGD on quadric

with A = diag([�1, . . . ,�n])
<latexit sha1_base64="gtUFDZTVjsEEd/wLL5mwinExdUQ="></latexit>

Gradient:

Criterion:

SGD after k iterations: wk
i = (1� ↵�i)

kw0
i

<latexit sha1_base64="IIG4KG8Pn4t41sxw0K5/Psh3nXY="></latexit>

• Converges for: 
• with convergence rate:

0 < ↵�i < 2
<latexit sha1_base64="97XSEY4wPePRGXP9WCCn9hCXWZ8="></latexit>

<latexit sha1_base64="GlyZUkOstfg/iGzhNDd+NbsDu2E="></latexit>

rate(↵) = max
i

{|1� ↵�i|}

<latexit sha1_base64="s0zJZn+8dFWdy67PPA6txWrVMa8="></latexit>

@f(w)

@wi

����
wi=wk�1

i

<latexit sha1_base64="cMggVKF1dR03/1CJaA/Ay3Pk8bQ="></latexit>

= �iw
k�1
i
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SGD on quadric
<latexit sha1_base64="GlyZUkOstfg/iGzhNDd+NbsDu2E="></latexit>

rate(↵) = max
i

{|1� ↵�i|}

<latexit sha1_base64="gF6KSyz23dbZBOigZh/oIxtOxto=">AAAB83icbVBNSwMxFMzWr1q/qh69BIvgqW6koMeiF48VrC20S8lms21oNlmSt0JZ+jO8eFAQr/4Zb/4b03YP2joQGGbmkfcmTKWw4PvfXmltfWNzq7xd2dnd2z+oHh49Wp0ZxttMS226IbVcCsXbIEDybmo4TULJO+H4duZ3nrixQqsHmKQ8SOhQiVgwCk7qkYu+dOGIDsigWvPr/hx4lZCC1FCB1qD61Y80yxKugElqbY/4KQQ5NSCY5NNKP7M8pWxMh7znqKIJt0E+X3mKz5wS4Vgb9xTgufp7IqeJtZMkdMmEwsguezPxP6+XQXwd5EKlGXDFFh/FmcSg8ex+HAnDGciJI5QZ4XbFbEQNZeBaqrgSyPLJq6RzWSeNOiH3jVrzpuijjE7QKTpHBF2hJrpDLdRGDGn0jF7Rmwfei/fufSyiJa+YOUZ/4H3+AN8pkM4=</latexit>

1/�1
<latexit sha1_base64="b9uxCbRMQu+CGsZ8NYMuWf+a9Nw=">AAAB83icbVBNSwMxFMzWr1q/qh69BIvgqW6koMeiF48VrC20S8lms21oNlmSt0JZ+jO8eFAQr/4Zb/4b03YP2joQGGbmkfcmTKWw4PvfXmltfWNzq7xd2dnd2z+oHh49Wp0ZxttMS226IbVcCsXbIEDybmo4TULJO+H4duZ3nrixQqsHmKQ8SOhQiVgwCk7qkYu+dOGIDtSgWvPr/hx4lZCC1FCB1qD61Y80yxKugElqbY/4KQQ5NSCY5NNKP7M8pWxMh7znqKIJt0E+X3mKz5wS4Vgb9xTgufp7IqeJtZMkdMmEwsguezPxP6+XQXwd5EKlGXDFFh/FmcSg8ex+HAnDGciJI5QZ4XbFbEQNZeBaqrgSyPLJq6RzWSeNOiH3jVrzpuijjE7QKTpHBF2hJrpDLdRGDGn0jF7Rmwfei/fufSyiJa+YOUZ/4H3+ADvpkQs=</latexit>

1/�n …
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rate(↵) = max{|1� ↵�1|, |1� ↵�n|}
<latexit sha1_base64="Gfem4kUg4blCIOJVYT8fl33FGJ4="></latexit>

<latexit sha1_base64="gF6KSyz23dbZBOigZh/oIxtOxto=">AAAB83icbVBNSwMxFMzWr1q/qh69BIvgqW6koMeiF48VrC20S8lms21oNlmSt0JZ+jO8eFAQr/4Zb/4b03YP2joQGGbmkfcmTKWw4PvfXmltfWNzq7xd2dnd2z+oHh49Wp0ZxttMS226IbVcCsXbIEDybmo4TULJO+H4duZ3nrixQqsHmKQ8SOhQiVgwCk7qkYu+dOGIDsigWvPr/hx4lZCC1FCB1qD61Y80yxKugElqbY/4KQQ5NSCY5NNKP7M8pWxMh7znqKIJt0E+X3mKz5wS4Vgb9xTgufp7IqeJtZMkdMmEwsguezPxP6+XQXwd5EKlGXDFFh/FmcSg8ex+HAnDGciJI5QZ4XbFbEQNZeBaqrgSyPLJq6RzWSeNOiH3jVrzpuijjE7QKTpHBF2hJrpDLdRGDGn0jF7Rmwfei/fufSyiJa+YOUZ/4H3+AN8pkM4=</latexit>

1/�1
<latexit sha1_base64="b9uxCbRMQu+CGsZ8NYMuWf+a9Nw=">AAAB83icbVBNSwMxFMzWr1q/qh69BIvgqW6koMeiF48VrC20S8lms21oNlmSt0JZ+jO8eFAQr/4Zb/4b03YP2joQGGbmkfcmTKWw4PvfXmltfWNzq7xd2dnd2z+oHh49Wp0ZxttMS226IbVcCsXbIEDybmo4TULJO+H4duZ3nrixQqsHmKQ8SOhQiVgwCk7qkYu+dOGIDtSgWvPr/hx4lZCC1FCB1qD61Y80yxKugElqbY/4KQQ5NSCY5NNKP7M8pWxMh7znqKIJt0E+X3mKz5wS4Vgb9xTgufp7IqeJtZMkdMmEwsguezPxP6+XQXwd5EKlGXDFFh/FmcSg8ex+HAnDGciJI5QZ4XbFbEQNZeBaqrgSyPLJq6RzWSeNOiH3jVrzpuijjE7QKTpHBF2hJrpDLdRGDGn0jF7Rmwfei/fufSyiJa+YOUZ/4H3+ADvpkQs=</latexit>

1/�n …

SGD on quadric
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SGD on quadric

with A = diag([�1, . . . ,�n])
<latexit sha1_base64="gtUFDZTVjsEEd/wLL5mwinExdUQ="></latexit>

Gradient:

Criterion:

SGD after k iterations: wk
i = (1� ↵�i)

kw0
i

<latexit sha1_base64="IIG4KG8Pn4t41sxw0K5/Psh3nXY="></latexit>

• Converges for: 
• with convergence rate:

0 < ↵�i < 2
<latexit sha1_base64="97XSEY4wPePRGXP9WCCn9hCXWZ8="></latexit>

rate(↵) = max{|1� ↵�1|, |1� ↵�n|}
<latexit sha1_base64="Gfem4kUg4blCIOJVYT8fl33FGJ4="></latexit>

<latexit sha1_base64="s0zJZn+8dFWdy67PPA6txWrVMa8="></latexit>

@f(w)

@wi

����
wi=wk�1

i

<latexit sha1_base64="cMggVKF1dR03/1CJaA/Ay3Pk8bQ="></latexit>

= �iw
k�1
i
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with A = diag([�1, . . . ,�n])
<latexit sha1_base64="gtUFDZTVjsEEd/wLL5mwinExdUQ="></latexit>

Gradient:

Criterion:

SGD after k iterations: wk
i = (1� ↵�i)

kw0
i

<latexit sha1_base64="IIG4KG8Pn4t41sxw0K5/Psh3nXY="></latexit>

• Converges for: 
• with convergence rate: 

• Optimal learning rate: 

0 < ↵�i < 2
<latexit sha1_base64="97XSEY4wPePRGXP9WCCn9hCXWZ8="></latexit>

rate(↵) = max{|1� ↵�1|, |1� ↵�n|}
<latexit sha1_base64="Gfem4kUg4blCIOJVYT8fl33FGJ4="></latexit>

↵⇤ = argmin
↵

�
rate(↵)

�
=

2

�1 + �n
<latexit sha1_base64="uyeBrJL1vRqaY7Lbau24twU5mZk="></latexit>

SGD on quadric

<latexit sha1_base64="s0zJZn+8dFWdy67PPA6txWrVMa8="></latexit>

@f(w)

