
Czech Technical University in Prague

Deep Learning (BEV033DLE)  
Lecture 3. Backpropagation

✦ Theory and Intuition 

• Linear approximation 

• Derivative of compositions 
✦ Practice 

• Forward / backward propagation 

• Efficient implementation, computation graph



Derivative
2

R2 æ R
<latexit sha1_base64="Qq+TusW2+GMZRVRHNw73NhjVH6s="></latexit>

<latexit sha1_base64="x53rHpk0lZVo/K/rj8L53UpdEGc="></latexit>

f(x0)
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<latexit sha1_base64="2sDizEZbTafYglrjW08WRC/4Mek="></latexit>

<latexit sha1_base64="nWMRMbtBlcpNcdwWdEQdI41ZLc4=">AAADznicjVJbaxpBFB5jL+n2ZtrHviw1BQsiaq8vhUAQSkrBkhoDWZHZ2aMOzmXZOWu0w9LX/r0+9pf0tTNqbDRQeliYb7/znW9mzpw4Fdxgs/mrtFe+dfvO3f17wf0HDx89rhw8OTM6zxj0mBY6O4+pAcEV9JCjgPM0AypjAf14euzz/Rlkhmv1FRcpDCQdKz7ijKKjhpVpFMOYK8sRJP8GRRB5FPYnoMLDk8OQm/Ay44jul6 uQaZ0lXFEEE3L0SUaFgCS0UTwKTyjTMacqrEmKGZ+/dG6gko33sFJtNprLCG+C1hpUyTq6w4O9T1GiWS5BIRPUGMtkilRMnbEB1Dmm7qNjOP7c5TyIcgMpZVNHXNDXKU0hq4eCqsQwh+uSZu6mH1pMDuwYtATMFkVwvcpSadzRJ3W3moWM/YoTWWxpvCBFOd8uvchx9H5guXInAsWKXduRVmi2WXcD4zB4o2WdRZgPExiZhgOedTjq2MjvGMe2UxQrqruhulfU6Ypyr2FPN1znL+lrlz0zmAGyiW013hQ7RLsIXnhGgBrjZFXLVeJ6X9hmijutApVL/7ArFz+pVmmXXu9zZUJjPYOEm1TQhZnytLCvvNV1SQxCX/5bsuUy0Rn+j9WOLnDj19odtpvgrN1ovW00v7SrR7X1IO6TZ+Q5qZEWeUeOyEfSJT3CyE/yu0RKpXK3PCsX5e8r6V5pXfOUbEX5xx8cNUf2</latexit>

⌅ When J is written in coordinates it is called Jacobian (matrix)

✦ Linear approximations form a closed class under: 

• sum of functions (e.g. sum of log-likelihoods over many data points) 

• composition of functions (e.g. deep feed-forward network)

<latexit sha1_base64="0M+sY7SROfEeuYBu5eV+EpKsANc="></latexit>

ˆfi
ˆxj

– speed of growth of fi when increasing xj

<latexit sha1_base64="BogaAFrucu0qXekkx/K3+UMLKp4=">AAAET3icjVNbb9MwFE7XAVu5bfDIi8WK1ImqSsdVSJMmjSE0QCobu0jLqBzntLHqS4idkuLlAf4hj/wH3nlD2G1W1k5CWJH8+fN3vnN87IQJo0r7/o/KQnXxytVrS8u16zdu3rq9snrnUMksJXBAJJPpcYgVMCrgQFPN4DhJAfOQwVE42Hb7R0NIFZXigx4lcMpxX9AeJVhbqrvyMwihT4WhGjj9AkUtcAi9ygRxAlTvocBlES </latexit>

⌅ Function f : Rm æ Rn

⌅ Local linear approximation: f(x0+�x) = f(x0)+J�x+o(Î�xÎ)
⌅ When such J exists, it unique and called derivative



