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A generic linear classifier
2/19

® X is a set of observations and Y is a finite set of hidden states
® ¢: X x )Y — R" input-output feature map embeding X x Y to R"

® Generic linear classifier h: X — )

h(z;w) = Argmax{w, ¢(x,y))
yeY(x)

where Y(z) C V.
¢ We will usually assume that Y(x) =), Vo € X.

¢ We will assume ¢ to be fixed, however, it could be learned from data as
well.
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Example: two-classes linear classifier
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¢ X is a set of observations and Y = {41, —1} is a set of hidden labels
® ¢: X = R? feature map embedding observations from X to R"

¢ Two-class linear classifier h: X — )

+1 if (w,p(z))+b>0

h(x;w,b) = sign({(w, p(x)) +b) = { —1 if (w,¢(z))+b<0

¢ It is equivalent to

h(z;w) = Argmax y ((w, ¢(z)) +b) = Argmax (w', ¢(z,y))
ye{+1,—-1} ye{+1,—1}

for p(z,y) = [y @(z),y] and w’ = [w, b].
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Example: multi-class linear classifier
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¢ X is a set of observations and J = {1,...,Y} is a set of class labels

® Multi-class linear classifier h: X — Y

h(a;w) = Argmax(w,, $(x))

yey

where ¢p: X — R% is a feature map w = (wq,...,wy) € R¥Y are
parameters.

©® We can write the score function as

<wy7 ¢(x)> — <w7 Qb(ﬂf, y)>

where ¢: X x Y — R4Y s

¢(z,y) = (0;...; @(z) ;...;0)

N——~
y—th slot
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Example: sequence classifier @
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® = (z1,...,71) € X¥ sequence of L inputs

¢ y=(y1,...,yL) € V! sequence of L labels from Y = {A,....Z}

For example:

xr = (r1,22,23,24) Y= (Y1,Y2,Y3,Ys)
TOHN JOHN
BILL BILL

D 7ﬂt:t\( 7\ DA:NA
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Example: sequence classifier @
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¢ x=(x1,...,21) € X sequence of L images with characters

¢ y=(y1,...,y1) € V¥ sequence of L labels from Y = {A,...,Z}

For example:

JOHN = h(TOH: w) = Argmax (&(TOH.9). w )

ye)yL

, W

<¢(IOH|\(,AAAA w) = 0.12
<¢(IOH(\(,AAAB — 0.10

10.12

<¢(IOHN, JOHN) | w>

0.34

<¢ (IOHN, ZZZZ) | w>
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Hidden Markov Chain model:
x1) € X* sequence of L inputs
,yr.) € V¥ sequence of L labels from Y = {A,..., Z}

L 4 w:(xl,...

¢ y:(yb

Example: sequence classifier

¢ p(x; | y;) emmission model

¢ »(y; | yi—1) transition model

p(y1y2) N\ PWs | 92) p(ya | y3)
@ y2j Ys
p(z1 | y1) p(z2 | y2) p(zs3 | y3)

J

X1

L

O

7/19

L
p(%: | yi)

p(@,y) =py) | [ p(v: [ vi0) [ |

H

X3

\3/4

p(z4 | ya)

Nle
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Example: sequence classifier @
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©® The MAP estimate from HMC:

L L
Y = Argmax (logp(y1) + 3 logp(yi | yi—1) + Y logp(w; | yz-))

yeyl i—2 i—1
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The MAP estimate from HMC:

L L
y = Argmax (logp(yl) + 3 logp(yi | yi—1) + Y logp(w; | yz-)>

yeyl i—2 i—1

Let us assume the following parametrization:

logp(y1) = (w,d(y1))
logp(yi | ¥yi—1) = (W, @(Yi—1,¥:))
logp(zily:)) = (w, P(wi, y:))

The MAP estimate becomes a linear classifier:

L L
o= Avgmax (0,900 + > 015+ 3 S )