@wi

����
wi=wk�1

i

<latexit sha1_base64="cMggVKF1dR03/1CJaA/Ay3Pk8bQ="></latexit>

= �iw
k�1
i
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with A = diag([�1, . . . ,�n])
<latexit sha1_base64="gtUFDZTVjsEEd/wLL5mwinExdUQ="></latexit>

Gradient:

Criterion:

SGD after k iterations: wk
i = (1� ↵�i)

kw0
i

<latexit sha1_base64="IIG4KG8Pn4t41sxw0K5/Psh3nXY="></latexit>

• Converges for: 
• with convergence rate: 

• Optimal learning rate:  

• Optimal conv. rate: 
where                  is condition number 

0 < ↵�i < 2
<latexit sha1_base64="97XSEY4wPePRGXP9WCCn9hCXWZ8="></latexit>

rate(↵) = max{|1� ↵�1|, |1� ↵�n|}
<latexit sha1_base64="Gfem4kUg4blCIOJVYT8fl33FGJ4="></latexit>

↵⇤ = argmin
↵

�
rate(↵)

�
=

2

�1 + �n
<latexit sha1_base64="uyeBrJL1vRqaY7Lbau24twU5mZk="></latexit>

rate(↵⇤) = min
↵

�
rate(↵)

�
=

�n
�1

� 1
�n
�1

+ 1
<latexit sha1_base64="I82KZuL8QLsR564xStZN1ZeczXM="></latexit> =

�n

�1
<latexit sha1_base64="7AfDqKZjl3JS4fTBaFCOn6zylyk="></latexit>

SGD on quadric

<latexit sha1_base64="s0zJZn+8dFWdy67PPA6txWrVMa8="></latexit>

@f(w)

@wi

����
wi=wk�1

i

<latexit sha1_base64="cMggVKF1dR03/1CJaA/Ay3Pk8bQ="></latexit>

= �iw
k�1
i
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<latexit sha1_base64="bD1kN69KciN2AkFMW9xq/coE4K4=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FLx4r2A9olzKbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCAzlTNCmZZbTjtIUkojTdjS+nfntJ6oNk+LBThQNExgKFjMC1kmt3hiUgn654lf9OfAqCXJSQTka/fJXbyBJmlBhCQdjuoGvbJiBtoxwOi31UkMVkDEMaddRAQk1YTa/dorPnDLAsdSuhMVz9fdEBokxkyRynQnYkVn2ZuJ/Xje18XWYMaFSSwVZLIpTjq3Es9fxgGlKLJ84AkQzdysmI9BArAuo5EIIll9eJa1aNbio1u4vK/WbPI4iOkGn6BwF6ArV0R1qoCYi6BE9o1f05knvxXv3PhatBS+fOUZ/4H3+AJd6jyM=</latexit>

� 1

+ 1
<latexit sha1_base64="M8lVBGecXxy7giviM45t+2Be6ug=">AAACAnicbZDLSsNAFIYn9VbrLepK3ASLIIglqYIui25cVrAXaEo5mU7aoZPJMDMRSghufBU3LhRx61O4822ctllo6w8DH/85hzPnDwSjSrvut1VYWl5ZXSuulzY2t7Z37N29pooTiUkDxyyW7QAUYZSThqaakbaQBKKAkVYwupnUWw9EKhrzez0WpBvBgNOQYtDG6tkHfigBp/4IhIAzL8vp1Mt6dtmtuFM5i+DlUEa56j37y+/HOIkI15iBUh3PFbqbgtQUM5KV/EQRAXgEA9IxyCEiqptOT8icY+P0nTCW5nHtTN3fEylESo2jwHRGoIdqvjYx/6t1Eh1edVPKRaIJx7NFYcIcHTuTPJw+lQRrNjYAWFLzVwcPwWSiTWolE4I3f/IiNKsV77xSvbso167zOIroEB2hE+ShS1RDt6iOGgijR/SMXtGb9WS9WO/Wx6y1YOUz++iPrM8f67mXHQ==</latexit>

SGD on quadric



f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w0
<latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>
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SGD + momentum
<latexit sha1_base64="ULtrUsmrUvFFg4mrnm/w22sSlpY="></latexit>

vk = �vk�1 � @f>(w)

@w

����
w=wk�1

<latexit sha1_base64="w+djIJuRTIM3ymFt52LgMjg8Bac="></latexit>

wk = wk�1 + ↵vk



f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>

w0
<latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit>
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SGD + momentum

v =???
<latexit sha1_base64="MhX1rYG5u0V6pifs+GFhQkR2DmM="></latexit><latexit sha1_base64="MhX1rYG5u0V6pifs+GFhQkR2DmM="></latexit><latexit sha1_base64="MhX1rYG5u0V6pifs+GFhQkR2DmM="></latexit><latexit sha1_base64="MhX1rYG5u0V6pifs+GFhQkR2DmM="></latexit>

<latexit sha1_base64="ULtrUsmrUvFFg4mrnm/w22sSlpY="></latexit>

vk = �vk�1 � @f>(w)

@w

����
w=wk�1

<latexit sha1_base64="w+djIJuRTIM3ymFt52LgMjg8Bac="></latexit>

wk = wk�1 + ↵vk



f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>

w0
<latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit>

38

SGD + momentum

w1
<latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit>

v =???
<latexit sha1_base64="MhX1rYG5u0V6pifs+GFhQkR2DmM="></latexit><latexit sha1_base64="MhX1rYG5u0V6pifs+GFhQkR2DmM="></latexit><latexit sha1_base64="MhX1rYG5u0V6pifs+GFhQkR2DmM="></latexit><latexit sha1_base64="MhX1rYG5u0V6pifs+GFhQkR2DmM="></latexit>

<latexit sha1_base64="ULtrUsmrUvFFg4mrnm/w22sSlpY="></latexit>

vk = �vk�1 � @f>(w)

@w

����
w=wk�1

<latexit sha1_base64="w+djIJuRTIM3ymFt52LgMjg8Bac="></latexit>

wk = wk�1 + ↵vk



f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>

w0
<latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit>
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SGD + momentum

⇡ 0
<latexit sha1_base64="Tb9FDMEfL8xqqC2lfTM7MJuO9O0="></latexit><latexit sha1_base64="Tb9FDMEfL8xqqC2lfTM7MJuO9O0="></latexit><latexit sha1_base64="Tb9FDMEfL8xqqC2lfTM7MJuO9O0="></latexit><latexit sha1_base64="Tb9FDMEfL8xqqC2lfTM7MJuO9O0="></latexit>

w1
<latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit>

<latexit sha1_base64="ULtrUsmrUvFFg4mrnm/w22sSlpY="></latexit>

vk = �vk�1 � @f>(w)

@w

����
w=wk�1

<latexit sha1_base64="w+djIJuRTIM3ymFt52LgMjg8Bac="></latexit>

wk = wk�1 + ↵vk



SGD + momentum

f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>

• Build velocity    as running average of gradients 
• Rolling ball with velocity      and friction coeffv

<latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit>

v
<latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit>

w1
<latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit>

v =???
<latexit sha1_base64="MhX1rYG5u0V6pifs+GFhQkR2DmM="></latexit><latexit sha1_base64="MhX1rYG5u0V6pifs+GFhQkR2DmM="></latexit><latexit sha1_base64="MhX1rYG5u0V6pifs+GFhQkR2DmM="></latexit><latexit sha1_base64="MhX1rYG5u0V6pifs+GFhQkR2DmM="></latexit>

w0
<latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit><latexit sha1_base64="GaQkdwXloOoRAWwbUSqvY6erm1U="></latexit>

40

<latexit sha1_base64="4AmDnmLI6awxEOatYQN8tNpAZdQ="></latexit>

�

<latexit sha1_base64="ULtrUsmrUvFFg4mrnm/w22sSlpY="></latexit>

vk = �vk�1 � @f>(w)

@w

����
w=wk�1

<latexit sha1_base64="w+djIJuRTIM3ymFt52LgMjg8Bac="></latexit>

wk = wk�1 + ↵vk



SGD + momentum

f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>

w2
<latexit sha1_base64="HRPTFNusQyO8CB95YkGQAIRC27Y="></latexit><latexit sha1_base64="HRPTFNusQyO8CB95YkGQAIRC27Y="></latexit><latexit sha1_base64="HRPTFNusQyO8CB95YkGQAIRC27Y="></latexit><latexit sha1_base64="HRPTFNusQyO8CB95YkGQAIRC27Y="></latexit>

