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Lecture 4. SGD

✦ Definitions and Main Properties


• Gradient Descent and SGD


• Convergence properties, step size


✦ Important Details


• Dataset sampling with and without replacement


• How to monitor progress, Running averages


• Momentum


• Implicit regularization: early stopping, batch size and weight norm
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Stochastic Gradient Descent
<latexit sha1_base64="BjlplyIOWH+/+BlEIx1SUx8wf54="></latexit>

L(◊)

<latexit sha1_base64="MDCWtCznlXIcWcnanPzgXYsAydY="></latexit>

⌅ SGD:
• Noisy gradient g̃t

• E[g̃t] = gt

• ◊t+1 = ◊t ≠–tg̃t

<latexit sha1_base64="M49QDDHNJGL8HJV+9+IiBEml0ys=">AAAEGXicjVLdbtMwGE1Xfkb428YlNxEd0hClasbfhDRpMCq4AKlodJu0TJHjfE2s2o4Vfx0rVp6EV+AluEPccsXbYK/taDuEsCL5+Pic88X2lyjONLbbv2pL9UuXr1xdvuZfv3Hz1u2V1bV9XQxLCj1a8KI8TIgGziT0kCGHQ1UCEQmHg2Sw6/YPTqDUrJAfcaTgWJBMsj6jBC0Vr3yNEsiYNAxBsM9Q+ZFDwZuSpAwkBq9BUz </latexit>

⌅ Gradient Descent:
• gt = Ò◊L(◊t)

• ◊t+1 = ◊t ≠–tgt



SGD for Statistical Estimation
3<latexit sha1_base64="PIyFPMBkq19Zn1szIARhBfb3918=">AAAGnnicjVTbbttGEGWsVk3VW9w+9mVRK4AMSILkNmnhwEAAw0UBy6ka24mB0CaW5JBaaC8Ed6lIpfkx/Zq+to/9m86SlEPJaVBCAIeHc87MnB3KTzjTZjT658FO66OP2588/LTz2edffPnVo92vX2mVpQFcBoqr9MqnGjiTcGmY4XCVpECFz+G1Pz+2718vINVMyQuzSuBa0FiyiAXUIOTttg5dH2Imc2ZAsN+h6Lg2ItNUoY </latexit>

⌅ Problem Setup:
• Training set: T = (xi,yi)n

i=1 – i.i.d.
• Predictor: f(x;◊), ◊ – vector of all parameters ◊

• Negative log-likelihood: L = 1
n

q
i l(yi,f(xi;◊)) =

1
n

q
i li(◊)

• Learning problem: min
◊

L(◊)

<latexit sha1_base64="T/W2K9N/P4kyC3+HmJX0EAB208U=">AAAGhnicjVTtbts2FFXjzUu9jzbdz/4hGhVQAMews3UdUgQIEAQYkKzwmqQtEKUCJV/ZhClSJSnXrqIH6NPs7/Yoe5tdSnImO00xwYCuDs+9PPfw0mHKmTb9/j/3Nlpffd3+ZvN+59vvvv/hwcOtR6+1zFQEF5HkUr0NqQbOBFwYZji8TRXQJOTwJpwe2fU3M1CaSXFuFilcJXQsWMwiahAKtlpPnvohjJnImYGEfYSi89S3IX </latexit>

⌅ Examples
• Regression in Rm:

f(x;◊) œ Rm – predicted values
Squared error loss: li = Îyi ≠f(xi;◊)Î2

• Classification with K classes:
f(x) œ RK – scores
Predictive probabilities p(y = k|x) = softmax(f(x;◊))k

NLL loss: li(◊) = ≠(logsoftmax(f(xi;◊)))yi



SGD for Statistical Estimation
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⌅ “Noisy” gradient g̃t:
• E[g̃t] = gt

• V[g̃t] =
1

MV[g̃1
t ], where g̃1 is stochastic gradient with 1 sample

• Diminishing gain in accuracy with larger batch size M

• In the beginning a small subset of data su�ces for a good direction
<latexit sha1_base64="bKJMX69700X2OikTWBdR6MnYANA="></latexit>

⌅ Gradient Descent (GD):

• Gradient at current point ◊t: gt = ÒL(◊t) =
1
n

q
i Òli(◊t)

• Make a small step in the steepest descent direction of L:

