Cutting Plane Algorithm

Czech Technical University in Prague
V. Franc

April 5, 2022

¢ Cutting Plane Algorithm
¢ Bundle Method for Risk Minimization

¢ Subgradients

XEP33SML — Structured Model Learning, Summer 2022



Structured OQutput SVM @ .
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¢ Learning h(z;w) = Argmax, ¢y (w, ¢(z,y)) from examples
T ={(z"y") € (X xY)|i=1,...,m} by ERM leads to
w* € Argmin Rym(w) where Rym(w) 1§:€( ' h(z";w))
rgmin Rym w m(w) = — ,hz"; w
ngR" T T m Y

1=1
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Structured OQutput SVM @ .
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¢ Learning h(z;w) = Argmax, ¢y (w, ¢(z,y)) from examples

T ={(z"y") € (X xY)|i=1,...,m} by ERM leads to

" . 1<~
w* € Argmin Rym(w) where Rym(w) = —Zﬁ(yz, h(x";w))
wek™ i
® The SO-SVM approximates the ERM by a convex problem

w* € Argmin | S[|lw[*+R¥(w) | where RY(w)=—>) (2, ¢, w)

weR™ 2 m i=1
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Learning h(z; w) = Argmax, .y (w, ¢(x,y)) from examples
T ={(z",y") € (X x)Y)|i=1,...,m} by ERM leads to
. . L i
w” € Argmin Rym(w) where Rym(w) = —Zﬁ(y ,h(z'; w))
wek" M=
The SO-SVM approximates the ERM by a convex problem
w* € Argmin | S[|lw[*+R¥(w) | where RY(w)=—>) (2, ¢, w)
weR™ 2 m i=1

The surrograte loss 1: X x ) x R™ — R is an upper bound:
Uy, h(z;w)) < P(z,y,w), V(z,y,w) e (X xY xR")

which is convex in w for any (x,y).
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SO-SVM leads to a convex QP @
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® The SO-SVM with margin-rescaling loss:

1 m™m
w € Avgmin (Sl + 3 ma(t0) + . 60

\ . J/

RJ(r'w )
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SO-SVM leads to a convex QP @
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® The SO-SVM with margin-rescaling loss:

A 1 ™m
* € Argmin ( Zf|lw[]® + = 2 i
w* € igefélin <2H’wH +mi:1f§1€a§<{ (y)+<’w,¢(y)>}>

\ . J/

RJ(r'w )

¢ By using slack variables it can be rewritten as a Quadratic Program:

. | Ao, 1 &
w" = argmin (§||w]| +E;£Z>

weR™ £cR™

subject to

&> li(y) +(w, 9i(y), Vie{l,...,m},Vye)

¢ Note that the QP has m|))| linear constaints !
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® The SO-SVM with margin-rescaling loss:
* . A 2 (b
w* € Argmin | —||w||* + R¥ (w)
weR? 2
¢ Equivalent formulation: for any A > 0 there exists r > 0 such that
w* € Argmin RY (w) (1)

weW

where W = {w € R" | ||w]| < r} is a ball of radius r.


http://cmp.felk.cvut.cz

4/16
The SO-SVM with margin-rescaling loss:
* . A 2 (b
w* € Argmin | —||w||* + R¥ (w)
weR? 2
Equivalent formulation: for any A > 0 there exists r > 0 such that
w* € Argmin RY (w) (1)

weW

where W = {w € R" | ||w]| < r} is a ball of radius r.