• Build velocity    as running average of gradients 
• Rolling ball with velocity      and friction coeffv

<latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit>

v
<latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit>

Overcome low  
gradient regions

v >> 0
<latexit sha1_base64="PFm+G3OUzDcMMFNppcLRBr3BWrM="></latexit><latexit sha1_base64="PFm+G3OUzDcMMFNppcLRBr3BWrM="></latexit><latexit sha1_base64="PFm+G3OUzDcMMFNppcLRBr3BWrM="></latexit><latexit sha1_base64="PFm+G3OUzDcMMFNppcLRBr3BWrM="></latexit>

w1
<latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit><latexit sha1_base64="s8jHP78bpykPVjCIp8bkFeUY46g="></latexit>

41

<latexit sha1_base64="4AmDnmLI6awxEOatYQN8tNpAZdQ="></latexit>

�

<latexit sha1_base64="ULtrUsmrUvFFg4mrnm/w22sSlpY="></latexit>

vk = �vk�1 � @f>(w)

@w

����
w=wk�1

<latexit sha1_base64="w+djIJuRTIM3ymFt52LgMjg8Bac="></latexit>

wk = wk�1 + ↵vk



SGD + momentum

f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>

• Build velocity    as running average of gradients 
• Rolling ball with velocity      and friction coeffv

<latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit>

v
<latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit>

w3
<latexit sha1_base64="9jwTEmD3gvg2p11r9SGWaD9E9eo="></latexit><latexit sha1_base64="9jwTEmD3gvg2p11r9SGWaD9E9eo="></latexit><latexit sha1_base64="9jwTEmD3gvg2p11r9SGWaD9E9eo="></latexit><latexit sha1_base64="9jwTEmD3gvg2p11r9SGWaD9E9eo="></latexit>

Reach minimum 
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<latexit sha1_base64="4AmDnmLI6awxEOatYQN8tNpAZdQ="></latexit>

�

<latexit sha1_base64="ULtrUsmrUvFFg4mrnm/w22sSlpY="></latexit>

vk = �vk�1 � @f>(w)

@w

����
w=wk�1

<latexit sha1_base64="w+djIJuRTIM3ymFt52LgMjg8Bac="></latexit>

wk = wk�1 + ↵vk



SGD + momentum

f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>

• Build velocity    as running average of gradients 
• Rolling ball with velocity      and friction coeffv

<latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit>

v
<latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit>

Reach minimum 
 but overshoots

w4
<latexit sha1_base64="xtmSx0mAhszrcdTQhKAsGfkt2h8="></latexit><latexit sha1_base64="xtmSx0mAhszrcdTQhKAsGfkt2h8="></latexit><latexit sha1_base64="xtmSx0mAhszrcdTQhKAsGfkt2h8="></latexit><latexit sha1_base64="xtmSx0mAhszrcdTQhKAsGfkt2h8="></latexit>

v > 0
<latexit sha1_base64="PjIYWP+0nHcZ+GgTIGxBAUjtcwU="></latexit><latexit sha1_base64="PjIYWP+0nHcZ+GgTIGxBAUjtcwU="></latexit><latexit sha1_base64="PjIYWP+0nHcZ+GgTIGxBAUjtcwU="></latexit><latexit sha1_base64="PjIYWP+0nHcZ+GgTIGxBAUjtcwU="></latexit>

w3
<latexit sha1_base64="9jwTEmD3gvg2p11r9SGWaD9E9eo="></latexit><latexit sha1_base64="9jwTEmD3gvg2p11r9SGWaD9E9eo="></latexit><latexit sha1_base64="9jwTEmD3gvg2p11r9SGWaD9E9eo="></latexit><latexit sha1_base64="9jwTEmD3gvg2p11r9SGWaD9E9eo="></latexit>
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<latexit sha1_base64="4AmDnmLI6awxEOatYQN8tNpAZdQ="></latexit>

�

<latexit sha1_base64="ULtrUsmrUvFFg4mrnm/w22sSlpY="></latexit>

vk = �vk�1 � @f>(w)

@w

����
w=wk�1

<latexit sha1_base64="w+djIJuRTIM3ymFt52LgMjg8Bac="></latexit>

wk = wk�1 + ↵vk



SGD + momentum

f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>

• Build velocity    as running average of gradients 
• Rolling ball with velocity      and friction coeffv

<latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit>

v
<latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit>

Reach minimum 
 but overshoots

v = 0
<latexit sha1_base64="BE+uTe8+OrmSKcEWBrJDi3ie0wE="></latexit><latexit sha1_base64="BE+uTe8+OrmSKcEWBrJDi3ie0wE="></latexit><latexit sha1_base64="BE+uTe8+OrmSKcEWBrJDi3ie0wE="></latexit><latexit sha1_base64="BE+uTe8+OrmSKcEWBrJDi3ie0wE="></latexit>

w5
<latexit sha1_base64="NYFzQa+SQZKVQcb3IUtm7d74hBs="></latexit><latexit sha1_base64="NYFzQa+SQZKVQcb3IUtm7d74hBs="></latexit><latexit sha1_base64="NYFzQa+SQZKVQcb3IUtm7d74hBs="></latexit><latexit sha1_base64="NYFzQa+SQZKVQcb3IUtm7d74hBs="></latexit>
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<latexit sha1_base64="4AmDnmLI6awxEOatYQN8tNpAZdQ="></latexit>

�

<latexit sha1_base64="ULtrUsmrUvFFg4mrnm/w22sSlpY="></latexit>

vk = �vk�1 � @f>(w)

@w

����
w=wk�1

<latexit sha1_base64="w+djIJuRTIM3ymFt52LgMjg8Bac="></latexit>

wk = wk�1 + ↵vk



SGD + momentum

f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>

• Build velocity    as running average of gradients 
• Rolling ball with velocity      and friction coeffv

<latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit>

v
<latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit>

Reach minimum 
 but overshoots

w5
<latexit sha1_base64="NYFzQa+SQZKVQcb3IUtm7d74hBs="></latexit><latexit sha1_base64="NYFzQa+SQZKVQcb3IUtm7d74hBs="></latexit><latexit sha1_base64="NYFzQa+SQZKVQcb3IUtm7d74hBs="></latexit><latexit sha1_base64="NYFzQa+SQZKVQcb3IUtm7d74hBs="></latexit>

w6
<latexit sha1_base64="2gcfkgs3Xzn5Eg0RTtfgJKZWIfA="></latexit><latexit sha1_base64="2gcfkgs3Xzn5Eg0RTtfgJKZWIfA="></latexit><latexit sha1_base64="2gcfkgs3Xzn5Eg0RTtfgJKZWIfA="></latexit><latexit sha1_base64="2gcfkgs3Xzn5Eg0RTtfgJKZWIfA="></latexit>

v < 0
<latexit sha1_base64="KooEk2W0gPiUV/cgM73JTvWz5W4="></latexit><latexit sha1_base64="KooEk2W0gPiUV/cgM73JTvWz5W4="></latexit><latexit sha1_base64="KooEk2W0gPiUV/cgM73JTvWz5W4="></latexit><latexit sha1_base64="KooEk2W0gPiUV/cgM73JTvWz5W4="></latexit>
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<latexit sha1_base64="4AmDnmLI6awxEOatYQN8tNpAZdQ="></latexit>

�

<latexit sha1_base64="ULtrUsmrUvFFg4mrnm/w22sSlpY="></latexit>

vk = �vk�1 � @f>(w)

@w

����
w=wk�1

<latexit sha1_base64="w+djIJuRTIM3ymFt52LgMjg8Bac="></latexit>

wk = wk�1 + ↵vk



SGD + momentum

f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>

Reach minimum 
 but overshoots

w6
<latexit sha1_base64="2gcfkgs3Xzn5Eg0RTtfgJKZWIfA="></latexit><latexit sha1_base64="2gcfkgs3Xzn5Eg0RTtfgJKZWIfA="></latexit><latexit sha1_base64="2gcfkgs3Xzn5Eg0RTtfgJKZWIfA="></latexit><latexit sha1_base64="2gcfkgs3Xzn5Eg0RTtfgJKZWIfA="></latexit>

v < 0
<latexit sha1_base64="KooEk2W0gPiUV/cgM73JTvWz5W4="></latexit><latexit sha1_base64="KooEk2W0gPiUV/cgM73JTvWz5W4="></latexit><latexit sha1_base64="KooEk2W0gPiUV/cgM73JTvWz5W4="></latexit><latexit sha1_base64="KooEk2W0gPiUV/cgM73JTvWz5W4="></latexit>
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• Build velocity    as running average of gradients 
• Rolling ball with velocity      and friction coeffv

<latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit>

v
<latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit>

<latexit sha1_base64="4AmDnmLI6awxEOatYQN8tNpAZdQ="></latexit>

�

<latexit sha1_base64="ULtrUsmrUvFFg4mrnm/w22sSlpY="></latexit>

vk = �vk�1 � @f>(w)

@w

����
w=wk�1

<latexit sha1_base64="w+djIJuRTIM3ymFt52LgMjg8Bac="></latexit>

wk = wk�1 + ↵vk



SGD + momentum

f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>

Jumps steep minima.  
Is it good?

v >> 0
<latexit sha1_base64="PFm+G3OUzDcMMFNppcLRBr3BWrM="></latexit><latexit sha1_base64="PFm+G3OUzDcMMFNppcLRBr3BWrM="></latexit><latexit sha1_base64="PFm+G3OUzDcMMFNppcLRBr3BWrM="></latexit><latexit sha1_base64="PFm+G3OUzDcMMFNppcLRBr3BWrM="></latexit>
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• Build velocity    as running average of gradients 
• Rolling ball with velocity      and friction coeffv

<latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit>

v
<latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit>

<latexit sha1_base64="4AmDnmLI6awxEOatYQN8tNpAZdQ="></latexit>

�

<latexit sha1_base64="ULtrUsmrUvFFg4mrnm/w22sSlpY="></latexit>

vk = �vk�1 � @f>(w)

@w

����
w=wk�1

<latexit sha1_base64="w+djIJuRTIM3ymFt52LgMjg8Bac="></latexit>

wk = wk�1 + ↵vk



rw1
<latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit>

rw2
<latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit>

Undesired zig-zag behaviour
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<latexit sha1_base64="VF6DRxpTz6NghhfBBZcq0ugS7+s="></latexit>

wk = wk�1 � ↵
@f>(w)

@w

����
w=wk�1

“SGD” vs “SGD + momentum” in 2D
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Momentum suppresses this problem partially by averaging element-wise gradients

<latexit sha1_base64="ULtrUsmrUvFFg4mrnm/w22sSlpY="></latexit>

vk = �vk�1 � @f>(w)

@w

����
w=wk�1

<latexit sha1_base64="w+djIJuRTIM3ymFt52LgMjg8Bac="></latexit>

wk = wk�1 + ↵vk

“SGD” vs “SGD + momentum” in 2D
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https://distill.pub/2017/momentum/

↵ =
<latexit sha1_base64="1CpM48roL/Vr7Eo/C5NN3GL+8Zc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbSiT7aZdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH47uZ335iSvNYPppJwvwIh5KHnKKxUruHIhnhTb9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+7pScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMvudDLhi1IiJJUgVt7cSOkKF1NiESjYEb/nlVdKqVb2Lau3hslK/zeMowgmcwjl4cAV1uIcGNIHCGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx8Qoo9j</latexit> 1e-3 0

<latexit sha1_base64="/jWpnX+3jWWbj+pTE/tZ/RL6peM="></latexit>

� =

<latexit sha1_base64="ULtrUsmrUvFFg4mrnm/w22sSlpY="></latexit>

vk = �vk�1 � @f>(w)

@w

����
w=wk�1

<latexit sha1_base64="w+djIJuRTIM3ymFt52LgMjg8Bac="></latexit>

wk = wk�1 + ↵vk

“SGD” vs “SGD + momentum” in 2D
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↵ =
<latexit sha1_base64="1CpM48roL/Vr7Eo/C5NN3GL+8Zc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbSiT7aZdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH47uZ335iSvNYPppJwvwIh5KHnKKxUruHIhnhTb9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+7pScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMvudDLhi1IiJJUgVt7cSOkKF1NiESjYEb/nlVdKqVb2Lau3hslK/zeMowgmcwjl4cAV1uIcGNIHCGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx8Qoo9j</latexit> 5e-3 0

<latexit sha1_base64="/jWpnX+3jWWbj+pTE/tZ/RL6peM="></latexit>

� =

<latexit sha1_base64="ULtrUsmrUvFFg4mrnm/w22sSlpY="></latexit>

vk = �vk�1 � @f>(w)

@w

����
w=wk�1

<latexit sha1_base64="w+djIJuRTIM3ymFt52LgMjg8Bac="></latexit>

wk = wk�1 + ↵vk

“SGD” vs “SGD + momentum” in 2D

https://distill.pub/2017/momentum/
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↵ =
<latexit sha1_base64="1CpM48roL/Vr7Eo/C5NN3GL+8Zc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbSiT7aZdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH47uZ335iSvNYPppJwvwIh5KHnKKxUruHIhnhTb9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+7pScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMvudDLhi1IiJJUgVt7cSOkKF1NiESjYEb/nlVdKqVb2Lau3hslK/zeMowgmcwjl4cAV1uIcGNIHCGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx8Qoo9j</latexit> 1e-3 0.9

<latexit sha1_base64="/jWpnX+3jWWbj+pTE/tZ/RL6peM="></latexit>

� =

<latexit sha1_base64="ULtrUsmrUvFFg4mrnm/w22sSlpY="></latexit>

vk = �vk�1 � @f>(w)

@w

����
w=wk�1

<latexit sha1_base64="w+djIJuRTIM3ymFt52LgMjg8Bac="></latexit>

wk = wk�1 + ↵vk

“SGD” vs “SGD + momentum” in 2D

https://distill.pub/2017/momentum/
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with A = diag([�1, . . . ,�n])
<latexit sha1_base64="gtUFDZTVjsEEd/wLL5mwinExdUQ="></latexit>

Gradient:

Criterion:

SGD+momentum after k iterations:

<latexit sha1_base64="gfV6zzbyM8+I9xrdgzghD1jWoCo="></latexit>
vk
i

wk
i

�
=


� �i

�↵� 1� ↵�i

� 
vk�1
i

wk�1
i

�
=


� �i

�↵� 1� ↵�i

�k 
v0
i

w0
i

�

[Flammarion, Bach COLT 2017] 
https://arxiv.org/pdf/1504.01577.pdf 
https://distill.pub/2017/momentum/

<latexit sha1_base64="L4icdpDffANwHGdfceVggjWjiss="></latexit>

@f(wi)

@wi
= �iwi

<latexit sha1_base64="ULtrUsmrUvFFg4mrnm/w22sSlpY="></latexit>

vk = �vk�1 � @f>(w)

@w

����
w=wk�1

<latexit sha1_base64="w+djIJuRTIM3ymFt52LgMjg8Bac="></latexit>

wk = wk�1 + ↵vk

“SGD + momentum” on quadric
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<latexit sha1_base64="gfV6zzbyM8+I9xrdgzghD1jWoCo="></latexit>
vk
i

wk
i

�
=


� �i

�↵� 1� ↵�i

� 
vk�1
i

wk�1
i

�
=


� �i

�↵� 1� ↵�i

�k 
v0
i

w0
i

�

<latexit sha1_base64="lowH6wl5VI2NC9AW8hIOBaNiObw="></latexit>v

<latexit sha1_base64="UwoFPA5O2aDTLMASSDEqbJetIUk="></latexit>w

[Flammarion, Bach COLT 2017] 
https://arxiv.org/pdf/1504.01577.pdf 
https://distill.pub/2017/momentum/

“SGD + momentum” on quadric
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[Flammarion, Bach COLT 2017] https://arxiv.org/pdf/1504.01577.pdf 
https://distill.pub/2017/momentum/