• ◊t+1 = ◊t ≠–tgt

• Historically called “’batch gradient descent”

• If the dataset is very large, lots of computation to make a small step

⌅ Stochastic Gradient Descent (SGD):

• Pick M data points I = {i1, . . . iM} at random

• Estimate gradient as g̃t =
1

M

q
iœI Òli(◊t)

• ◊t+1 = ◊t ≠–tg̃t

• {(xi,yi) | i œ I} is called a (mini)-batch
<latexit sha1_base64="BttxS/u2dwia9EInsgqNjndnVW8="></latexit>



More General Form

 Data augmentation (Lecture 6) 
noise and distortions renderingrigid transforms
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<latexit sha1_base64="MRxEKPcpCavFVoIB3Pm8joM9JpM="></latexit>

⌅ Problem Setup:
• Loss: L(◊) = E(x,y)≥pú[l(y,f(x;◊))]+R(◊)

• Training set is given as a generator pú

• R(◊) is a regularizer, not dependent on the data
• Fixed training set is a special case

⌅ SGD:
• Draw a batch of data (xi,yi)M

i=1 i.i.d. from pú

• g̃ = 1
M

q
i Òl(yi,f(xi,◊))+ÒR(◊)

<latexit sha1_base64="V3PhP1yXDr15OJwajfYkHVOvPXQ=">AAAESHicjVNbaxNBFN4kVet6a/XRl8EipBBC0npDEAq1KJRCpFfoljA7e7I7ZG7unK1Nl/2D/gN/gO++iW/OJGlNUhSHhfn2m+9858zZs7ER3GKn861Wbyzdun1n+W547/6Dh49WVh8fWV3kDA6ZFjo/iakFwRUcIkcBJyYHKmMBx/Fw258fn0NuuVYHODJwJmmq+IAzio7qr3yPYki5KjmC5JdQhZFHZP/De8IV2aMsc8ZEAM </latexit>

⌅ SGD in Machine learning:
• Specialized loss functions (not necessary likelihood), additive in training data
• Training set possibly infinite (augmentation)



Perceptron Algorithm
6✦ Neural Network 1950s: Perceptron

Mark I Perceptron, 1958

Frank Rosenblatt

Press: “the embryo of an electronic 
computer that [the Navy] expects 
will be able to walk, talk, see, 
write, reproduce itself and be 
conscious of its existence”

✦ First GPU:
<latexit sha1_base64="rFxJlGPSmYAO8+oNzszg7ssgt/U=">AAAFXHicjVTfj9NGEPaFSwuhtBxIvPAy4gLKiRAl1x8gJCQqOLVSoUp1d4CET9F6PXFW8e5au5NLjOXHvsLf15f+HTx2HCdwCVXVlSWPv/3mm5lvN4myVHnq9//aaVzabX719eUrravfXPv2u+t7N155O3MST6VNrXsTCY+pMnhKilJ8kzkUOkrxdTR9Vu2/PkfnlTUnlGd4pkVi1FhJQQyN9nY+hhEmyhSKUKt3WLbCKoIhsn </latexit>

⌅ Perceptron Algorithm as SGD:
• Two classes y = ±1

• Predictor: f(x) = wTx, decide by sign
• Loss: l(y,f(x)) = max(≠ywTx,0)

• Draw a point (x,y) from the training data at random

• Stochastic gradient: g̃t =

Y
]

[
≠yx, if classified incorrectly
0, otherwise

• Make a step: wt+1 = wt+yx

• No need of step size thanks to scale invariance



Convergence Rates 
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n

t
<latexit sha1_base64="+1jTObzpWYgbKgKBOPRKlqhLeLE="></latexit>

work

er
ro

r
log(t)Ô

t
<latexit sha1_base64="lQLcSBHtNjoRoar/VXgpB5taoYw="></latexit> 1

t
+0.1

<latexit sha1_base64="3rthIGG8BEo06PkJKR1Kra4uyXI="></latexit>

⌅ Convergence rates:
• Error at iteration t: best over iterations

expected gradient norm,
mink=1...t≠1{ÎE[ÒL(◊k)]Î}

• GD with step size –t = –

Error: O(1t)

• SGD with step size –t = –/
Ô

t

Error: O(log(t)Ô
t
)

• SGD with step size –t = –

Error: O(1t)+O(–fl‡
2)

