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FEL ČVUT

1 / 10



Minimaxńı nerovnost

Věta

Pro libovolné množiny X ,Y a funkci L : X × Y → R plat́ı minimaxńı nerovnost

min
x∈X

max
y∈Y

L(x , y)︸ ︷︷ ︸
F (x)

≥ max
y∈Y

min
x∈X

L(x , y)︸ ︷︷ ︸
G(y)

.

Rovnost nastává právě tehdy, existuje-li (x∗, y∗) ∈ X × Y (sedlový bod) splňuj́ıćı

L(x∗, y) ≤ L(x∗, y∗) ≤ L(x , y∗) ∀x ∈ X , y ∈ Y .

Př́ıklady pro X = Y = {1, 2, 3, 4}:

x y 1 2 3 4 F (x)

1 −1 4 7 4 7

2 4 4 6 −2 6

3 1 5 3 3 5

4 3 5 3 2 5

G (y) −1 4 3 −2

x y 1 2 3 4 F (x)

1 −1 4 7 4 7

2 4 4 6 −2 6

3 1 0 3 3 3

4 3 3 3 2 3

G (y) −1 0 3 −2
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Funkce s rozš́ı̌renou hodnotou

Mějme úlohu

min{ f (x) | x ∈ X , g(x) ≤ 0 }

kde X ⊆ Rn, f : Rn → R, g : Rn → Rm.

Tuto úlohu můžeme napsat jako

min
x∈X

F (x)

kde

F (x) =

{
f (x) když g(x) ≤ 0

+∞ jinak

Formálně máme F : X → R̄ kde

R̄ = R ∪ {−∞,+∞}

znač́ı rozš́ı̌renou množinu reálných č́ısel.
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Lagrangeova dualita

Jsou dány X ⊆ Rn, f : Rn → R, g : Rn → Rm. Definujeme Lagrangeovu funkci

L(x, y) = f (x) + yTg(x).

Princip Lagrangeovy duality:

min
x∈X

max
y∈Y

L(x, y)︸ ︷︷ ︸
F (x)︸ ︷︷ ︸

primárńı úloha

≥ max
y∈Y

min
x∈X

L(x, y)︸ ︷︷ ︸
G(y)︸ ︷︷ ︸

duálńı úloha

� Jestliže Y = Rm, pak

F (x) = max
y∈Rm

[f (x) + yTg(x)] =

{
f (x) když g(x) = 0

+∞ jinak

min
x∈X

F (x) = min{ f (x) | x ∈ X , g(x) = 0 }

� Jestliže Y = Rm
+, pak

F (x) = max
y≥0

[f (x) + yTg(x)] =

{
f (x) když g(x) ≤ 0

+∞ jinak

min
x∈X

F (x) = min{ f (x) | x ∈ X , g(x) ≤ 0 }
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Př́ıklad: LP

Napǐsme duálńı úlohu k úloze LP

min{ cTx | x ∈ Rn, Ax ≥ b }

Zvoĺıme

f (x) = cTx, g(x) = b− Ax, X = Rn, Y = Rm
+.

Lagrangeova funkce je

L(x, y) = cTx+ yT (b− Ax) = cTx− yTAx+ yTb.

Ově̌ŕıme, že

F (x) = max
y∈Y

L(x, y) =

{
cTx když Ax ≥ b

+∞ jinak

Plat́ı

G (y) = min
x∈X

L(x, y) =

{
yTb když yTA = cT

−∞ jinak.

Duálńı úloha tedy je

max
y≥0

G (y) = max{bTy | ATy = c, y ≥ 0 }.
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Př́ıklad: LP s intervalovým omezeńım

Napǐsme duálńı úlohu k úloze LP

min{ cTx | x ∈ [0, 1]n, Ax = b }

Zvoĺıme

f (x) = cTx, g(x) = b− Ax, X = [0, 1]n, Y = Rm.

Lagrangeova funkce je stejná jako minule. Ově̌ŕıme, že

F (x) = max
y∈Y

L(x, y) =

{
cTx když Ax = b

+∞ jinak

Plat́ı

G (y) = min
x∈X

L(x, y) = min
x∈[0,1]n

(cTx− yTAx+ yTb) = yTb+ min
x∈[0,1]n

(cT − yTA)x

= yTb+ min
x∈[0,1]n

∑
j

(cj − yTaj)xj

= yTb+
∑
j

min
x∈[0,1]

(cj − yTaj)x = yTb+
∑
j

min{cj − yTaj , 0}

protože min
x∈[0,1]

dx = min{d , 0}.

Duálńı úloha je max
y∈Rm

G (y).
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Př́ıklad: 0-1 LP

Napǐsme duálńı úlohu k úloze celoč́ıselného LP

min{ cTx | x ∈ {0, 1}n, Ax = b }

Zvoĺıme

f (x) = cTx, g(x) = b− Ax, X = {0, 1}n, Y = Rm.

Duálńı úloha vyjde stejná jako minule, protože

min
x∈{0,1}

dx = min
x∈[0,1]

dx = min{d , 0}.
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Př́ıklad: Řešeńı lineárńı soustavy s nejmenš́ı normou

Napǐsme duálńı úlohu k úloze

min{ 1
2x

Tx | x ∈ Rn, Ax = b }.

Zvoĺıme

f (x) = 1
2x

Tx, g(x) = b− Ax, X = Rn, Y = Rm.

Lagrangeova funkce je

L(x, y) = 1
2x

Tx+ yT (b− Ax) = 1
2x

Tx− yTAx+ yTb.

Duálńı účelová funkce je

G (y) = min
x∈X

L(x, y) = min
x∈Rn

( 12x
Tx− yTAx+ yTb).

Stacionárńı podḿınka ∂L(x, y)/∂x = 0 dá x = ATy. Po dosazeńı dostaneme

G (y) = L(ATy, y) = 1
2y

TAATy − yTAATy + yTb = yTb− 1
2y

TAATy.

Duálńı úloha je max
y∈Rm

G (y).
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Podḿınky komplementarity

Máme úlohu

min{ f (x) | x ∈ X , g(x) ≤ 0 }

a k ńı Lagrangeovu funkci

L(x, y) = f (x) + yTg(x).

Věta

Necht’ (x∗, y∗) ∈ X × Rm
+ je sedlový bod Lagrangeovy funkce. Pak plat́ı podḿınky komplementarity

y∗
i gi (x

∗) = 0 ∀i = 1, . . . ,m.

Důkaz. Plat́ı

f (x∗) = max
y∈Rm

+

L(x∗, y) = min
x∈X

L(x, y∗) ≤ L(x∗, y∗) ≤ f (x∗)

Tedy L(x∗, y∗) = f (x∗), z toho y∗Tg(x∗) = 0, což je totéž jako y∗
i gi (x

∗) = 0 ∀i .
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Postačuj́ıćı podḿınka pro silnou dualitu

Uvažujme primárńı úlohu

min{ f (x) | x ∈ X , g(x) ≤ 0 }

Věta

Necht’

� množina X je konvexńı,

� funkce f , g1, . . . , gm jsou konvexńı na X ,

� funkce g1, . . . , gm splňuj́ı tzv. constraint qualifications.

Pak plat́ı silná dualita.

Často už́ıvaná constraint qualification (Slaterova podḿınka):

Př́ıpustná množina { x ∈ X | g(x) ≤ 0 } má aspoň jeden vniťrńı bod.
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