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t-SNE, Stochastic Expectation Maximization

• KL Divergence 

• Stochastic Neighbor Embedding (t-SNE) 

• Stochastic EM 
- Latent Variable Models 
- ELBO, Variational Inference 
- Multi-sense word vectors



KL Divergence



KL Divergence
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<latexit sha1_base64="tCpFjZap3qlM64KkV+AYyRS9BeE="></latexit>

⌅ Let p(x) and q(x) be two probability distributions.
⌅ Kullback–Leibler divergence of p and q is

DKL(pÎq) =
ÿ

x

p(x) log
p(x)

q(x)

• Definition allows p(x) = 0 by the extension limpæ0p logp = 0

• Defined when supp(p) ™ supp(q), i.e. q(x) = 0 ∆ p(x) = 0

⌅ Properties:
• DKL is a divergence: DKL Ø 0 with equality i� q = p

• Non-symmetric
• (Invariant under change of variables)
• Information-theoretic properties (Amount of information lost when q is used to

approximate p)



Non-negativity
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<latexit sha1_base64="3oNV5F0Jz5CCAnlQrVKGU+fa4zs="></latexit>

logy2

<latexit sha1_base64="k/FoujG4SU5gx0cuhQexu+rlcvg="></latexit>

logy1

<latexit sha1_base64="t3sxAxOQbyn9n6oC2U9vTfTfMJU="></latexit>

log(p1y1+p2y2)
<latexit sha1_base64="fxq9wiXvQClT5e4ArLrFtfeXt3U="></latexit>

p1 log(y1)+p2 log(y2)

<latexit sha1_base64="whfTr8OhZtjykPwaItV8cfJEHyQ="></latexit>

log(y)

<latexit sha1_base64="jkjVu0L5Z0b6RCbRElswEViYXOA="></latexit>y

<latexit sha1_base64="ywuafXz80NqQx1S0XCLCin6nRzI="></latexit>

⌅ Non-negativity: DKL(pÎq) Ø 0

• let y(x) = q(x)
p(x)

• The inequality
q

x p(x) log p(x)
q(x) Ø 0 is equivalent to

q
x p(x) logy(x) Æ 0

• Observe that log is concave, apply Jensen’s inequality:

•
q

x p(x) logy(x) Æ log
q

x p(x)y(x) = log
q

x q(x) = log1 = 0.

⌅ From strict concavity follows that DKL(pÎq) = 0 i� p = q



Maximum Likelihood, Cross-Entropy and (Forward) KL
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<latexit sha1_base64="18dc4sUGV9D6vU/XlWeGZdgFsDw="></latexit>

⌅ Maximum Likelihood Learning for Classification:
• (xi,yi) – training data. Assume it is given by the true distribution p(x,y)

• Model: q(y|x;◊)

• Negative Log-Likelihood (NLL) minimization:
argmin

◊
E(x,y)≥p

Ë
≠ logq(y|x;◊)

È

= argmin
◊

Ex≥p(x)

Ë ÿ

y

p(y|x)(≠ logq(y|x;◊))
¸ ˚˙ ˝
Crossentropy of p(y|x) and q(y|x;◊)

È

= argmin
◊

Ex≥p(x)

Ë
DKL(p(y|x)Îq(y|x;◊))≠

ÿ

y

p(y|x) logp(y|x)
¸ ˚˙ ˝

Entropy of p(y|x)

È

• For minimization in ◊, the NLL, Cross-entropy and KL divergence are equivalent
• Can apply SGD



Asymmetry
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Minimizing forward KL divergence: Minimizing reverse KL divergence:

<latexit sha1_base64="QvamLQ5SnfqqyzbuNXyCJr5U4R8="></latexit>

min
q

DKL(qÎp)

min
q

⁄
q(x)(logq(x)≠ logp(x))dx

<latexit sha1_base64="jITKx2m8WanQRMNORLGqkJy3M4s="></latexit>

min
q

DKL(pÎq)

min
q

⁄
p(x)(logp(x)≠ logq(x))dx

<latexit sha1_base64="BZsavR9Al/g1ZShTr3evjWcufJQ="></latexit>

p(x)
<latexit sha1_base64="1egjWkmcXqOWLeM6WQ91xfBLLUo="></latexit>

q(x)
<latexit sha1_base64="BZsavR9Al/g1ZShTr3evjWcufJQ="></latexit>

p(x)