<latexit sha1_base64="uIe7vc5CDUCGE+0eZsZPVQwNyeE=">AAAFWHiclVTbbtNAEHVDQ9twa8sjLysapFSEEPfCpVJFpRLBA4ig0ovULdHamdireHfN7qRtWCz4TfgD3vgE1knbkLYqsLLk47Nnzo5nxg7ShBus179PFK5NFq9PTc+Ubty8dfvO7Nz8jlE9HcJ2qBKl9wJmIOEStpFjAnupBiaCBHaD7ma+v3sI2nAlP2A/hQPBIsk7PGToqNbcxE8aQMSl5QiCf4asRHNENpV0YRHIEIhmCG </latexit>

[Mark Smidt CPSC 540 Lecture 11]
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⌅ Iteration cost:
• GD: O(n) – full data
• SGD: O(M) – mini-batch

⌅ Guarantees on convergence rate depend on assumptions. Setup closest to NNs:
• L(◊) is bounded from below
• ÒL(◊) is Lipschitz continuous with constant fl

• Bounded variance: EÎÒli(◊)≠ÒL(◊)Î2 Æ ‡
2

or stronger condition EÎÒli(◊)Î2 Æ ‡
2 for some ‡ and all ◊



Convergence Rates
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✦ Remarks:


• To have guarantees need to use conservative estimates with very small step sizes, etc.


• Different other setups possible: convex / strongly convex, smooth/non-smooth


• The rate is often faster in practice, but the general picture stays

✦ Insights:


• SGD wins when there is a lot of data


• Convergence with a constant step size is fast 
but to within a “region” around optimum

⌅ Convergence rates:
• GD with step size –t = –

Error: O(1t)

• SGD with step size –t = –/
Ô

t

Error: O(log(t)Ô
t
)

• SGD with step size –t = –

Error: O(1t)+O(–fl‡
2)
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Convergence Rates
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⌅ Convergence rates:
• GD with step size –t = –

Error: O(1t)

• SGD with step size –t = –/
Ô

t

Error: O(log(t)Ô
t
)

• SGD with step size –t = –

Error: O(1t)+O(–fl‡
2)
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Learning Rate Schedule
10⌅ Common practice: decrease learning rate in steps

• Example: start with – = 0.1 then decrease by factor of 10 at epochs 100 and 150
<latexit sha1_base64="SjIl8gZ8VMymJAPVewzKvWAutAk=">AAAEPXicjVPLahsxFB3HfaTuK2mX3YgmhSyMmcmrDwgNBEM3BZfUaSATjEZzxyOsF9J1EneYb+svdNsP6K6U7rqtxpOXnVJ6GdDR0T3naqSrxAjuMAy/NRaat27fubt4r3X/wcNHj5eWnxw4PbYM+kwLbQ8T6kBwBX3kKODQWKAyEfApGe1V659OwDqu1UecGDiWdKh4xhlFTw2WvsYJDLkqOILkn6FsxRUie1pKrYixlCFn8I </latexit>

5 Experiments

In this section, we empirically evaluate our proposed algorithm for training various modern deep
learning models and test them on several standard benchmarks We show that for nonconvex loss
functions in deep learning, our proposed algorithm still enjoys a fast convergence rate, while its
generalization performance is as good as SGD with momentum and much better than existing
adaptive gradient methods such as Adam and Amsgrad.

(a) Train Loss for VGGNet (b) Train Loss for ResNet (c) Train Loss for WideResNet

(d) Test Error for VGGNet (e) Test Error for ResNet (f) Test Error for WideResNet

Figure 2: Train loss and test error (top-1) on CIFAR-10 dataset.