<latexit sha1_base64="gfV6zzbyM8+I9xrdgzghD1jWoCo="></latexit>
vk
i

wk
i

�
=


� �i

�↵� 1� ↵�i

� 
vk�1
i

wk�1
i

�
=


� �i

�↵� 1� ↵�i

�k 
v0
i

w0
i

�

<latexit sha1_base64="HIxxeZIQCbNKcs9GKiVM6eHzrzQ="></latexit>

� = 0.02

<latexit sha1_base64="FOPYVYYXW2rB+PDaoH9FrNGJ+JI="></latexit>

� = 0.1

<latexit sha1_base64="yHg5Q714tL6VEJCLiAJnrJSmGsw="></latexit>

� = 0.25

<latexit sha1_base64="x8neEdf8l+0nefVpwxRfh5RpJ6k="></latexit>

� = 0.8

<latexit sha1_base64="lowH6wl5VI2NC9AW8hIOBaNiObw="></latexit>v

<latexit sha1_base64="UwoFPA5O2aDTLMASSDEqbJetIUk="></latexit>w

<latexit sha1_base64="wQMdRrPqBymDrJfN+4Z6w/uCCKg="></latexit>

� = 0.985

“SGD + momentum” on quadric
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[Flammarion, Bach COLT 2017] https://arxiv.org/pdf/1504.01577.pdf 
https://distill.pub/2017/momentum/

<latexit sha1_base64="gfV6zzbyM8+I9xrdgzghD1jWoCo="></latexit>
vk
i

wk
i

�
=


� �i

�↵� 1� ↵�i

� 
vk�1
i

wk�1
i

�
=


� �i

�↵� 1� ↵�i

�k 
v0
i

w0
i

�

<latexit sha1_base64="HIxxeZIQCbNKcs9GKiVM6eHzrzQ="></latexit>

� = 0.02

<latexit sha1_base64="FOPYVYYXW2rB+PDaoH9FrNGJ+JI="></latexit>

� = 0.1

<latexit sha1_base64="yHg5Q714tL6VEJCLiAJnrJSmGsw="></latexit>

� = 0.25

<latexit sha1_base64="x8neEdf8l+0nefVpwxRfh5RpJ6k="></latexit>

� = 0.8

<latexit sha1_base64="lowH6wl5VI2NC9AW8hIOBaNiObw="></latexit>v

<latexit sha1_base64="UwoFPA5O2aDTLMASSDEqbJetIUk="></latexit>w

<latexit sha1_base64="wQMdRrPqBymDrJfN+4Z6w/uCCKg="></latexit>

� = 0.985

“SGD + momentum” on quadric
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with A = diag([�1, . . . ,�n])
<latexit sha1_base64="gtUFDZTVjsEEd/wLL5mwinExdUQ="></latexit>

Gradient:

Criterion:

SGD+momentum after k iterations:

• Converg. rate:

<latexit sha1_base64="gfV6zzbyM8+I9xrdgzghD1jWoCo="></latexit>
vk
i

wk
i

�
=


� �i

�↵� 1� ↵�i

� 
vk�1
i

wk�1
i

�
=


� �i

�↵� 1� ↵�i

�k 
v0
i

w0
i

�

[Flammarion, Bach COLT 2017] https://arxiv.org/pdf/1504.01577.pdf 
https://distill.pub/2017/momentum/

<latexit sha1_base64="ywQ+3y3lyzJ480qpqqiUsWuddIQ="></latexit>

ratei(↵,�) = max{|�1(↵,�,�i)|, |�2(↵,�,�i)|}

<latexit sha1_base64="L4icdpDffANwHGdfceVggjWjiss="></latexit>

@f(wi)

@wi
= �iwi

“SGD + momentum” on quadric
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<latexit sha1_base64="ywQ+3y3lyzJ480qpqqiUsWuddIQ="></latexit>

ratei(↵,�) = max{|�1(↵,�,�i)|, |�2(↵,�,�i)|}

[Flammarion, Bach COLT 2017] https://arxiv.org/pdf/1504.01577.pdf 
https://distill.pub/2017/momentum/

“SGD + momentum” on quadric
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with A = diag([�1, . . . ,�n])
<latexit sha1_base64="gtUFDZTVjsEEd/wLL5mwinExdUQ="></latexit>

Gradient:

Criterion:

SGD+momentum after k iterations:
<latexit sha1_base64="gfV6zzbyM8+I9xrdgzghD1jWoCo="></latexit>
vk
i

wk
i

�
=


� �i

�↵� 1� ↵�i

� 
vk�1
i

wk�1
i

�
=


� �i

�↵� 1� ↵�i

�k 
v0
i

w0
i

�

• Optimal parameters:

[Flammarion, Bach COLT 2017] https://arxiv.org/pdf/1504.01577.pdf 
https://distill.pub/2017/momentum/

<latexit sha1_base64="u34HS4RWUzNxN5Uy17dOpieeeGk="></latexit>

�⇤ =
⇣p�n �

p
�1p

�n +
p
�1

⌘2<latexit sha1_base64="ivCs6mxsxq8ifjkM2Ec+K8U8Xuk="></latexit>

↵⇤ =
⇣ 2p

�1 +
p
�n

⌘2

• Converg. rate:
<latexit sha1_base64="ywQ+3y3lyzJ480qpqqiUsWuddIQ="></latexit>

ratei(↵,�) = max{|�1(↵,�,�i)|, |�2(↵,�,�i)|}

<latexit sha1_base64="L4icdpDffANwHGdfceVggjWjiss="></latexit>

@f(wi)

@wi
= �iwi

“SGD + momentum” on quadric
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with A = diag([�1, . . . ,�n])
<latexit sha1_base64="gtUFDZTVjsEEd/wLL5mwinExdUQ="></latexit>

Gradient:

Criterion:

SGD+momentum after k iterations:
<latexit sha1_base64="gfV6zzbyM8+I9xrdgzghD1jWoCo="></latexit>
vk
i

wk
i

�
=


� �i

�↵� 1� ↵�i

� 
vk�1
i

wk�1
i

�
=


� �i

�↵� 1� ↵�i

�k 
v0
i

w0
i

�

• Optimal parameters:

[Flammarion, Bach COLT 2017] https://arxiv.org/pdf/1504.01577.pdf 
https://distill.pub/2017/momentum/

<latexit sha1_base64="u34HS4RWUzNxN5Uy17dOpieeeGk="></latexit>

�⇤ =
⇣p�n �

p
�1p

�n +
p
�1

⌘2<latexit sha1_base64="ivCs6mxsxq8ifjkM2Ec+K8U8Xuk="></latexit>

↵⇤ =
⇣ 2p

�1 +
p
�n

⌘2

• Optimal convergence rate:
p
� 1p
+ 1

<latexit sha1_base64="otaFRXtKns3IyKbwVFgjT3PcMYU=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUxJJUQZdFNy4r2Ac0oUymk3boZDLOTIQS8glu/BU3LhRx69Kdf+O0zcK2HrhwOOde7r0nEIwq7Tg/VmFpeWV1rbhe2tjc2t6xd/eaKk4kJg0cs1i2A6QIo5w0NNWMtIUkKAoYaQXDm7HfeiRS0Zjf65EgfoT6nIYUI22krn3shRLh1FMPUqfeEAmBsjM3mxVO3axrl52KMwFcJG5OyiBHvWt/e70YJxHhGjOkVMd1hPZTJDXFjGQlL1FEIDxEfdIxlKOIKD+dPJTBI6P0YBhLU1zDifp3IkWRUqMoMJ0R0gM1743F/7xOosMrP6VcJJpwPF0UJgzqGI7TgT0qCdZsZAjCkppbIR4gk5A2GZZMCO78y4ukWa2455Xq3UW5dp3HUQQH4BCcABdcghq4BXXQABg8gRfwBt6tZ+vV+rA+p60FK5/ZBzOwvn4BI0ed5Q==</latexit>

<latexit sha1_base64="e6euwcn+UBaj7+nQ7D71zNJXLlE="></latexit>

rate(↵⇤,�⇤) =

• Converg. rate:
<latexit sha1_base64="ywQ+3y3lyzJ480qpqqiUsWuddIQ="></latexit>

ratei(↵,�) = max{|�1(↵,�,�i)|, |�2(↵,�,�i)|}

<latexit sha1_base64="L4icdpDffANwHGdfceVggjWjiss="></latexit>

@f(wi)

@wi
= �iwi

“SGD + momentum” on quadric
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Convergence rate