Compositions
3

<latexit sha1_base64="SlkfHJTr7E41QUDTrDd3MgURZL4="></latexit>

Jf
x = AB

<latexit sha1_base64="1ohimQPoVg9Nilp8fawdjAykFe4=">AAAETnicjVNbi9NAGE23q9Z42a4++hLsChVKSYo3hIXVUvBBobJ2d2FTymT6pR2auZCZ1NYh6E/01b/gD/BNdKat3V6wOgTmcOacL983OYlEQqTy/W+FveL+tes3SjfdW7fv3D0oH947kzxLMXQwT3h6ESEJCWHQUUQlcCFSQDRK4DwaNe35+RhSSTj7oKYCuhQNGIkJRspQvfL3UIIxsYEa6hBFfAx9IkWCpnJERK4DoXJ3VR JBwj/ulqxVGfJU/U+pDZ1rTgeEaaKAkk9gjBZ5TU4Fl8S27vHYs0Oj1Iszhi0lX3pHcXXy2Dv2XnmvvcmRGwLrL2v0yhW/7s+Wtw2CBag4i9XuHe69DfscZxSYwgmSUmMqFEpG8zl4poR50ACa79qEuGEmQSA8MsQleiKQgLTmJYj1JTa4RlFqJjoO6k8x7eoBcAoqndpRr3waUUmRGtbMLqc0srsa0nxNYwVC0cm69TJT8YuuJsz0BAznm2VjzpRcZ80M0mCwhWY+rWDS60Ms6wZY1uCwpUP7xijSrTyfU+0l1f5Dnc4pjBJ9uuRaV6T1zm5NqhQUHmpzD/kG0cjdR6sBsV7C+ub2c+3PU7HSPbCM2k+7CJX5VTTj5nhHGGf58v8d6S3JXyK9u9SGzjX5CzbTtg3OGvXgWd1/36icVBdJLDkPnIdO1Qmc586J88ZpOx0HF9qFceFz4Uvxa/FH8Wfx11y6V1h47jtra7/0GzDefpA=</latexit>

⌅ Composition of linear functions: f(x) = ABx

y
<latexit sha1_base64="7qlB1cd+RMamcJy6GRkNQ6yHQYY="></latexit>

z = log(y)
<latexit sha1_base64="X0ke9X2BL7ezyZAB5bhRrAfyZME="></latexit>

y = x2
<latexit sha1_base64="F0A0TxLsIULTQUmg1vyv6Yma0s0="></latexit>

x
<latexit sha1_base64="I1SWQxoRiESQhjNhyxQQjDWxqr4="></latexit>

z
<latexit sha1_base64="fqKkvNuufgSUb5Q8aBbKOxxIx98="></latexit>

f =
Ô

z
<latexit sha1_base64="XwgyPqB5/XYONgU9ZPlLMw7KIUI="></latexit>

<latexit sha1_base64="Uxlx22BfN/4T37IEpUQtD2nlfV4="></latexit>

Example f =


log(x2):
<latexit sha1_base64="fRnhJbRq3ChN9KBm5NimxmipXds="></latexit>

Composition: Ô
¶ log¶pow2

✦ Non-linear composition: make a linear approximation to all steps

(chain / total derivative rule)

<latexit sha1_base64="51icaf62f8cbske7oqGiMGz+HXo=">AAAESHicjVNda9swFLWTbuu8j6bb417M0kECIdhhXwwKhRI2xgYZXdpCXYIsXzsikiwsuUsq/Af3D/a+H7C3sbfJSZbmg2UTBh2OzrnWvT4OBSVSed43u1LduXX7zu5d5979Bw/3avuPTmWaZxj6OKVpdh4iCZRw6CuiKJyLDBALKZyFo+Py/OwKMklS/llNBFwylHASE4yUoQa174EEY+KJGuoAhekVREQKiiZyREShfaEKZ1 kSAk2/bJesVBmmmfqfUms6x5wmhGuigJFrMMYSuW+BQ4aoi03HLfegEbsBJhl2k2Zj3HQP3biRGNA8eOMEwKOFe1Cre21vutxN4M9B3Zqv3mC/8iGIUpwz4ApTJKXGTChER7MO0lwJ86AEjj/2CHGCXIJAeGSIC/RcIAFZy6WIRxIb3GIoM70c+u0XmF3qBFIGKpuUTd74NGKSITVsmV1OWFjuasiKFU0pEIqNV60XuYpfX2rCzZ2A42K9bJxyJVdZ04M0GMpCU59WMB5EEMu2ASVrcNDVQfnGMNTdophRvQXV+0OdzCiMqD5ZcN0bsvROpyZVBgoPtZlDsUZ0CufZcjRKL+GRmX6hvVkelm4PPGflp53HyfwkmqfmeEsMp8ny/h3mDclfwry91JrOMfnz19O2CU47bf9l2/vUqR815knctZ5YT62G5VuvrCPrndWz+ha239vCntjX1a/VH9Wf1V8zacWeex5bK2un8htXJ3p+</latexit>