<latexit sha1_base64="1egjWkmcXqOWLeM6WQ91xfBLLUo="></latexit>

q(x)

<latexit sha1_base64="k506Dl1nGHHNmOCiDphE3kR9Mvg="></latexit>Example: q is Gaussian
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• Approximates well on average under q

• Selects a mode
• Requires log(p)

<latexit sha1_base64="pn6pUGASq/VDQpi0WazomYCVyjA="></latexit>

• Approximates well on average under p

• Matches moments
• Su�ces to sample from p(x)



Stochastic Neighbor Embedding



Motivation
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Data in 2D

Draw its PCA embedding in 1D

✦ Goals: 

• Reduce dimensionality of the data for visualization 

• Preserve as much of the significant structure of the data as possible



Motivation
9

Data in 2D

No linear embedding would be good

✦ Goal: 

• Reduce dimensionality,  

• Preserve as much of the significant structure of the data as possible



Multidimensional Scaling (MSD)
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⌅ Non-parametric model: for each data point xt we find a corresponding embedding x̄t

Embedding Space

Input Data Space

<latexit sha1_base64="lJxhrVfv5vfC1TnuZqv760XlDAY="></latexit>

xi œ Rr

<latexit sha1_base64="qPZdus8vNTANjVxSexginYSmWaU="></latexit>xj
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x̄j

<latexit sha1_base64="QIm9s5PiBLRz8UX31Gj4CnY+p3E="></latexit>

x̄i œ Rd



Multidimensional Scaling (MSD)
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Embedding Space

Input Data Space
<latexit sha1_base64="1gL6k0q6UoImkmCW7GrEnxRy5V0="></latexit>

Distances dij = Îxi ≠xjÎ (or given in other way)

<latexit sha1_base64="Eeqf0GdGZYVJbKNO8m5PxrUbhNQ="></latexit>

Distances d̄ij = Îx̄i ≠ x̄jÎ
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xi œ Rr
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x̄j
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x̄i œ Rd



Multidimensional Scaling (MSD)
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Can be too stringent 

<latexit sha1_base64="/TvXP7VfCkABbwLZY5KbvDdL8xw="></latexit>

min
x̄

ÿ

i ”=j

(dij ≠ d̄ij)
2

Embedding Space

Input Data Space
<latexit sha1_base64="1gL6k0q6UoImkmCW7GrEnxRy5V0="></latexit>

Distances dij = Îxi ≠xjÎ (or given in other way)

<latexit sha1_base64="Eeqf0GdGZYVJbKNO8m5PxrUbhNQ="></latexit>

Distances d̄ij = Îx̄i ≠ x̄jÎ

<latexit sha1_base64="lJxhrVfv5vfC1TnuZqv760XlDAY="></latexit>

xi œ Rr

<latexit sha1_base64="qPZdus8vNTANjVxSexginYSmWaU="></latexit>xj
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x̄j

<latexit sha1_base64="QIm9s5PiBLRz8UX31Gj4CnY+p3E="></latexit>

x̄i œ Rd



Stochastic Neighbor Embedding
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[Hinton & Roweis (2002): Stochastic Neighbor Embedding]

Embedding Space

Input Data Space
<latexit sha1_base64="1gL6k0q6UoImkmCW7GrEnxRy5V0="></latexit>

Distances dij = Îxi ≠xjÎ (or given in other way)

<latexit sha1_base64="Eeqf0GdGZYVJbKNO8m5PxrUbhNQ="></latexit>

Distances d̄ij = Îx̄i ≠ x̄jÎ
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xi œ Rr
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x̄j
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x̄i œ Rd
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min
x̄

ÿ

i

KL
!
p(·|i)Îq(·|i)

"