� 1

+ 1
<latexit sha1_base64="M8lVBGecXxy7giviM45t+2Be6ug=">AAACAnicbZDLSsNAFIYn9VbrLepK3ASLIIglqYIui25cVrAXaEo5mU7aoZPJMDMRSghufBU3LhRx61O4822ctllo6w8DH/85hzPnDwSjSrvut1VYWl5ZXSuulzY2t7Z37N29pooTiUkDxyyW7QAUYZSThqaakbaQBKKAkVYwupnUWw9EKhrzez0WpBvBgNOQYtDG6tkHfigBp/4IhIAzL8vp1Mt6dtmtuFM5i+DlUEa56j37y+/HOIkI15iBUh3PFbqbgtQUM5KV/EQRAXgEA9IxyCEiqptOT8icY+P0nTCW5nHtTN3fEylESo2jwHRGoIdqvjYx/6t1Eh1edVPKRaIJx7NFYcIcHTuTPJw+lQRrNjYAWFLzVwcPwWSiTWolE4I3f/IiNKsV77xSvbso167zOIroEB2hE+ShS1RDt6iOGgijR/SMXtGb9WS9WO/Wx6y1YOUz++iPrM8f67mXHQ==</latexit>

p
� 1p
+ 1

<latexit sha1_base64="otaFRXtKns3IyKbwVFgjT3PcMYU=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUxJJUQZdFNy4r2Ac0oUymk3boZDLOTIQS8glu/BU3LhRx69Kdf+O0zcK2HrhwOOde7r0nEIwq7Tg/VmFpeWV1rbhe2tjc2t6xd/eaKk4kJg0cs1i2A6QIo5w0NNWMtIUkKAoYaQXDm7HfeiRS0Zjf65EgfoT6nIYUI22krn3shRLh1FMPUqfeEAmBsjM3mxVO3axrl52KMwFcJG5OyiBHvWt/e70YJxHhGjOkVMd1hPZTJDXFjGQlL1FEIDxEfdIxlKOIKD+dPJTBI6P0YBhLU1zDifp3IkWRUqMoMJ0R0gM1743F/7xOosMrP6VcJJpwPF0UJgzqGI7TgT0qCdZsZAjCkppbIR4gk5A2GZZMCO78y4ukWa2455Xq3UW5dp3HUQQH4BCcABdcghq4BXXQABg8gRfwBt6tZ+vV+rA+p60FK5/ZBzOwvn4BI0ed5Q==</latexit>

SGD

SGD+momentum

torch.optim.SGD(params, lr=0.001, momentum=0.9)

“SGD + momentum” on quadric



PyTorch

62

# initialise
import torch.nn as nn
import torch.optim as optim

# initialize optimizer
optimizer = optim.SGD(conv_net.parameters(), lr=1e-2)

# define ConvNet model
conv_net = …

# define criterion function
loss = loss_fn(conv_net(images), labels)

# compute gradient
loss.backward()

# update weights of the model
optimizer.step() 



SGD + momentum - drawback

f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>

• Build velocity    as running average of gradients 
• Rolling ball with velocity      and friction coeff ⇢ = 0.95

<latexit sha1_base64="l9HFqakHuVM4/BQchbWWttVsuPU="></latexit><latexit sha1_base64="l9HFqakHuVM4/BQchbWWttVsuPU="></latexit><latexit sha1_base64="l9HFqakHuVM4/BQchbWWttVsuPU="></latexit><latexit sha1_base64="l9HFqakHuVM4/BQchbWWttVsuPU="></latexit>

v
<latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit>

v
<latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit><latexit sha1_base64="HdkB1Tx6RDWgYzlyUt2tdjvnELo="></latexit>

Reach minimum 
 but overshoots

w4
<latexit sha1_base64="xtmSx0mAhszrcdTQhKAsGfkt2h8="></latexit><latexit sha1_base64="xtmSx0mAhszrcdTQhKAsGfkt2h8="></latexit><latexit sha1_base64="xtmSx0mAhszrcdTQhKAsGfkt2h8="></latexit><latexit sha1_base64="xtmSx0mAhszrcdTQhKAsGfkt2h8="></latexit>

w3
<latexit sha1_base64="9jwTEmD3gvg2p11r9SGWaD9E9eo="></latexit><latexit sha1_base64="9jwTEmD3gvg2p11r9SGWaD9E9eo="></latexit><latexit sha1_base64="9jwTEmD3gvg2p11r9SGWaD9E9eo="></latexit><latexit sha1_base64="9jwTEmD3gvg2p11r9SGWaD9E9eo="></latexit>

=> problem !!!

63

<latexit sha1_base64="ULtrUsmrUvFFg4mrnm/w22sSlpY="></latexit>

vk = �vk�1 � @f>(w)

@w

����
w=wk�1

<latexit sha1_base64="w+djIJuRTIM3ymFt52LgMjg8Bac="></latexit>

wk = wk�1 + ↵vk



<latexit sha1_base64="OE7bDvoQmc499JuJEDof0dPYQsY="></latexit>

vk = �vk�1 � @f>(w)

@w

����
w=wk�1+↵vk�1

SGD with Nesterov momentum

• Look one step ahead and reduce velocity by future gradient 
• Partially prevents overshooting

f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>

w4
<latexit sha1_base64="xtmSx0mAhszrcdTQhKAsGfkt2h8="></latexit><latexit sha1_base64="xtmSx0mAhszrcdTQhKAsGfkt2h8="></latexit><latexit sha1_base64="xtmSx0mAhszrcdTQhKAsGfkt2h8="></latexit><latexit sha1_base64="xtmSx0mAhszrcdTQhKAsGfkt2h8="></latexit>

w3
<latexit sha1_base64="9jwTEmD3gvg2p11r9SGWaD9E9eo="></latexit><latexit sha1_base64="9jwTEmD3gvg2p11r9SGWaD9E9eo="></latexit><latexit sha1_base64="9jwTEmD3gvg2p11r9SGWaD9E9eo="></latexit><latexit sha1_base64="9jwTEmD3gvg2p11r9SGWaD9E9eo="></latexit>

http://www.cs.toronto.edu/~fritz/absps/momentum.pdf
64

<latexit sha1_base64="w+djIJuRTIM3ymFt52LgMjg8Bac="></latexit>

wk = wk�1 + ↵vk

<latexit sha1_base64="aGaFgCqEvkm/EjhcDwHIBTOIx70="></latexit>

�↵
@f(w)

@w

����
w=wk�1+↵vk�1



• Look one step ahead and reduce velocity by future gradient 
• Partially prevents overshooting

f(w)
<latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit><latexit sha1_base64="9nY7PinAzHwWDXq6iI+8cei7svE="></latexit>

w
<latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit><latexit sha1_base64="eSdO1m+JMnZOOHEbS/cVQ4vaPxQ="></latexit>

w4
<latexit sha1_base64="xtmSx0mAhszrcdTQhKAsGfkt2h8="></latexit><latexit sha1_base64="xtmSx0mAhszrcdTQhKAsGfkt2h8="></latexit><latexit sha1_base64="xtmSx0mAhszrcdTQhKAsGfkt2h8="></latexit><latexit sha1_base64="xtmSx0mAhszrcdTQhKAsGfkt2h8="></latexit>

w3
<latexit sha1_base64="9jwTEmD3gvg2p11r9SGWaD9E9eo="></latexit><latexit sha1_base64="9jwTEmD3gvg2p11r9SGWaD9E9eo="></latexit><latexit sha1_base64="9jwTEmD3gvg2p11r9SGWaD9E9eo="></latexit><latexit sha1_base64="9jwTEmD3gvg2p11r9SGWaD9E9eo="></latexit>

http://www.cs.toronto.edu/~fritz/absps/momentum.pdf
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<latexit sha1_base64="w+djIJuRTIM3ymFt52LgMjg8Bac="></latexit>

wk = wk�1 + ↵vk

<latexit sha1_base64="OE7bDvoQmc499JuJEDof0dPYQsY="></latexit>

vk = �vk�1 � @f>(w)

@w

����
w=wk�1+↵vk�1

<latexit sha1_base64="aGaFgCqEvkm/EjhcDwHIBTOIx70="></latexit>

�↵
@f(w)

@w

����
w=wk�1+↵vk�1

SGD with Nesterov momentum



Beyond first order methods

rw1
<latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit><latexit sha1_base64="gDeDiTP/2glfyS/V313VBRS4dV0="></latexit>

rw2
<latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit><latexit sha1_base64="pYohhJ0BAL3o4CsYmiVmleoUDLs="></latexit>

Undesired zig-zag behaviour

66

Momentum helps, but the zig-zag behaviour remains.