⌅ General case, (f ¶g)(x) = f(g(x)):

<latexit sha1_base64="yNpUhG0mzxhKFl3E7yNMnugBQTU=">AAAEPHicjVNbi9NAGE03XtZ46+qjL8GuUKGUpHhDWFlZCj6sUFm7u7ApZTL50g7NXMhM1tYhf83foe++ia8+O9PWbi9YHQJzOHPOl++bnMQiI1IFwbfKjnvt+o2bu7e823fu3rtf3XtwKnmRY+hinvH8PEYSMsKgq4jK4FzkgGicwVk8OrLnZ5eQS8LZRzUR0KNowEhKMFKG6le/RhKMiQ3UUEco5peQECkyNJEjIkodClV6y5 IYMv5pu2SlypDn6n9Krek8czogTBMFlHwGY7TIPzZTotxPC4Zt+6/9/bQ+fuof+G/98b4XAUsWjn61FjSD6fI3QTgHNWe+Ov29neMo4bigwBTOkJQaU6FQNpp1zQslzIMGcPS+Q4gXFRIEwiNDXKBnAgnIG36GWCKxwQ2KctP/Qdh8jmlPD4BTUPnEDnbl04hKitSwYXY5obHd1ZCWKxorEIqOV60XhUpf9TRhpidguFwvm3Km5CprZpAGgy009WkF434CqWwaYFmDo7aO7BvjWLfLckZ1FlTnD3UyozDK9MmCa1+R1ju9NalyUHiozT2Ua0Sr9J4sx8F6CUvM7Zc6mGVgqXtgBbWfdh4h82Noxs3xluhN0xT8O8Abkr8EeHupNZ1n8heup20TnLaa4Ytm8KFVO6zPk7jrPHIeO3UndF46h847p+N0HVx5U0kqtMLcL+5394f7cybdqcw9D52V5f76DTkpeD0=</latexit>

⌅ Linear function: f(x) = Ax
<latexit sha1_base64="dqd2izUrenXb8oj78/rwkGwe5S8="></latexit>Derivative of f in x:

<latexit sha1_base64="znavcTf/spX+QAi4CSQB+w5CESU="></latexit>

Our notation: Jf
x = A

<latexit sha1_base64="owOKWzp/A62n72V3mR59TP7OYzA="></latexit>

Jf
x = ˆ

Ô
z

ˆz

---
z=log(x2)

ˆ logy
ˆy

---
y=x2

ˆx2

ˆx

---
x
= (12z

≠1/2)(y≠1)(2x)

<latexit sha1_base64="KIjK56ewSQqkqH13VOAGtuIrTsE="></latexit>

Jf
x = Jf

g Jg
x

Jfi
xj

=
ÿ

k

Jfi
gk

Jgk
xj

dfi

dxj
=

ÿ

k

ˆfi

ˆgk

ˆgk

ˆxj



In Neural Networks
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<latexit sha1_base64="ifszejDqJeKniYAfBiqKa2ThrOk="></latexit>