We compare Padam against several state-of-the-art algorithms, including: (1) SGD-momentum,
(2) Adam (Kingma and Ba, 2015), (3) Amsgrad (Reddi et al., 2018), (4) AdamW (Loshchilov
and Hutter, 2019) (5) Yogi (Zaheer et al., 2018) and (6) AdaBound (Luo et al., 2019). We use
several popular datasets for image classifications and language modeling: CIFAR-10 (Krizhevsky
and Hinton, 2009), CIFAR-100 (Krizhevsky and Hinton, 2009), ImageNet dataset (ILSVRC2012)
(Deng et al., 2009) and Penn Treebank dataset (Marcus et al., 1993). We adopt three popular CNN
architectures for image classification task: VGGNet-16 (Simonyan and Zisserman, 2014), Residual
Neural Network (ResNet-18) (He et al., 2016), Wide Residual Network (WRN-16-4) (Zagoruyko and
Komodakis, 2016). We test the language modeling task using 2-layer and 3-layer Long Short-Term
Memory (LSTM) network (Hochreiter and Schmidhuber, 1997). For CIFAR-10 and Penn Treebank
experiments, we test for 200 epochs and decay the learning rate by 0.1 at the 100th and 150th epoch.
We test ImageNet tasks for 100 epochs with similar multi-stage learning rate decaying scheme at
the 30th, 60th and 80th epoch.

We perform grid searches to choose the best hyper-parameters for all algorithms. For the base

9

Courtesy: [Chen et al. “Closing the Generalization Gap of 
Adaptive Gradient Methods in Training Deep Neural Networks”]

✦ Comments


• Consistent with the idea of fast convergence to a 
region


• After the sep size decrease, “1/n” rate replays


• Many other empirically proposed schedules



How to Draw Data Points?
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Bottou (2009): “Curiously Fast Convergence of some Stochastic Gradient Descent Algorithms”
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Random selection:  
slope=−1.0003 

Cycling the same random 
shuffle: slope=−1.8393 

Random shuffle at each 
epoch: slope=−2.0103 

✦ How should we draw data points for SGD:


• every time select randomly with replacement


• shuffle the data once


• shuffle at each epoch but draw without replacement


✦ Empirical evidence:

¥ O(1t)
<latexit sha1_base64="Cp6hZaavXZAxdg+HMpYN6tSTD08="></latexit>

¥ O( 1
t2
)

<latexit sha1_base64="DLK0fc1HiW0E3kn1plgiY7sdUO8="></latexit>

logistic regression d = 47,152, n = 781,256
<latexit sha1_base64="80NPqOGeSkzPpF7J2QqiRoo7I1I="></latexit>

⌅ A simple consideration:

Drawing n times with replacement from the dataset of size n some points may not be

selected. On average each point is selected with probability ¥ 0.63 for large n. Takes

long time to even out (ı) – associated exercise
<latexit sha1_base64="bKH7No1HSgsdHnMphTTgUkZyRB4=">AAAEkXicjVPrahNBFN7UqDXeWvvTPwcboUK7JG2tVhCrtSAUMdIruCXMzp5kh+xcmJm0SZd9C5/Gv/oSvoWP4Ey2TZsUxMPCfvvNd65zNlYZM7bR+F2ZuVW9fefu7L3a/QcPHz2em39yaGRfUzygMpP6OCYGMybwwDKb4bHSSHic4VHc2/bnR6eoDZNi3w4VnnDSFazDKLGOas9XVqIYu0zkzCJn51jUIo/gPRjGVYZApTAsQT </latexit>



How to Measure the Progress?
12✦ Batch Estimate


•  


• Not good idea, too high variance

✦ Training data mean


•  


• Accurate, good if the dataset not too large

✦ Average using all last known loss values


•  


• Low variance, hysteresis 1 epochs


• need to remember losses for full dataset

✦ Running Exponentially Weighted Average (EWA)


•  


• Higher variance/ larger hysteresis


• remember only the running average loss

L = 1
n

q
i li

<latexit sha1_base64="qzl9Nuo/o/hnqxSRGG3l9RtNMDo="></latexit>

L := (1≠ q)L+ qL̃
<latexit sha1_base64="bY+1UdFsqaNkB3JbMwAlravpurU="></latexit>
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iœI lnewi +

q
i/œI loldi

2

<latexit sha1_base64="ljXxal6rXNt7Bl59bwH9y3CEIYA="></latexit>

Batch mean: L̃ = 1
M

q
iœI li

<latexit sha1_base64="FIBwzow2FMgMmS5jOU8rj0tSahc="></latexit>



Same Applied to Gradient — Variance Reduction
13✦ SGD


•  


• need a small step size

✦ GD


•  


• too costly

✦ Stochastic Average Gradient (SAG)


•  


• Improved convergence rates (convex analysis)