<latexit sha1_base64="VF6DRxpTz6NghhfBBZcq0ugS7+s="></latexit>

wk = wk�1 � ↵
@f>(w)

@w

����
w=wk�1



Full Newton Method

67

Hessian                            adjusts the direction of the gradient.

<latexit sha1_base64="QyYZw2uOKnxvbOZ+4MH5wpQGpSI="></latexit>

wk = wk�1 � ↵H
�1 @f(w)

@w

����
w=wk�1

<latexit sha1_base64="gxUQvGOLDAKxiiUFBRCrjII6kV8="></latexit>

H =
@
2
f(w)

@2w

����
w=wk�1



68

case study
withA = diag([�1, . . . ,�n])

<latexit sha1_base64="gtUFDZTVjsEEd/wLL5mwinExdUQ="></latexit>

Gradient:

Criterion:

SGD after k iterations: wk
i = (1� ↵�i)

kw0
i

<latexit sha1_base64="IIG4KG8Pn4t41sxw0K5/Psh3nXY="></latexit>

Convergence rate of full Newton method on quadric

Full Newton after k iterations:

Hessian:

<latexit sha1_base64="YjmLYLnMB1sCk19+EP/Hm8ujdrQ="></latexit>

wk
i = (1� ↵)kw0

i

Optimal convergence rate: 
<latexit sha1_base64="FTNUdH0vghoVwDfsO/RbaIA7SNw="></latexit>

rate(↵⇤) = 0

<latexit sha1_base64="ZRty7DBxf8kV+cl/OJfE8PtNLJo="></latexit>

↵⇤ = 1

<latexit sha1_base64="YMwZ6wa4dCgZvDG6UGKiD58DTxw="></latexit>

= �i

<latexit sha1_base64="s0zJZn+8dFWdy67PPA6txWrVMa8="></latexit>

@f(w)

@wi

����
wi=wk�1

i

<latexit sha1_base64="QtrY36n49cVoF5EvwS+lEpnsbXg="></latexit>

= �iwi

<latexit sha1_base64="7nW5LYA1WoqvqNYFHUIR2qjDV4Y="></latexit>

H =
@
2
f(w)

@2wi

����
wi=wk�1

i



69

Convergence rate

� 1

+ 1
<latexit sha1_base64="M8lVBGecXxy7giviM45t+2Be6ug=">AAACAnicbZDLSsNAFIYn9VbrLepK3ASLIIglqYIui25cVrAXaEo5mU7aoZPJMDMRSghufBU3LhRx61O4822ctllo6w8DH/85hzPnDwSjSrvut1VYWl5ZXSuulzY2t7Z37N29pooTiUkDxyyW7QAUYZSThqaakbaQBKKAkVYwupnUWw9EKhrzez0WpBvBgNOQYtDG6tkHfigBp/4IhIAzL8vp1Mt6dtmtuFM5i+DlUEa56j37y+/HOIkI15iBUh3PFbqbgtQUM5KV/EQRAXgEA9IxyCEiqptOT8icY+P0nTCW5nHtTN3fEylESo2jwHRGoIdqvjYx/6t1Eh1edVPKRaIJx7NFYcIcHTuTPJw+lQRrNjYAWFLzVwcPwWSiTWolE4I3f/IiNKsV77xSvbso167zOIroEB2hE+ShS1RDt6iOGgijR/SMXtGb9WS9WO/Wx6y1YOUz++iPrM8f67mXHQ==</latexit>

p
� 1p
+ 1

<latexit sha1_base64="otaFRXtKns3IyKbwVFgjT3PcMYU=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUxJJUQZdFNy4r2Ac0oUymk3boZDLOTIQS8glu/BU3LhRx69Kdf+O0zcK2HrhwOOde7r0nEIwq7Tg/VmFpeWV1rbhe2tjc2t6xd/eaKk4kJg0cs1i2A6QIo5w0NNWMtIUkKAoYaQXDm7HfeiRS0Zjf65EgfoT6nIYUI22krn3shRLh1FMPUqfeEAmBsjM3mxVO3axrl52KMwFcJG5OyiBHvWt/e70YJxHhGjOkVMd1hPZTJDXFjGQlL1FEIDxEfdIxlKOIKD+dPJTBI6P0YBhLU1zDifp3IkWRUqMoMJ0R0gM1743F/7xOosMrP6VcJJpwPF0UJgzqGI7TgT0qCdZsZAjCkppbIR4gk5A2GZZMCO78y4ukWa2455Xq3UW5dp3HUQQH4BCcABdcghq4BXXQABg8gRfwBt6tZ+vV+rA+p60FK5/ZBzOwvn4BI0ed5Q==</latexit>

SGD

SGD+momentum

SGD + momentum on quadric

Full Newton



• Why not to use Hessian?

70

Convergence rate for convex quadratic form is zero (converges within one step)

<latexit sha1_base64="QyYZw2uOKnxvbOZ+4MH5wpQGpSI="></latexit>

wk = wk�1 � ↵H
�1 @f(w)

@w

����
w=wk�1

• Hessian has  elements for -dimensional parametersM × M M
• Inverse of Hessian is  
• Accurate estimate of    requiers significantly larger minibatches

𝒪(M3)
H−1 ⋅ g

gFull Newton Method



Full Newton Method

What does the Hessian actually do? 
• It slows down each component by its eigenvalue 

(i.e. eigenvalue encodes steepness of the quadric in particular dimension) 
• The faster the change the shorter the step

71

<latexit sha1_base64="QyYZw2uOKnxvbOZ+4MH5wpQGpSI="></latexit>

wk = wk�1 � ↵H
�1 @f(w)

@w

����
w=wk�1

Convergence rate for convex quadratic form is zero (converges within one step)

g
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Full Newton method - approximation



http://www.jmlr.org/papers/volume12/duchi11a/duchi11a.pdf
73

Full Newton method - approximation
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AdaGrad

torch.optim.Adagrad(params, lr=0.01, lr_decay=0, 
weight_decay=0, initial_accumulator_value=0, 
eps=1e-10)
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RMSprop

torch.optim.RMSprop(params, lr=0.01, alpha=0.99, eps=1e-08, 
weight_decay=0, momentum=0, centered=False)
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AdamOptimizer = AdaGrad + momentum in 



77
[Kingma ICLR 2015]

AdamOptimizer = AdaGrad + momentum in 
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AdamOptimizer = AdaGrad + momentum in 

[Kingma ICLR 2015]
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↵ = 0.1
<latexit sha1_base64="to0kGGiymCUufRyoYploO8vn/U8=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0iqoBeh6MVjBfsBTSiT7aZdutksuxuhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL5KcaeN5305pbX1jc6u8XdnZ3ds/qB4etXWaKUJbJOWp6kagKWeCtgwznHalopBEnHai8d3M7zxRpVkqHs1E0jCBoWAxI2CsFATA5QjwDfZcv1+tea43B14lfkFqqECzX/0KBinJEioM4aB1z/ekCXNQhhFOp5Ug01QCGcOQ9iwVkFAd5vObp/jMKgMcp8qWMHiu/p7IIdF6kkS2MwEz0sveTPzP62Umvg5zJmRmqCCLRXHGsUnxLAA8YIoSwyeWAFHM3orJCBQQY2Oq2BD85ZdXSbvu+hdu/eGy1rgt4iijE3SKzpGPrlAD3aMmaiGCJHpGr+jNyZwX5935WLSWnGLmGP2B8/kDEayQZA==</latexit>Default values: �2 = 0.999

<latexit sha1_base64="FIcrfwRKcjvEalvN2Zlzy9k6pxk=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkJSBe1BKHrxWMF+QBvCZrtpl242YXci1NJf4sWDIl79Kd78N27bHLT1wcDjvRlm5oWp4Bpc99sqrK1vbG4Vt0s7u3v7ZfvgsKWTTFHWpIlIVCckmgkuWRM4CNZJFSNxKFg7HN3O/PYjU5on8gHGKfNjMpA84pSAkQK73AsZkKCKr7Hr1Gq1wK64jjsHXiVeTiooRyOwv3r9hGYxk0AF0brruSn4E6KAU8GmpV6mWUroiAxY11BJYqb9yfzwKT41Sh9HiTIlAc/V3xMTEms9jkPTGRMY6mVvJv7ndTOIrvwJl2kGTNLFoigTGBI8SwH3uWIUxNgQQhU3t2I6JIpQMFmVTAje8surpFV1vHOnen9Rqd/kcRTRMTpBZ8hDl6iO7lADNRFFGXpGr+jNerJerHfrY9FasPKZI/QH1ucP9wyRVA==</latexit>