Jx =
1

ˆL
ˆf1

ˆL
ˆf2

· · · ˆL
ˆfn

2
Q

ca Jf
g

R

db

Q

ca Jg
h

R

db

Q

ca Jh
x

R

db

h g f <latexit sha1_base64="byPxfTnqqtezfLtZ2IBMJwmNgfc="></latexit>

L

<latexit sha1_base64="SrPMA9nUUaZre9OJ4H9f8dNo8PU="></latexit>labels y

<latexit sha1_base64="/z/+gqSvjdabsGdPouOxx8uo5pU="></latexit>input x

<latexit sha1_base64="SNj9Kmgpis8cENsrU5pEFYDwDFw="></latexit>

Loss L(f(g(h(x))))

Derivative:

Loss:

<latexit sha1_base64="AIdU1onbIiFB5MS0Je+FBhyPk90="></latexit>

Jx = JL
f Jf

g Jg
h Jh

x

Expanded:

<latexit sha1_base64="5FtIFMKROepsL/MVtSMiylFGMc8=">AAAEQXicjVPLbhMxFJ00PMrwamHJxqJF6qIaJREvVUKqVEWCqEhBpQ+pUyKP507Gil/YnjRhNF/HV7BizQ6xZYOdDG2TSghvfHx877m+Z+4kilFjW61vjZXmjZu3bq/eCe/eu//g4dr6oyMjC03gkEgm9UmCDTAq4NBSy+BEacA8YXCcjPb8/fEYtKFSfLRTBWccDwXNKMHWUYO173ECQypKaoHTL1CFsUfoGNA5ZQwJgBSloO </latexit>

⌅ We will need derivatives of the loss in di�erent parameters. Shorthand: Jx © JL
x © dL

dx .
⌅ In order to compute Jx we need to multiply all Jacobians:

<latexit sha1_base64="g2QVduVXCYOuo/nogeU0a9yDU9k="></latexit>

L¶f ¶g ¶h¶x

<latexit sha1_base64="Jf7LSvUfyHy2T0n+hYztCPju8Wk="></latexit>

• Matrix product is associative
• Going left-to-right is cheaper: O(Ln

2) vs. O((L≠1)n3+n
2),

for L layers with n neurons



Gradient
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�x
<latexit sha1_base64="nzU+VGe7gJstddLdTnMgQte2Gko="></latexit>

1
<latexit sha1_base64="7AMeqIgMi+8eyEvDmE5qP3dlALU="></latexit> Rn

<latexit sha1_base64="VV6nY0YBbqVgoLBRWWElbxnqo3A="></latexit>

ÎJÎ = ÎÒxfÎ
<latexit sha1_base64="4sso2SA5DGcqttzcDvDa/xSFPGk="></latexit>

<latexit sha1_base64="lEU+7kq4Ho7fQTTf6hUtF5CtbZ4="></latexit>

⌅ Consider scalar-valued function: L : Rn æ R

<latexit sha1_base64="9DJsYZ+psrIPyNIm5KgEGjK5yWk="></latexit>

L(x0+�x) ¥ L(x0)+J�x

<latexit sha1_base64="r6+Ao+Kb3j8ELM6Rgx+OKdAXI30="></latexit>

(J © JL
x )

<latexit sha1_base64="KyzDBG8Cg7ictvcFZRPoSmDlwIE="></latexit>

⌅ Jacobian J is a row vector
1

· · · ˆf
ˆxi

· · ·
2

⌅ What is the steepest ascent direction to maximize the linear approximation?
max

�x : Î�xÎ2=1

!
f(x0)+J�x

"
∆ �x =

JT

ÎJÎ

⌅ Gradient Òxf is the column vector of partial derivatives

Q

ca

...
ˆf
ˆxi...

R

db = JT

• Not necessarily the best direction to make an optimization step.