CP algorithm: approximate (1) by a series of simpler problems

w;1 € Argmin RY (w),  t=1,2,...
weW

where R} (w) is a successively tighter lower bound of R (w).
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Cutting Plane Algorithm
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RY (w) = max{r; (w), rz(w)}

wy = argmin,, ¢y, Ry (w)

_____________ ‘// \\\
g ra(w) = by + {az, w)
bl + <a1,w>


http://cmp.felk.cvut.cz

a4 N
Cutting Plane Algorithm @
5/16

argminw ew qub (’LU)

argminwewR;p (w)
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(w) = max{ri(w),ra(w), r3(w)}

wy = argmin,, ¢y, Ry (w)

w3 = argminwewR;p (w)
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Cutting Plane Algorithm

(w) = max{ri(w),ra(w), r3(w)}

wy = argmin,, .y, RY (w)
ws = argmin,, -, RY (W)

wy = argmin,, -y, RY (w)

r3(w) = bz + (as, w)
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Cwi €W ={we R | |w| <1}, t 1

. Compute a new cutting plane and the objective value:
ar = - Em: Gi(i'), b= = > (5, RY(wy) = by + (wy, ay)
m — y m 4 y 9

where 7 is a solutions of loss augmented prediction problem:

j' = arginax (4i(y) + (w, @i(y))) = Argmax Ly y) + (w, (', y)))

. Solve a reduced problem

w1 = argmin Rffb(w) where R;b(w) — 'Hllaxt(bi + (w, a;))
weEW 1=1,...,

Af ming—y 4 RY(w;) — RY (wyy1) < € exit else t < ¢t + 1 and go to 2.
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Bundle Method for Risk Minimization @
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w1 €ER?, <+ 1

. Compute a new cutting plane and the objective value:

1 i ~q 1 = A1
at:EZCbi(y)a bt:EZ@(y)a R¢(wt) = by + (wy, ay)
i=1 i=1

where ¢ is a solutions of loss augmented prediction problem:

g = Argmmax (4i(y) + (w, di(y))) = Argmax Ly, y) + (w, (2", 1))

. Solve a reduced problem

A
w41 = argmin <§ku2 + R}f(w)> where  R}'(w) = max (bi+{w,a;))
'wGR” 1—=1,...,

Mming—y s (Bllwil]2 + RV (w;)) — (§lwesa || + Rff(’le)) < € exit else
t<t+1 and go to 2.
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® The original convex problem

A
w* = argmin F'(w) := (_Hw”z 4 R(w))
weR™ 2
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® The original convex problem

A
uﬁ:a@mmF@@;:waw+Jaw»

is reduced to a sequence of reduced convex problems

| A
leza@ﬁmew%:(§Wﬂ2+waD
weR™
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® The original convex problem

A
uﬁ:a@mmF@m;:waw+Jaw»

is reduced to a sequence of reduced convex problems

| A
leza@ﬁmew%:(§Wﬂ2+waD
weR™

where R;(w) is the “cutting plane model”

Ri(w) = max | R(w;) + (gi,w — w,)|

1=0,...,t

and g; = OR(w;) is a subgradient of R(w) at w;.
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Bundle Method for Risk Minimization @
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® The original convex problem

A
uﬁ:a@mmF@@;:waw+Jaw»

is reduced to a sequence of reduced convex problems

| A
lezagﬁmew%:(§Wﬂ2+waD
weR™

where R;(w) is the “cutting plane model”

Ri(w) = max | R(w;) + (gi,w — w,)|

1=0,...,t

and g; = OR(w;) is a subgradient of R(w) at w;.
¢ By construction it holds that R;(w) < R(w), VER".
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¢ Let f: X = R be a convex function where X C R" is a convex set.
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¢ Let f: X = R be a convex function where X C R" is a convex set.

¢ For differentiable f the gradient V f(x’) € R™ at point ' € X
determines a global under-estimator of f

flx)> f(e" +Vfx) ' (x—2), VexeX.
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Subgradient

¢ Let f: X = R be a convex function where X C R" is a convex set.

¢ For differentiable f the gradient V f(x’) € R™ at point ' € X
determines a global under-estimator of f

flx)> f&)+ V) (z—=2), VreX.

¢ For non-differentiable f we can still construct a global under-estimator:
the vector g € R"™ is a subgradient of f at point &’ € X if

f(z) > f(a') +g" (x—2'), VzeX.
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Subgradient

¢ Let f: X = R be a convex function where X C R" is a convex set.