�1 = 0.9
<latexit sha1_base64="tJJcO9AadU4a1dIgDH7Sg5JfXNs=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8LbtRUA9C0IvHCOYByRJmJ73JkNmHM72BsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7/EQKjY7zba2srq1vbBa2its7u3v7pYPDho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrDu6nfHIHSIo4ecZyAF7J+JALBGRrJ6/iArOvSG+rY191S2bGdGegycXNSJjlq3dJXpxfzNIQIuWRat10nQS9jCgWXMCl2Ug0J40PWh7ahEQtBe9ns6Ak9NUqPBrEyFSGdqb8nMhZqPQ590xkyHOhFbyr+57VTDK68TERJihDx+aIglRRjOk2A9oQCjnJsCONKmFspHzDFOJqciiYEd/HlZdKo2O65XXm4KFdv8zgK5JickDPikktSJfekRuqEkyfyTF7JmzWyXqx362PeumLlM0fkD6zPH3+JkJw=</latexit>

torch.optim.Adam(params, lr=0.001, betas=(0.9, 0.999),  
            eps=1e-08, weight_decay=0, amsgrad=False)

AdamOptimizer = AdaGrad + momentum in 



AMSgrad

80

[Reddi ICLR 2018]
https://openreview.net/pdf?id=ryQu7f-RZ

For                  there always exists a stochastic  
optimization problem, where Adam fails.

�1 <
p

�2
<latexit sha1_base64="e4Y70Es1187DeBk4rfMLBtrWm54=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRV0IWLohuXFewDmhAm00k7dDKJMzdCCQV/xY0LRdz6He78G6dtFtp64MKZc+5l7j1hKrgGx/m2lpZXVtfWSxvlza3tnV17b7+lk0xR1qSJSFQnJJoJLlkTOAjWSRUjcShYOxzeTPz2I1OaJ/IeRinzY9KXPOKUgJEC+9ALGZDAvfL0g4LZo4YDu+JUnSnwInELUkEFGoH95fUSmsVMAhVE667rpODnRAGngo3LXqZZSuiQ9FnXUElipv18uv4Ynxilh6NEmZKAp+rviZzEWo/i0HTGBAZ63puI/3ndDKJLP+cyzYBJOvsoygSGBE+ywD2uGAUxMoRQxc2umA6IIhRMYmUTgjt/8iJp1aruWbV2d16pXxdxlNAROkanyEUXqI5uUQM1EUU5ekav6M16sl6sd+tj1rpkFTMH6A+szx9Xp5UU</latexit>

https://openreview.net/pdf?id=ryQu7f-RZ


Adam

81



AMSgrad

82

[Reddi ICLR 2018]
https://openreview.net/pdf?id=ryQu7f-RZ

https://openreview.net/pdf?id=ryQu7f-RZ


Summary 
• Adam is the most popular choice, since it is not that 

sensitive to other hyper-parameters. 

83

• PyTorch of all previously mentioned implementations 
available: 
torch.optim.Adam(params, lr=0.001,

betas=(0.9, 0.999),eps=1e-08, 
weight_decay=0, amsgrad=False)

• There is a whole family of Quasi-Newton methods, which 
make use of advanced Hessian approximations (L-BFGS). 
However, their applicability for huge state-of-the-art 
networks is discussable. 
https://arxiv.org/abs/1805.02338v1
torch.optim.LBFGS(params, lr=1, …)



Training procedure

• Choose: 
• Network architecture (ideally re-use pre-trained net) 
• Weight initialization (Xavier) 
• Learning rate and other hyper-parameters. 
• Loss + regularization 

• Divide data on three representative subsets: 
• Training data (the set on which the backprop is used to 

estimate weights) 
• Validation data (the set on which hyper-param are tuned) 
• Testing data (the set on which the error is reported)

84
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Training loss
Testing loss

Trn loss explodes to infinity => oscillations 
• decrease the learning rate

iterations

er
ro

r Training procedure
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https://distill.pub/2017/momentum/

↵ =
<latexit sha1_base64="1CpM48roL/Vr7Eo/C5NN3GL+8Zc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbSiT7aZdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH47uZ335iSvNYPppJwvwIh5KHnKKxUruHIhnhTb9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+7pScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMvudDLhi1IiJJUgVt7cSOkKF1NiESjYEb/nlVdKqVb2Lau3hslK/zeMowgmcwjl4cAV1uIcGNIHCGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx8Qoo9j</latexit> 5e-3

SGD drawbacks - in 2D
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Training procedure

Training loss
Testing loss

Trn loss is decreasing very slowly  
• increase learning rate

iterations

lo
ss
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https://distill.pub/2017/momentum/

↵ =
<latexit sha1_base64="1CpM48roL/Vr7Eo/C5NN3GL+8Zc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbSiT7aZdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH47uZ335iSvNYPppJwvwIh5KHnKKxUruHIhnhTb9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+7pScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMvudDLhi1IiJJUgVt7cSOkKF1NiESjYEb/nlVdKqVb2Lau3hslK/zeMowgmcwjl4cAV1uIcGNIHCGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx8Qoo9j</latexit> 1e-3

SGD drawbacks - in 2D
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Trn loss remains huge =>underfitting 
• decrease regularization strength 
• increase model capacity

Training loss
Testing loss

iterations

lo
ss

Training procedure
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Training loss
Testing loss

iterations

lo
ss

Trn error converges => what about Tst error?
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Training loss
Testing loss

iterations

lo
ss

gap

Tst loss>>Trn loss => overfitting 
• increase strength of regularization  
• decrease model capacity 
• Tst data are too far from Trn data  

(should come from the same distribution)
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Training loss
Testing loss

iterations

lo
ss

gap

Trn loss>>Tst loss 
• bad division on training/testing data 
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Training loss
Testing loss

iterations

lo
ss

gap

Correct behaviour



Hyper parameters tuning
• Weight initialization (Xavier) 
• Trn loss is huge =>underfitting 

• decrease regularization strength 
• increase model capacity 

• Trn loss explodes to infinity=> huge learning rate 
• decrease the learning rate 

• Trn loss is decreasing very slowly => small learning rate 
• increase learning rate 

• Tst loss>>Trn loss => overfitting 
• increase strength of regularization  
• decrease model capacity 
• Tst data are too far from Trn data  

(should come from the same distribution) 
• Trn loss>>Tst loss =>bad division on training/testing data 

94



Epilog
• You almost always don’t optimize what you want to optimize

95

y
<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

pdata(x, y)

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

y
<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

̂pdata(x, y)

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

vs.
̂J(w) = 𝔼(x,y)∼ ̂pdata[log p(x, y |w)]

∇w ̂J(w) = 𝔼(x,y)∼pdata[∇wlog(p(x, y |w))]
J(w) = 𝔼(x,y)∼pdata[log p(x, y |w)]

∇wJ(w) = 𝔼(x,y)∼pdata[∇wlog(p(x, y |w))]

• Stochasticity advantage: works as an regularizer that helps in larger models
• Stochasticity drawback: make estimation of gradient and Hessian inaccurate 

(Standard deviation  => suffers from sub-linear returns)≈ 1/ N
• Neither “classical statistical” wisdom nor the “deep learning” wisdom holds.
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Double descent 
[Belkin-DoubleDescent-2019]

Deep ML wisdom: “The larger the better”
Statistical wisdom: “Too large models are worse since they overfit.”



97https://openai.com/blog/deep-double-descent/

Double descent 
[Belkin-DoubleDescent-2019]

Deep ML wisdom: “The larger the better”
Statistical wisdom: “Too large models are worse since they overfit.”



Double descent 
[Belkin-DoubleDescent-2019]
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underfit overfit

Statistical wisdom: “Too large models are worse since they overfit.”



Double descent 
[Belkin-DoubleDescent-2019]
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underfit overfit

Statistical wisdom: “Too large models are worse since they overfit.”
Deep ML wisdom: “The larger the better”
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Double descent



Double descent 
[Belkin-DoubleDescent-2019]
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