Backpropagation
6✦ Forward — composition of functions

h g f <latexit sha1_base64="byPxfTnqqtezfLtZ2IBMJwmNgfc="></latexit>

L

<latexit sha1_base64="SrPMA9nUUaZre9OJ4H9f8dNo8PU="></latexit>labels y

<latexit sha1_base64="/z/+gqSvjdabsGdPouOxx8uo5pU="></latexit>input x

<latexit sha1_base64="ZI+4RTpFuCxcnvevkqt5X4OMQl0="></latexit>weights w

<latexit sha1_base64="/ATys5KyNyr47y4X045Zc7fh904="></latexit>

Loss L(f(g(h(x),w)),y)
<latexit sha1_base64="3lKo3cYQjJ8VQQeBySGiu8uJUes="></latexit>

• No "¶" notation possible
• Feed-forward network ∆ computation graph is a DAG

✦ Backward:

h g f <latexit sha1_base64="byPxfTnqqtezfLtZ2IBMJwmNgfc="></latexit>

L

<latexit sha1_base64="SrPMA9nUUaZre9OJ4H9f8dNo8PU="></latexit>labels y

<latexit sha1_base64="/z/+gqSvjdabsGdPouOxx8uo5pU="></latexit>input x

<latexit sha1_base64="ZI+4RTpFuCxcnvevkqt5X4OMQl0="></latexit>weights w

<latexit sha1_base64="AkJ0F5G0lQWC/rVoaz+oGnaqang="></latexit>

Jf = ˆL
ˆf

<latexit sha1_base64="eSSkox09pd6BE9sakRfEvjCS/Ro="></latexit>

Jg = JfJg
f

<latexit sha1_base64="lcJX+N5mS9ary3sVAu56RS0pZKA="></latexit>

Jw = JgJg
w

<latexit sha1_base64="zMAUUlvKbvPR+FvWSlf9aRWP31U="></latexit>

Jh = JgJg
h

<latexit sha1_base64="tRDgRD9JX3209QCXKDvNteCZU9k="></latexit>

Jx = JhJh
x



Backpropagation is "Modular"
7✦ Forward:

g

<latexit sha1_base64="ZI+4RTpFuCxcnvevkqt5X4OMQl0="></latexit>weights w

✦ Backward:

g

<latexit sha1_base64="ZI+4RTpFuCxcnvevkqt5X4OMQl0="></latexit>weights w
<latexit sha1_base64="lcJX+N5mS9ary3sVAu56RS0pZKA="></latexit>

Jw = JgJg
w

<latexit sha1_base64="zMAUUlvKbvPR+FvWSlf9aRWP31U="></latexit>

Jh = JgJg
h

<latexit sha1_base64="kdoEGwEkExOs6T/qw8jblFQc208="></latexit>

Jg

<latexit sha1_base64="dYUhNS/v36bSLnzM786m0YPEpFg="></latexit>h
<latexit sha1_base64="WdeVEMRD2/KhATmn3hN+zW1/d6E="></latexit>

g(h,w)



Backpropagation is "Modular"
8✦ Forward:

g

<latexit sha1_base64="ZI+4RTpFuCxcnvevkqt5X4OMQl0="></latexit>weights w

✦ Backward (gradient):

g

<latexit sha1_base64="ZI+4RTpFuCxcnvevkqt5X4OMQl0="></latexit>weights w

<latexit sha1_base64="dYUhNS/v36bSLnzM786m0YPEpFg="></latexit>h
<latexit sha1_base64="WdeVEMRD2/KhATmn3hN+zW1/d6E="></latexit>

g(h,w)

<latexit sha1_base64="AdmL6N2yfV5OOkJ1Ti9EGkqcoy8="></latexit>

ÒgL
<latexit sha1_base64="2POyo4D3Be6uSIe1MY8t+znNgwk="></latexit>

ÒhL = (Jg
h)

TÒhL

<latexit sha1_base64="G6Mk12Ac3F5sDXioCasrU/3vz20="></latexit>

ÒwL = (Jg
w)

TÒgL



Computation Graph, Forward Propagation
9✦ Approach 1: 

• Declare

Linear ReLU Linear SoftmaxInput

import torch 
import torch.nn as nn 

net = nn.Sequential( 
    nn.Linear(748, 200), 
    nn.ReLU(), 
    nn.Linear(200, 10), 
    nn.Softmax(), 
)

x = torch.randn(748) 
y = net.forward(x)