¢ For differentiable f the gradient V f(x’) € R™ at point ' € X

determines a global under-estimator of f

flx)> f&)+ V) (z—=2), VreX.

For non-differentiable f we can still construct a global under-estimator:
the vector g € R"™ is a subgradient of f at point '’ € X if

f(z) > f(a') +g" (x—2'), VzeX.

There can be more then one subgradient at given point: the collection
of subgradients of f at point € X is the subdifferential df(x).
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An example: non-differentiable function and its subgradients @
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f(z) = max{32?, sz + 2}

f(@) 4+ g(x — ')
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® Jf(x) is a closed convex set.
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® Jf(x) is a closed convex set.

¢ Of(x) ={g} < [ is differentiable and g = V f(x).
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® Jf(x) is a closed convex set.
¢ Of(x) ={g} < [ is differentiable and g = V f(x).
¢ scaling: d(af(x)) = adf(x) if a > 0.
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Basic subgradient calculus @
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® Jf(x) is a closed convex set.

® O9f(x) = {g} <= fis differentiable and g = V f(x).
¢ scaling: d(af(z)) = adf(z) if a > 0.

¢ addition: O(fi(z) + fo(x)) = Of1(x) + Ofa(z).
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Basic subgradient calculus

Of(x) is a closed convex set.

Of(x) = {g} <= f is differentiable and g = V f(x).
scaling: d(af(z)) = adf(z) if a > 0.

addition: O(f1(x) + fa(x)) = Of1(x) + Ofa(z).

point-wise maximum: f(z) = max fi(z) when f;(zx) are

1=1,..., m
differentiable then

0f(x) = CoiVfi(x) | filz) = f(z)},

i.e., convex hull of gradients of active functions at .

11/16
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Basic subgradient calculus

Of(x) is a closed convex set.

Of(x) = {g} <= f is differentiable and g = V f(x).
scaling: d(af(z)) = adf(z) if a > 0.

addition: O(f1(x) + fa(x)) = Of1(x) + Ofa(z).

point-wise maximum: f(x) = max fi(x) when f;(x) are
1=1,..., m

differentiable then

0f(x) = CoiVfi(x) | filz) = f(z)},

i.e., convex hull of gradients of active functions at .

Optimality condition for a convex f:

f(z7) = nf f(z) <= 0<cIf(z7)

11/16
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® The convex problem to solver

wERM

w* € argmin (—Hsz Zmax 10,1~ >}>

J/

R(w)


http://cmp.felk.cvut.cz

% N
Example: cutting plane model for SVM @
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® The convex problem to solver

" e j + 0,1 —
w afugergin< |wl|* + Zmax{ >}>

J/

R('w)

¢ The cutting plane model of R(w) reads

Ri(w) = i:(l)’f}?fg_l {R(wi) + (g, w — wz’ﬂ

¢ The subgradient of R(w) at w

L i i
giz—EZy ' [(w,z*) < 1]
i=1
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Example: cutting plane model for SO-SVM with @ 0
margin-rescaling loss

13/16

® The convex problem to solver

wERM

A RS
w € angmin (Sl + 3 ma(t0) + . 60

\ J/

R(w)
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Example: cutting plane model for SO-SVM with @ 0
margin-rescaling loss

13/16

® The convex problem to solver

W
* . — — l; y
w' < argmin (Sl + > mas(tiy) + (.90} )

\ J/

R(w)

¢ The cutting plane model of R(w) reads

Ri(w) = _max |R(w;) + (gi,w — w;)

¢ The subgradient of R(w) at w

9= Do B0 where = argmax{() + (i 6,0)
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Bundle Method for Risk Minimization

cInit: £+ 0, wyg e R”

. Compute R(w;) and g; € OR(wy)
wper = argmin (3] + Ry (w)
weR™

where

Ri(w) = max |R(w,)+(g;, w—w,)]

Cif minizl,m,t F(wi)—Ft(th) § E StOp
elset < t+ 1 go to 2.