• need to remember gradients

✦ SGD with momentum


•  


• practical variance reduction


• remember only the running average gradient

Full gradient: g = 1
n

q
i Òli

<latexit sha1_base64="E25Yy5dKFi+JzBC295ksfZKkTMY="></latexit>

g := (1≠ q)g+ qg̃
<latexit sha1_base64="0UkW68zqlt+HPVL0FdPqb9s49Fc="></latexit>
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g̃ := 1
n

1q
iœI(Òli)new+

q
i/œI(Òli)old

2

<latexit sha1_base64="T2sU7ZjvOSnM1NwPEhGDwsP4oyw="></latexit>

Batch mean: g̃ = 1
M

q
iœI Òli

<latexit sha1_base64="iPKucVfzQ/+OFuemLwsZDk58GFQ="></latexit>



Running Averages
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t = 20
<latexit sha1_base64="9OcYTHvzGOvUCd346cLX7zNc2g8="></latexit>

EWA weights q = 0.2
<latexit sha1_base64="jzdAgBYAliR50LpVi373qLyGtAY="></latexit>

(1≠ q)t
<latexit sha1_base64="j3SuhYAq0TMmskBvnSWXzQCfY60="></latexit>

Running mean weights
⌅ Running mean:

• qt =
1
t

• µ1 = 0µ0+X1

• µt =
t≠1

t µt≠1+
1
tXt

• µt+1 =
t

t+1µt+
1

t+1Xt+1 =
t≠1
t+1µt≠1+

1
t+1

!
Xt+Xt+1

"
<latexit sha1_base64="4+HDEctdXzzK4Qc+s+jmAM0q5ms=">AAAEtnicjVNdb9MwFE1GgVG+NnjkJWJDGlpXJd2AgTQxaZq0F6TC6FZpGZHj3qZWYyfEN2PFym/i1/DAC/wFfgJ2srVLhxBWJB+fe8719bUTpjGT6Lo/7IUbjZu3bi/ead69d//Bw6XlR0cyyTMKPZrESdYPiYSYCeghwxj6aQaEhzEch+M9Ez8+g0yyRHzESQqnnESCDRklqKlg2T7wQ4iYUAyBs69QNH2DHOWHQ+dDLgQTkc </latexit>

⌅ General setup:
• Xk, k = 1, . . . , t – independent random variables
• qt œ (0,1]

• Running mean: µt = (1≠ qt)µt≠1+ qtXt

⌅ Exponentially Weighted Average (EWA):
• Constant qt = q

• µ1 = (1≠ q)µ0+ qX1

• µ2 = (1≠ q)2µ0+(1≠ q)qX1+ qX2

• . . .

• µt = (1≠ q)tµ0+
q

1ÆkÆt
(1≠ q)t≠kqXk

= w0µ0+
q

1ÆkÆt
wkXk

<latexit sha1_base64="ttPogWT0mexCx1PkUpxUMbgnoVI=">AAAGJXicjVTdbhtFFN7GNRTz05ZeIqERMcgRjuV1+gOVorYKFtwUGUqaSFnXml0f26Odmd3snE1iRvs8PAJPwR1C4opX4BE4s+uf2AHUkeU98+33fefMmWOHqRQGu90/b+3UbtffeffOe433P/jwo7v37n/82iR5FsFxlMgkOw25ASk0HKNACadpBlyFEk7C+Mi9P7mAzIhE/4TzFIaKT7WYiIgjQaP7O78GIUyFtgJBiZ+haA </latexit>

(ı) Smooth transition from running mean to EWA
<latexit sha1_base64="SdLNST13n2l6RjU62uGTvIKTPh0="></latexit>



SGD with Momentum
15⌅ Algorithm

• Stochastic gradient: g̃ = 1
M

q
iœIt

Òli
• EWA gradient: gt = (1≠ q)gt≠1+ qg̃

• Step: ◊t = ◊t≠1 ≠–gt

⌅ Can rewrite in di�erent forms, e.g. in pytorch:
• Velocity: vt = µvt≠1+ g̃

• Step: ◊t = ◊t≠1 ≠Ávt

(ı) Equivalent by setting: vt = gt/q, µ = (1≠ q), Á = q–

• When changing momentum µ often need to adjust the learning rate as well
<latexit sha1_base64="9LDXLwDw05JStLqwDEfclvtNZZg="></latexit>