Pytorch creates the graph dynamically when the forward computation takes place 

• Execute it with some input (forward propagation)

- used to defining the graph in earlier approaches (in TF) 
- in Pytorch no graph yet, just a list of "Modules"

<latexit sha1_base64="jffN/DtDnUNiOSNNhEOBHkkk5d8="></latexit>

W1, b1
<latexit sha1_base64="VIALv2Xf0leRiJMoYq1H5whH/M8="></latexit>

W2, b2



Computation Graph, Forward Propagation
10✦ Approach 2: 

• Compute what we need

Input Linear Softmax
from torch.nn import Parameter 
import torch.nn.functional as F 

W = Parameter(torch.randn(10, 748)) 
b = Parameter(torch.randn(10))

loss

a = W.matmul(x) + b 
y = F.softmax(a) 
loss = -(t * y.log()).sum()

Declare and initialize variables

Perform some operations

W

x

b

matmul + softmax log * sum

t
Computation graph defined by the operations performed:

y

Tensor (array)
size [10]  
grad_fn=<AddBackward0>

a

✦ Wow! Any computation can be made a part of a neural network

-

<latexit sha1_base64="kJ+5QUtJdhUxPr9KHkPPTCizDiM="></latexit>

W , b



Backward Propagation
11

W

x

b

matmul + softmax log * sum

t

ya -

y = softmax(a)
<latexit sha1_base64="nA7Ljd5bkBMmd1RezGuDO49mjZ8="></latexit>

a = linear(x,W,b)
<latexit sha1_base64="xKtG0w/5DLaKOpuEWDEQlFp1X5s="></latexit>

L = ≠tT log(y)
<latexit sha1_base64="MRNIaKuAnrbuhbopNFOT2ZsF7Io="></latexit>

✦ Computationally more efficient to compute backward for larger blocks. 
Also convenient for this example.

a = F.linear(x,W,b) y = F.softmax(a)



Backward Propagation
12

W

x

b

matmul + softmax log * sum

t

ya

don’t need grad

-

<latexit sha1_base64="HHsZtc8KoN3erinVgEvl2CsAXoM="></latexit>

Jyi =
ˆL
ˆyi

= ≠ ˆ
ˆyi

q
j tj log(yj) = ≠ 1

yi
ti

<latexit sha1_base64="nBn3EF/S+B1CY909Bz3yVzC7tH8="></latexit>

L = ≠tT log(y)

<latexit sha1_base64="6EygrmZZo/JApHxL/OfGB6/l0jc="></latexit>

Jy



Backward Propagation
13

W

x

b

matmul + softmax log *

t

ya

don’t need grad

sum -

<latexit sha1_base64="9ZVDApv7XLWNbZ1KAWM2e3Sq/EM="></latexit>

Ja = Jy(Diag(y)≠yyT) = Jy §y ≠ (Jyy)yT

<latexit sha1_base64="piSGXr3U3kiRYk1TpfIy+gSM0z0="></latexit>(need to remember either input a or directly the output y)

<latexit sha1_base64="KPUMJDh0rljG1AzXljjZBalsXtc="></latexit>

yj = softmax(a)j =
e

ajq
i eai

<latexit sha1_base64="BoQNa+bOv9KX7dCFr5HwaYp67d8="></latexit>

Ja
<latexit sha1_base64="9bOSmTljvhLR/eSJoVyMkLuPmR0="></latexit>

Jy

Notice: forward and backward are both linear complexity

<latexit sha1_base64="BFx5ZZRRCS0JgP1UBjVtXpq4/NU="></latexit>

Jai = JyJy
a =

ÿ

j

Jyj

ˆ yj

ˆai

=
ÿ

j

Jyj(yi[[i=j]]≠yiyj) = yi

!
Jyi ≠

ÿ

j

yjJyj

"