(@)

0
14/16
F(wt)
Ft(wt)
10 20 30 40
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How to solve the reduced problem @
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¢ Let us define a matrix A = [go,...,g:] € R"*" and a vector
b= |bg,...,bs_1] with components b; = R(w;) — (g;, w;).

® The reduced problem can be expressed as

A |
Wys1 = argmin [—|yw||2+g} st. € (w,gi) +bi,ic{0,... 1)
weR™ ¢eR L2
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How to solve the reduced problem

15/16

¢ Let us define a matrix A = [go,...,g:] € R"*" and a vector
b= |bg,...,bs_1] with components b; = R(w;) — (g;, w;).

® The reduced problem can be expressed as

A |
Wys1 = argmin [—|yw||2+g} st. € (w,gi) +bi,ic{0,... 1)
weR™ ¢eR L2

¢ The Lagrange dual of the reduced problem reads

1

Q11 = argmax [(a, b) — —<a,ATAa>] st. Jlalli=1,a>0
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How to solve the reduced problem @
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¢ Let us define a matrix A = [go,...,g:] € R"*" and a vector
b= |bg,...,bs_1] with components b; = R(w;) — (g;, w;).

® The reduced problem can be expressed as

A |
Wys1 = argmin [—|yw||2+g} st. € (w,gi) +bi,ic{0,... 1)
weR™ ¢eR L2

¢ The Lagrange dual of the reduced problem reads

1
Q11 = argmax [(a, b) — —<a,ATAa>] st. Jlalli=1,a>0

¢ The primal solution is wy+1 = — A"t Aoy
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(4+) Provides a certificate of optimility:

F(w;) < F(w*) +¢
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(4+) Provides a certificate of optimility:

F(w;) < F(w*) +¢

(4+) Converges for arbitrary € > 0 in

AF(0) 4G?
log, G(2)+ e — 1

iteration at most where G > ||g||2, Vg € OR(w),w € R™.
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Bundle Method for Risk Minimization @
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(4+) Provides a certificate of optimility:

F(w;) < F(w") + ¢

(4+) Converges for arbitrary € > 0 in

AF(0) 4G?
log, G(2)+ e — 1

iteration at most where G > ||g||2, Vg € OR(w),w € R™.

(4+) Requires only the first order oracle computing R(w) and g € OR(w).
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(4+) Provides a certificate of optimility:

Flw;) < F(w*) +¢

(4+) Converges for arbitrary € > 0 in

AF(0)  4G?
108 G(2)+ e

iteration at most where G > ||g||2, Vg € OR(w),w € R™.
(4+) Requires only the first order oracle computing R(w) and g € OR(w).

(-) Slow convergence for A — 0.
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RY (w)

= 71(w)

wy = argmin,, ., RY (w)



Ry (w) = max{ri (w), r2(w)}

wy = argmin,, ., RY (w)

3
.7 MR
fLUz/,', \\\ w1 VAV
*/‘/ M
- ro(w) = by + (ag, w)



____________________________________

R;p(w) = max{ry(w), r2(w)}

wy = argmin,, ., RY (w)

ws = argmin,, ., RY (w)

c ?
""""""""""""" 2l
fLUQI,’, w3 \\\ w1 W
// \\
d T2(w) :bg+<a2,w>






RY (w) = max{ry (w), r2(w), r3(w)}

wy = argmin,, ., RY (w)

ws = argmin,, ., RY (w)

wy = argmin,, ., RY (w)

ot r3(w) = b3 + (as, w)
wo .7 w3 ”w4 w1 W
- ro(w) = by + (az, w)




f(z) = max{$2? 1z + 2}

o)
pag
=

N —
_\




f(z) = max{$2? 1z + 2}
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N —
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