<latexit sha1_base64="stGgmuO0vrji2FQKfr/QSLvw/JE="></latexit>

p(j|i) = e
≠d2ij/2‡2

i

q
j ”=i e

≠d2ij/2‡2
i
, ’j ”= i

<latexit sha1_base64="97cunV/rGMQ13PancEI0bFuk4wM="></latexit>

q(j|i) = e
≠d̄2ij

q
j ”=i e

≠d̄2ij
, ’j ”= i
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• p(j|i) – probability that i picks j as its neighbor
• More distant neighbors have small probabilities – down-weighted
• Can be extended to mixture model (multi-sense embeddings)



t-Distributed SNE (t-SNE)
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[Maaten & Hinton (2008): Visualizing Data using t-SNE]

<latexit sha1_base64="KL8vmM79NWpy9yE45YtR/wVLbQ0="></latexit>

p(j|i) Ã e≠d2
ij/2‡2, ’j ”= i

(Student t with 1 degree 
 of freedom is Cauchy)

<latexit sha1_base64="YW7jdHkuva1L/m+JVTQgdPxwcRM="></latexit>

q(j|i) Ã
!
1+ d̄2

ij

"≠1, ’j ”= i

• Improves clustering of the data (sometimes too much) 
• Omitted: symmetrization, initialization, adaptive sigma

Embedding Space

Input Data Space
<latexit sha1_base64="1gL6k0q6UoImkmCW7GrEnxRy5V0="></latexit>

Distances dij = Îxi ≠xjÎ (or given in other way)
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Distances d̄ij = Îx̄i ≠ x̄jÎ
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xi œ Rr
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<latexit sha1_base64="0O9WTYf4IJl8kRPNWsedBzr+gxg="></latexit>

x̄j
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x̄i œ Rd
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min
x̄

ÿ

i

KL
!
p(·|i)Îq(·|i)

"



Examples
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[Hinton & Roweis (2002): Stochastic Neighbor Embedding]

SNE algorithm on 256-dimensional grayscale images of handwritten digits 



Examples
16

t-SNE

[Maaten & Hinton (2008): Visualizing Data using t-SNE]

Sammon Mapping:

MNIST data

COIL data

t-SNE Sammon Mapping

<latexit sha1_base64="b6a1uw653bHjA/sHVPC2sU9lLI4="></latexit>

L =
ÿ

i ”=j

(dij ≠ d̄ij)2

dij



Stochastic EM / Multi-sense WV



Latent Variable Models
18

✦ We explicitly model that multiple observations have some common causes (common 
factors) that are not directly observed or, latent 

✦ Examples: 

• The true class labels for classification are not observed, only labels given by several 
experts, which may be error-prone. The true label is latent. 

• A text document has a particular topic that we do not know. The frequency of 
word occurrence and their meaning depend on this common latent topic. 

• In a handwritten note the style and appearance of letters follow a particular style, 
unique for each writer and the writer is latent. 

• In our word vector example, words may have multiple meanings. 



Base Word Vectors Model
19

<latexit sha1_base64="57+QeXqW322wpmJQr8gZGihKsvE="></latexit>xt
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• Finite vocabulary of words
• Position t

• Neighbors tÕ œ N (t)

• Word vectors: Vxt,:; UytÕ,:

• Model: p(ytÕ|xt) Ã exp(sim(xt,ytÕ))



Multi-sense Word Vectors Model
20✦ Often, words have multiple meanings (homographs):

• All words in the context commonly depend on the latent meaning of the current word:

• Do not observe z, the probability of the observed context is given by marginalization:

• Learning (ML):

• Inference:

[Burtanov et al. (2016): Breaking Sticks and Ambiguities with Adaptive Skip-gram]

<latexit sha1_base64="niZV7t9WdlAhXblivInUrBktYvw="></latexit>

Yt – context words

<latexit sha1_base64="+cyzWCJN8ZPpA6bvm3XJRG/IJDw="></latexit>

p(Yt|xt) =
ÿ

z

Ÿ

tÕœN (t)

p(ytÕ|z,xt)p(z|xt)