SGD with Momentum
16

✦ Even exact gradient may not be a good direction


✦ Cancels “noise” in the incorrect prediction of the function change

⌅ The "heavy ball" method
• Friction (µ < 1) and slope forces build up velocity
• Recall the hysteresis e�ect from using estimates from the past
• The inertia may lead to oscillatory behavior (not good)
• Sometimes helpful to overcome plateaus

<latexit sha1_base64="JTehvnYDhl54q2NcMsSv+nSYkMQ="></latexit>

⌅ With variance su�ciently low æ GD with momentum, i.e. consider g̃ is noise-free
<latexit sha1_base64="H1JKPQZz/ZqGisflOsaHzp91KyI="></latexit>

• Velocity: vt := µvt≠1+ g̃

• Step: ◊t = ◊t≠1 ≠Ávt
<latexit sha1_base64="FpT8ct3y2Phf8tp2e1pZTheMtMg="></latexit>



★ “Nesterov" Momentum
17

The step consists of momentum and current gradient 


The momentum part of the step is known in advance


Can make it before computing the gradient:
≠Ág̃(xt)

<latexit sha1_base64="2fVIHhlrFq5h3M3/T/wOiZT3ISY="></latexit>

Takes advantage of the known part of the step


Less overshooting

The two sequences eventually converge

yt
<latexit sha1_base64="7uurX6H+mZJjDkX1riAiheLyDRM="></latexit>

yt
<latexit sha1_base64="7uurX6H+mZJjDkX1riAiheLyDRM="></latexit>

yt+1
<latexit sha1_base64="eIDwzlZvxjfkjb/ZV4pd7e2z9pM="></latexit>

≠Ág̃(yt)
<latexit sha1_base64="5ni8jBD2wIdk/gECHDZ28yA7TPo="></latexit>

xt
<latexit sha1_base64="4sya18AzojK9MLKYe1xZxcrUf0A="></latexit>

xt
<latexit sha1_base64="4sya18AzojK9MLKYe1xZxcrUf0A="></latexit>

xt
<latexit sha1_base64="4sya18AzojK9MLKYe1xZxcrUf0A="></latexit>

xt+1
<latexit sha1_base64="9TuCQGYe04z+kGX3hEJrnJUdsF4="></latexit>

xt+1
<latexit sha1_base64="9TuCQGYe04z+kGX3hEJrnJUdsF4="></latexit>

xt+1
<latexit sha1_base64="9TuCQGYe04z+kGX3hEJrnJUdsF4="></latexit>

⌅ Common Momentum
• Velocity: vt+1 = µvt+ g̃(xt)

• Step: xt+1 = xt ≠Ávt+1
<latexit sha1_base64="GW2i9JQ+G9HFxwvl10CcWwehQ8k="></latexit>

≠Áµvt
<latexit sha1_base64="kXrdnHqoXi9okzcdMBcSGopcrLM="></latexit>

≠Áµvt
<latexit sha1_base64="kXrdnHqoXi9okzcdMBcSGopcrLM="></latexit>

≠Áµvt
<latexit sha1_base64="kXrdnHqoXi9okzcdMBcSGopcrLM="></latexit>

⌅ Nesterov Momentum
• Leading sequence: yt = xt ≠Áµvt

• Velocity: vt+1 = µvt+ g̃(yt)

• Step: xt+1 = yt ≠Ág̃(yt)
<latexit sha1_base64="TkPKz3moB9pf6EY2/cQFHO0oCFY="></latexit>

⌅ Can express as steps on the leading sequence alone (ı):
• Velocity: vt+1 = µvt+ g̃(yt)

• Step: yt+1 = yt ≠Á
!
g̃(yt)+µvt+1

"
<latexit sha1_base64="yvpnltyyj47/44rwLJDa0k9AIzQ="></latexit>



★ Running Averages: How Much Smoothing?
18

✦ Can use EWA with a decreasing q series for a progressive smoothing

⌅ General setup
• Xt – independent random variables
• qt œ (0,1]

• Running mean: µt = (1≠ qt)µt≠1+ qtXt is a r.v.
⌅ Expectation:

• E[µt] = (1≠ qt)E[µt≠1]+ qtE[Xt] – running average of expectations
• E[µt] = w0E[µ0]+

tq
k=1

wkE[Xk]

• When iterations stabilize (◊ does not change much) an unbiased estimate
⌅ Variance:

• V[µt] = (1≠ qt)2V[µt≠1]+ q2tV[Xt]

• V[µt] = w2
0V0+

tq
k=1

w2
kV[Xk]

• Variance reduction of running mean: qt
k=0w2

k =
qt

k=1
1
t2
= 1

t

• Variance reduction of EWA: qt
k=0w2

k = q2

1≠(1≠q)2
– in the limit of large t

(ı) Equivalent window size of EWA: n = 2
q ≠1. E.g. q = 0.1 ¡ n = 19

<latexit sha1_base64="A7SqWNP+ZAFo0iaASSepLQy4YSM="></latexit>
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Network Size as Capacity Control?

In Search of the Real Inductive Bias: On the Role of Implicit Regularization in Deep Learning
Behnam Neyshabur, Ryota Tomioka, Nathan Srebro. 

TTI-Chicago

Implicit Regularization

Matrix Factorization Analogy

Network Size as Inductive Bias?

• Computationally intractable even for small networks: Even if target can be 
exactly represented by a network with a single hidden layer and log(𝑑) units, 
no poly-time for learning even using much larger networks (or any other 
representation)./

• Being representable by NN is not enough as an inductive bias: In fact, any 
𝑂 𝑇 time computable function can be represented by 𝑂 𝑇2 size network 
(Sipser, 2006)..

Without any regularization, even with zero training error (and zero 
approximation error), increasing the number of hidden units reduces
estimation error.

a) Reducing #samples: Reducing the size of training set to 2000.
b) Censoring Labels: Switching the labels to the predictions of a network with a small number 
𝑯𝟎 of hidden units that is trained on the entire dataset (training+validation+test).

c) Label Noise: Adding 5 percent noise to the labels.

What is happening here? A possible explanation:
Implicit regularization introduced by the optimization.
Converging to a global optima with “low complexity”, perhaps  low norm.

Insights from a simpler model: linear activations

Trace-norm as an inductive  bias:   𝑊 𝑡𝑟 = min𝑊=𝑈𝑉
1
2
( 𝑈 𝐹2 + 𝑉 𝐹2)

Infinite Size, Bounded Norm Networks

A simple experiment: Learning a feed-forward network with a single 
hidden layer without any regularization.

We expect: Network Size↑⟹ Approximation error ↓, Estimation Error↑

How can we explain this phenomenon?

𝑧 𝑖 = ∑𝑣 𝑖, 𝑘 𝑥 𝑖

𝑥[1]

𝑥[2]

𝑥[3]

𝑥[𝑑]

⋯

𝑦 𝑗 = ∑𝑢 𝑘, 𝑗 𝑧 𝑘 𝑦 = 𝑈 ⋅ 𝑉𝑥 = 𝑊𝑥
𝑧
𝑊 = 𝑈𝑉

𝑟 hidden units ⇔ 𝑟𝑎𝑛𝑘 𝑊 ≤ 𝑟

Matrix Factorization Low 𝒓: intractable Trace-norm Higher rank  lower trace-norm better generalization

Feed-forward Networks Low 𝒓:   intractable Some norm? More hidden units lower norm better generalization?

Minimum norm: Infinite-sized networks?

Theorem 1. For a feed-forward network with a single hidden layer, weight 
decay (i.e. regularizing ∑𝑒∈𝐸 𝑤(𝑒)2) is equivalent to bounding the L2 norm of 
the incoming weights to each hidden unit and regularizing the L1  norm of the 
incoming weights to the output unit.

Corollary. As long as 𝑟 > #𝑠𝑎𝑚𝑝𝑙𝑒𝑠, weight decay regularized network is 
equivalent to convex NN (Bengio et al., 2005)

The fact that we can present data with a small network is 
NOT enough to ensure that we can learn it efficiently. 

Why do we succeed in learning using neural networks?
What property (inductive bias) makes them possible to learn?

Could we bound the capacity of a bounded-norm network 
with infinite number of hidden units?