(y1,---,y) YL i=2 i=1

\ . J/

b(z,y)
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Max-Sum (Markov-Network) classifier @
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Setting:
¢ (V,€&) is undirected graph; V are parts and £ C ('V‘) are related parts
®x=(r,cX|veV)cXinputs;y= (y, €YV ]|veV) €Y labels
¢ q(r,y) = (W, ¢u(,y))
® 9o (4, Y) = (W, duw (¥, ¥'))

Linear Max-sum classifier: h: XV — YV returns labeling

y = ArgmaX(ng TosYo) + Y Gou yv,yv))

yeVY  \ ey (v,0")EE
— Argmax< Zqﬁ %,yv T Z ¢yvayv >
yeyV veY (v, EE

b(x,y)
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puzzle assignment solution
8 7161314 12 81119 |5
11915 |6 2 411191516 31|12 |78
2 15 1 310 21581911 |71]3 |6 |4
9 2 8 |1 9 (3 (4|7 |5 ]2]6 |81
81216 9 1 81216 (3914 |5 |7
5|7 1 2 5171611 (81419 |3 |2
2 |1 9 4 13 6 (2 |1|8]|9 (51|74 3
5 716 |8 3141527618119
819 3 819 (713141151216

The task of Sudoku game is to fill empty fields such that each row, each
column and each 3 x 3 field contains numbers {1,2,...,9}.
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Example: Max-Sum classifier used as Sudoku solver @
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Y= argmaX( > alxn,y) + > 9 yw) )

yeyVy veY {fu U’}€5

copy glven f'e|d5 neighbors must be dlfferent

V={(i,j) eN?|1<i<9,1<j<9}
r=(z,c{,1,...,9} |veV)e XV

y=(y,€{1,...,9} |veV)c )YV

E={,7), @3} [i=dVvy=7 V(i3] =[V/3IA]7/3] = [J/3])}
g: {L0,1,...,9} x{1,...,9} = {0, —oco} such that

| oo it xAUANYy #£x
a(,y) = { 0 otherwise
0 if y#£4v
. 2 _ N —
g:4{1,...,9}* = {0, —o0} such that g(y, ) {—oo oy
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Learning by Emprical Risk Minimization @
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¢ 0: Y xY —1[0,00) loss function; we assume £(y,y") = 0 iff y = ¢/'.

¢ Find parameters w of h(x;w) which minimize the expected risk

R(w) = By y)p (£, b)) )
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4 N
Learning by Emprical Risk Minimization @
12/19

¢ 0: Y xY —1[0,00) loss function; we assume £(y,y") = 0 iff y = ¢/'.

¢ Find parameters w of h(x;w) which minimize the expected risk
R(w) = By 5y Uy, (s w)))
® The Empirical Risk Minimization principle leads to solving

w* € Argmin Rym(w)

weRM
where the empirical risk is
I i i
Ryn(w) = — 3" Uy, hiz';w))
i=1

and 7™ ={(2%,y*) € (X xY) |i=1,...,m} are training examples
drawn from i.i.d. with distribution p(x,y).
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Learning linear classifier from separable examples
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® A correctly classified example (z°,y*), that is,

y' = h(z";w) = Argmax(w, ¢(z*,y))
yey

implies

(P’ y'), w) > (p(z',y),w),  VyeV\{y'}

Definition 1. The examples T™ = {(z*,3*) € (X x V) |t =1,...,m} are
linearly separable w.r.t. joint feature map ¢p: X x Y — R" if there exists
w € R" such that

(p(z’,y'), w) > (p(2',y),w), Vie{l,....m}yeY\{y'}
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Example: sequence classifier