<latexit sha1_base64="0/SuH8Oh8w2uG0zcDFeZkmA1bAM="></latexit>

max
ÿ

t

log
ÿ

z

Ÿ

tÕœN (t)

p(ytÕ|z,xt)p(z|xt)

<latexit sha1_base64="Pvc7gIU7f14klJI/5/c18Cejwlg=">AAAD5XicjZLdatRAFMdnu37UaG2roBfeBBuhwrJsil8UhEIpeKGwUrctNCVMJmezw85HyJzUXYdc+ADeibc+l0/gazjZTWt3C+IQmP/85vzPzJycJBfcYK/3q7XSvnHz1u3VO97de2v31zc2HxwZXRYMBkwLXZwk1IDgCgbIUcBJXgCViYDjZLxf7x+fQ2G4Vp9wmsOZpJniQ84oOhRvfPWCKCmFAAwiP/KPdZH658BQF2bXD4 </latexit>

• Word vectors: Vxt,z,:, Uyt,:, z œ {1, . . .max meanings} (simplifiaction)

<latexit sha1_base64="GGx7KdZRoAZxbqfiGg4KxSzttlU="></latexit> Ÿ

tÕœN (t)

p(ytÕ|z,xt)

¸ ˚˙ ˝
p(Yt|z,xt)

p(z|xt)

<latexit sha1_base64="WhIsX4hpjMfD1y1+cR9RjZjLjpU="></latexit>

Compute p(z|xt,Yt) (then maximize in z, use the word vector Vxt,z,:, etc.)

<latexit sha1_base64="jaXyidXpQhjcJzfvKbZ1cfF4NsM="></latexit>

p(z|xt) – e.g. a discrete distribution per word to be learned



Learning by EM
21✦ Need to maximize the log-likelihood of the data evidence:

✦ Proof using KL (omitting dependence on xt everywhere and the outer sum in t):

<latexit sha1_base64="BHtKmDbfLoIepnnt5DbZeDTDy3Q="></latexit>

Evidence Lower Bound (ELBO)
<latexit sha1_base64="kv0D/i6e2DN/+1FiuR1EGz7v/74="></latexit>

Holds for any distribution q(z|xt,Yt) by Jensen inequality

<latexit sha1_base64="Qa5pE0GEMZprgd1/p/LWhh5ezaA="></latexit>

Ø
ÿ

t

ÿ

z

q(z|xt,Yt) log
p(Yt|z,xt)p(z|xt)

q(z|xt,Yt)¸ ˚˙ ˝

<latexit sha1_base64="NVgUGAGL176pZsRK8cGWaPnpa1g="></latexit>

logp(Y )

¸ ˚˙ ˝
Evidence

≠
ÿ

z

q(z|Y ) log
p(Y,z)

q(z|y)
¸ ˚˙ ˝

ELBO

=
ÿ

z

q(z|Y )
1
logp(Y )≠ log

p(Y,z)

q(z|y)

2

=
ÿ

z

q(z|Y )
1

≠ log
p(Y,z)

p(Y )q(z|y)

2

=
ÿ

z

q(z|Y ) log
q(z|y)
p(z|Y )

= DKL(q(z|Y )Îp(z|Y )) Ø 0.

<latexit sha1_base64="gAF4ewlAbQkszV7kup2rmP4X0Uw="></latexit>ÿ

t

logp(Yt|xt)

¸ ˚˙ ˝
Evidence

=
ÿ

t

log
ÿ

z¸˚˙˝
di�cult

p(Yt|z,xt)p(z|xt)



EM Algorithm
22

<latexit sha1_base64="TZYi+Dqn8RIEPYJBusqnS2HMOf0="></latexit>

◊

Log-Likelihood

ELBO

<latexit sha1_base64="ko49taugBz3p7Qo4MWfHK23xjNQ=">AAAEPXicjVPLbhMxFJ00PMrwaAtLNiNSpC5KlES8VAlRqIJYtCKo9CF1qsjjuUms+FX7Tkmw5tv4jn4AO8SWLZ5mWpK0Qlgj+czxOcee6zuJ5sxio3FWWajeuHnr9uKd8O69+w+Wllce7luVGQp7VHFlDhNigTMJe8iQw6E2QETC4SAZbhXrB6dgLFPyC441HAvSl6zHKEFPdZfP4gT6TDqGINg3yMO4QFF7J3rH+8owHIiN8H </latexit>