Backward Propagation
14

W

x

b

matmul + softmax log *

t

ya

don’t need grad

sum -
<latexit sha1_base64="BoQNa+bOv9KX7dCFr5HwaYp67d8="></latexit>

Ja

<latexit sha1_base64="JmPBdhCtz2bN8lHpeNttklYPew8="></latexit>

Jb

<latexit sha1_base64="yoH6hk9RQZJxFq+zilQPjSiQX5M="></latexit>

JW

<latexit sha1_base64="LUgVBsbZazorCC45jFHAHJp/Kcg="></latexit>

Jx

<latexit sha1_base64="ExCPNsjfTUWPC8YBN9Vw+8xC3s8="></latexit>

aj =
q

i Wjixi+ b

<latexit sha1_base64="aZ14oXIlkKbNPprNGZUNEX798M4="></latexit>

Jb = Ja (ı)

<latexit sha1_base64="4vOQ2p4UdQkflt87v4PThPESDjI="></latexit>

JWij =
q

j Jaj

ˆaj
ˆWij

= Jjxi

<latexit sha1_base64="PaixBhI2Myyn3rezLAwEmQmI3y0="></latexit>Note: a transposed product in comparison with Wx

<latexit sha1_base64="xiJ9mHcEaAa9H0JhE8ZtHQfOIws="></latexit>

Jxk
=

q
j Jaj

ˆaj
ˆxi

=
q

j JajWi,j[[i=k]] =
q

j JajWk,j

Jx = JaW

ÒxL = WTÒaL



Backward Propagation
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✦ What we have learned towards practical implementation: 

• Do not need to explicitly compute the Jacobian of each layer, only need to 
"backpropagate" through the layer 

• The granularity is up to the implementation: flexibility vs. efficiency 

• Need to store the input (point at which the Jacobian is evaluated) or recompute it 

• In real applications gradients are often shaped as higher dimensional tensors: 
E.g. convolution with weights w [in, out, k_h, k_w] 
 - special efficient implementation for forward 
 - special efficient implementation for backward (transposed convolution) 

W

x

b

matmul + softmax log *

t

ya

don’t need grad

sum -
<latexit sha1_base64="BoQNa+bOv9KX7dCFr5HwaYp67d8="></latexit>

Ja
<latexit sha1_base64="9bOSmTljvhLR/eSJoVyMkLuPmR0="></latexit>

Jy



Backward Propagation
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W

x

b

matmul + softmax log *

t

ya

don’t need grad

class MySoftmax(torch.autograd.Function): 
    @staticmethod 
    def forward(ctx, a): 
        y = a.exp() 
        y /= y.sum() 
        ctx.save_for_backward(y) 
        return y 

    @staticmethod 
    def backward(ctx, dy): 
        y, = ctx.saved_tensors 
        da = y * dy - y * (y * dy).sum() 
        return da 

sum -

<latexit sha1_base64="9ZVDApv7XLWNbZ1KAWM2e3Sq/EM="></latexit>

Ja = Jy(Diag(y)≠yyT) = Jy §y ≠ (Jyy)yT

<latexit sha1_base64="KPUMJDh0rljG1AzXljjZBalsXtc="></latexit>

yj = softmax(a)j =
e

ajq
i eai

<latexit sha1_base64="BoQNa+bOv9KX7dCFr5HwaYp67d8="></latexit>

Ja
<latexit sha1_base64="9bOSmTljvhLR/eSJoVyMkLuPmR0="></latexit>

Jy

class MySoftmax(torch.nn.Module): 
    def forward(self, a): 
        y = a.exp() 
        y = y / y.sum() 
        return y 

y = a.softmax() 1)

2)

3)

y = MySoftmax().forward(a) 

y = MySoftmax.apply(a) 



General DAG
17✦ Need to find the order of processing 

• a node may be processed when all its parents are ready 

• some operations can be executed in parallel 

• reverse the edges for the backward pass



General DAG
18✦ Any directed acyclic graph can be topologically ordered 

• Equivalent to a layered network with skip connections 

Note: every node here could be a tensor operation