7" = {JOHN.JOHN),(B] [/, BILL),---}

(¢(JOHN, JOHN),w) > (&(TOH
(¢(TOHN. JOHN),w) > (6(TOH

[ AAAA) w) \

/. AAAB) | w>

<¢(IOHN, JOHN),w> > <¢(IOH(\(, ZZZZ),w>

/

14/19

26% — 1
inequalities



http://cmp.felk.cvut.cz

Example: sequence classifier

7" = {JOHN.JOHN),(B] [/, BILL),---}

(o(TOH
(o(TOH

Y2 JOHN),w> > <¢(IOH

\V, JOHN),w> > <¢(]'OH

[ AAAA) w) \

/. AAAB) | w>

<¢(IOHN, JOHN),w> > <¢(IOH(\(, ZZZZ),w>

¢

’E;ILL,BILL),w

>

¢

<¢('E>ILL,B[LL>,w> > <¢(IQHN,ZZZZ),w>

/

(o ) > (#(BILL 44A4).w)
(#(BILLBILL)w) > ($(BILLAAAB).w) |

/

14/19

26% — 1
inequalities

26% — 1
inequalities
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Example: noise-free setting @
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¢ x € X is randomly generated according to some p(x)

® y €Y are labels () is finite) generated from

p(y | ) =[h"(z) = y]

where h*: X — ) is a function.

@ Under assumption that h*(z) = argmax, y,(w, ¢(x,y)) the examples
T ={(z"y) e X xY|i=1,...,m}

generated from p(x,y) = p(x) p(y | x) are linearly separable.
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(Generic) Perceptron algorithm @
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¢ Task: given a set of points {a* € R" |1 =1,2,...,]} we want to find
w € R" such that

(w,a") >0, Vie{l,2,...,1} (1)

¢ Perceptron:
1. w+0

2. Find a violating (w,a") <0, € {1,2,...,1}
3. If there is no violating inequality return w otherwise update

w%w—l—ai

and go to step 2.
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Convergence of Perceptron @
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Theorem 1. For any linearly separable points {a* € R™ | 1 = 1,2,...1}, the
Perceptron algorithm terminates in

A2
?
steps at most where
i
A = max Ha B and v = max mm <w,a>
i=1,. Jwl=1i=1,...1 [lw]2

¢ Note that the upper bound ‘;‘—22 does not depend on the number of
points [.
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Structured Output Perceptron @
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¢ Learning h(z;w) = Argmax, ¢y (w, ¢(z,y)) from examples
T ={(z,y") € (X x)Y)|i=1,...,m} leads to solving

(p(z",y") — p(a',y),w) >0,  Vie{l,...,m}yeV\{y'}
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Structured Output Perceptron @
18/19

¢ Learning h(z;w) = Argmax, ¢y (w, ¢(z,y)) from examples
T ={(z,y") € (X x)Y)|i=1,...,m} leads to solving

(p(z",y") — p(a',y),w) >0,  Vie{l,...,m}yeV\{y'}

¢ Algorithm:
1. w<+0
2. Find a misclassified example (2%, 3*) € 7™ such that

y' # 9" = Argmax(w, ¢(z',y)) prediction problem
yey

3. If there is no misclassified example return w otherwise update
w < w+ o2, y") — oz, ") parameter update

and go to step 2.
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Convergence of Structured Output Perceptron @
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® By Theorem 1 we have a guarantee that for linearly separable training
set {(z%,1") € X xY|1=1,2,...,m} the SO-Perceptron terminates

after at most 72 iterations Where

— ¢ <
A= max [§(z',y") — ' y)l <2 max [z, y)l

yeV\{y*}

and

v = max min <w7 ¢($Z, yz) o Qb(aiz, y)>

|w| =1 i=12,...m Jwl|2
yeV\{y*}
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p(zs | y3) p(r4 | ya)

p(z2 | y2)






(161314 (2 8]1 9|5
4111915 |6 |32 |7 |8
215 (8191 713 |6 |4
913 (4|7 |5 (2]6 3|1
L 181216 (3 (914 |5 |7
b |7 161 (8419 |3 |2
6 12 (1|89 |07 4|3
314 (5|2 |7|6]|383 1|9
819 (7134|1152 16
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