⌅ EM Algorithm:

• E-step: For current ◊ maximize ELBO in q

• M-step: For current q maximize ELBO in ◊

<latexit sha1_base64="JDEKga+qdluhCeCh43FQFkaERVM="></latexit>

ELBO(◊, q) =
ÿ

t

ÿ

z

q(z|xt,Yt) log
p(Yt|z,xt;◊)p(z|xt;◊)

q(z|xt,Yt)

<latexit sha1_base64="y0ACz/lmg1e0+FAmGEgu3AdsGas="></latexit>q

<latexit sha1_base64="bWzWEFlX8KiXqvQmMfo+xR86/AU="></latexit>

⌅ E-step:

ELBO(◊, q) = Evidence(◊)≠
q

t DKL(q(z|Yt,xt)Îp(z|Yt,xt;◊))

Optimal q minimizes the reverse KL divergence!

When q is general enough, the optimizer is q(z|Yt,xt) = p(z|Yt,xt,◊) (estimate with

Bayes theorem). q(z|Yt,xt) learns to perform inference.

⌅ M-step:

argmax◊

q
t

q
z q(z|xt,Yt) logp(Yt|z,xt;◊)

Supervised learning problem (maximum likelihood), assuming that q(z|xt,Yt) is the

true data conditional distribution.



Stochastic EM Algorithm
23

<latexit sha1_base64="JDEKga+qdluhCeCh43FQFkaERVM="></latexit>

ELBO(◊, q) =
ÿ

t

ÿ

z

q(z|xt,Yt) log
p(Yt|z,xt;◊)p(z|xt;◊)

q(z|xt,Yt)

<latexit sha1_base64="TZYi+Dqn8RIEPYJBusqnS2HMOf0="></latexit>

◊

<latexit sha1_base64="tXvKESXvFc6EjtDK3BiWlGp62OY="></latexit>q

<latexit sha1_base64="6ekHiBmT/ortsgbpv1EEcKPr0/M="></latexit>

ELBO(◊, q)
<latexit sha1_base64="ko49taugBz3p7Qo4MWfHK23xjNQ=">AAAEPXicjVPLbhMxFJ00PMrwaAtLNiNSpC5KlES8VAlRqIJYtCKo9CF1qsjjuUms+FX7Tkmw5tv4jn4AO8SWLZ5mWpK0Qlgj+czxOcee6zuJ5sxio3FWWajeuHnr9uKd8O69+w+Wllce7luVGQp7VHFlDhNigTMJe8iQw6E2QETC4SAZbhXrB6dgLFPyC441HAvSl6zHKEFPdZfP4gT6TDqGINg3yMO4QFF7J3rH+8owHIiN8H </latexit>

⌅ EM Algorithm:

• E-step: For current ◊ maximize ELBO in q

• M-step: For current q maximize ELBO in ◊

<latexit sha1_base64="mjqRwSN/1bfn9sykyCUGY5j5tLM=">AAAFunicpVRtbxJBEL6iaMW3Vj/6ZWMxgYQSaHyL2qSxEjVpIwbpS3qE7B1zx4bb3WN3aIHr/TP/iF/9qj/CPThaoVWbuLlkZ595Znbm2ck5YcA0VirfljLXrmdv3Fy+lbt95+69+yurD/a0HCgXmq4MpDpwqIaACWgiwwAOQgWUOwHsO73txL9/DEozKb7gKIQWp75gHnMpGqi9mmnaDvhMRAyBszHEOTuxSGQ7HqnF6xohfJ </latexit>

⌅ E-step:
argmax

q
ELBO(◊, q) = argmax

q

ÿ

t

ÿ

z

q(z|xt,Yt)(logp(Yt,z|xt;◊)≠ logq(Yt|z,xt))