Group-norm regularization. For any directed graph 𝐺, consider the following 
norm:

𝐿𝑝,𝑞 𝐺 =  
𝑣∈𝑉

 
𝑢→𝑣 ∈𝐸

𝑤 𝑢 → 𝑣 𝑝
𝑞
𝑝
1/𝑞

Theorem 2. For any 1 ≤ 𝑝 ≤ 2, if 1
𝑝
+ 1
𝑞
≥ 1, can bound the sample complexity 

required for learning, even if unbounded (infinite) number of units, as long as 
𝐿𝑝,𝑞 bounded, as:

sample complexity ∝ 𝟐𝑳𝒑,𝒒
𝒅

𝟐𝒅

and this is tight up to multiplicative factors multiplying 𝑑 (i.e. up to replacing 𝑑
with C𝑑 for some constant 𝐶).

Examples:
• 𝑝 = 𝑞 = 2 weight decay
• 𝑝 = 𝑞 = 1 overall sum of absolute weights
• 𝑝 = 1, 𝑞 = ∞ per unit ℓ1 norm

• If 
1
𝑝
+ 1
𝑞
< 1, class of NN of depth ≥ 3 with unbounded #units and bounded 

𝐿𝑝,𝑞 has infinite capacity. 
--------------------------------------------------------------------------------------------------------
Norm-Based Capacity Control in Neural Networks.
Behnam Neyshabur, Ryota Tomioka, Nati Srebro.
The 28th Conference on Learning Theory (COLT), 2015 (to appear).

CIFAR-10MNIST

MNIST

Reducing #Samples
Reducing #Samples
+ Censoring Labels

Reducing #Samples
+ Censoring Labels
+ Label Noise

CIFAR-10

MNIST

𝐻0 = 4 𝐻0 = 4

𝐻0 = 16 𝐻0 = 16

Implicit Regularization
19

✦ We increase the network capacity but generalization improves, why?


• There exist global minima that do not generalize


• SGD somehow finds a good global minimum

✦

✦

✦ ?



★ Implicit Regularization: Min. Norm
20

✦ Remarks:


• We do observe convergence to global minima in practice (overparameterized models)


• Some recent theoretical and experimental results indicating this extends to deep networks


• So even without explicit l2 norm regularization SGD does some of that implicitly

⌅ Linear models:
• The model is linear: f(x) = wTx

• Training loss: L =
qn

i=1 l(wTxi,yi)

• Loss has a unique finite root: l(y,yi) Ø 0 with equality i� y = yi

Theorem (Gunasekar et al. 2018) If iterates of SGD start with w0 and converge to a
solution wŒ that is a global minimizer of L, then

wŒ = arg min
wœW

Îw ≠w0Î2,

where W is the solution space: W = {w|(’i)wTxi = yi}.
<latexit sha1_base64="M1HoKHB73wZvnm82qgbQ5Y3Lfj0=">AAAFlnicjVTtbhtFFN26GIr5aAt/kPrniiySIxnLdgstkVIqlSggBckoSVOpk1qz67u7I8/ObGZm6yybfQaehr/wHLwFj8Adbz5qFyFGlvbqzDnn3jkzclRIYd1o9Netzu33uu9/cOfD3kcff/Lp3Xv3P3thdWliPI611OZlxC1KofDYCSfxZWGQ55HEk2jx3O+fvEFjhVZHrirwNOepEomIuSNodr/TZxGmQtXCYS5+xabHfA </latexit>



★ Implicit Regularization: Batch Size
21✦ Typically choose batch size to fully utilize parallel throughput (in GPUs 

means ~10^4 independent arithmetic computations in parallel)


✦ Limited by memory


✦ Smaller batch -> noisier gradient -> implicit regularization
Synthetic data

NLP data

Lei et al. (2018) “Implicit Regularization of Stochastic 
Gradient Descent in Natural Language Processing: 

Observations and Implications”



★ Implicit Regularization: Early Stopping
22

✦ Example when it does:

✦ Early stopping could potentially improve generalization when other regularizers are absent


✦ Need a validation set

 [Zhang et al. (2017) “Understanding Deep Learning Requires ReThinking Generalization”]

✦ We expect the learning to overfit, often it does not

Test accuracy decreases 
with more iterations

explicit regularization


no overfitting



More in Lecture 8
23✦ Loss Landscape of NNs


• Permutation invariance and overcomplete parameterizations


• Local minima and saddle points in high dimensions


• Empirical evidence of many good local minima


• Redundancy helps optimization


✦ SGD sensitivity to change of variables


✦ Adaptive methods


✦ Handling simple constraints - Mirror Descend