Perform one step of SGD for improving q æ Stochastic Variational Inference
⌅ M-step:

argmax
◊

ELBO(◊, q)argmax
◊

ÿ

t

ÿ

z

q(z|xt,Yt) logp(Yt|z,xt;◊)

Perform one step of SGD æ Stochastic EM



Multi-Sense Word Vectors
24<latexit sha1_base64="iYq9Qf9fbLoASWNcEDEBKcVp5Qw=">AAADqnicjVJbaxNBFJ52vdT10lQffVlMhQghZOP1RSiUoKBCtKatZEOYnT1JhsyNndmadNyf5K/xSdD/4kySxiYF8TAwH9+c75szZ06qGNWm2fy5tR1cu37j5s6t8Padu/d2K3v3j7UscgJdIpnMT1OsgVEBXUMNg1OVA+Ypg5N0cujPT84g11SKz2amoM/xSNAhJdg4alB5k6QwosJSA5yeQxkmHkXvAecCskjlVOZR5urIaV p4SbSvauffpk/2wwREttINKtVmozmP6CqIl6CKltEZ7G2/SzJJCg7CEIa1toQrg9nElaDByMIot/AIDj90KA2TQoPCZOKIHn6msIK8HjEsMk0crnOcu1e8jgnv2xFIDiafleFllcVcc2zGdbfrGU/9bsa8XMvxCcrw6bq0V5jhq76lwlUEgpSbtkMpjF5n3Qu0w+CN5jprYDrIYKgbDnjW4aRtE39jmtp2WS6ozorqXFBHC4pgZo9WXPsv6bXznrlPAkPGNm48LzeIVhk+9gwDMTLjhZaKzPW+tE1lNloFouD+YxcufgqtkO54ec+FCU7lGbjZUAzP9ISq0j71VpdTUmDy679T1lzGMjf/Y7WRF7rxizeH7So4bjXiF43mx1b1oLYcxB30ED1CNRSjl+gAvUUd1EUEfUc/0C/0O6gHn4IvQW+Rur211DxAaxFkfwADSTxU</latexit>

⌅ Learned prior distribution p(z|x)

<latexit sha1_base64="y/7C+z2d2+c2xZYJf9XJyD3V6R4=">AAADm3icjVJbaxNBGJ0mXup6S/VRhGAqRAhhN976IhRCwCtEatpKN4TZ2S/JkLm5M1uTjvtX/DW+6rv/xpkkjU0K4jAwhzPnnG/22y9RjGoThr+3SuUrV69d374R3Lx1+87dys69Qy3zjECPSCaz4wRrYFRAz1DD4FhlgHnC4CiZtP390SlkmkrxycwU9DkeCTqkBBtHDSp7cQIjKiw1wOkZFEHsUfWNGEIGgkB190v97Nvnxv TJbhCDSFfCQaUWNsP5ql4G0RLU0HJ1Bzuld3EqSc5BGMKw1pZwZTCbuJoajMyNchuPoP2hS2kQ5xoUJhNHnOBnCivIGlWGRaqJww2OM/fsVxHhfTsCycFksyK46LKYa47NuOFOPeOJP82YF2saL1CGT9etJ7kZ7vUtFe5FrgnFZuxQCqPXWfcF2mHwQXOfNTAdpDDUTQc863DcsbGvmCS2UxQLqruiuufUwYIimNmDFdf5S3rvvGfaZGDI2EbN58UG0SqCx55hIEZmvPBSkbreFzZUZqNVIHLuf+wixY+dFdJdL+uch+BEnkJKtWJ4pidUFfapj7ooSYDJr/+WrKWMZWb+J2pDF7jxizaH7TI4bDWjF83wY6u2X18O4jZ6gB6hOorQS7SPXqMu6iGCvqMf6Cf6VX5Ybpfflt8vpKWtpec+Wlvl3h+7PTWM</latexit>

⌅ Inference q(z|Y,x)

Discovers semantic clusters
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Discovers semantic clusters


