Localization - Kalman filter
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Multivariate gaussian

exp( —(x—p) BT (x - u))

p(x) = Nx(p, X) =

v/ (2m)rdet(X)
x € R" ... real n-dimensional
fg'égg random column vector
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~0.100 covariance matrix
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eigenvalues and eigenvectors of X
determine ellipse axes




Multivariate gaussian
exp( —(x—p) BT (x - u))
v/ (2m)rdet(X)

p(x) = NX(ILv ) =

L0100 Gaussian distributions are closed under:
to.075 ¢ Affine transformation

[0-050 e Chain rule

0.025 .
0000 ° Marginalization

0.025 ¢ Conditioning
~0.050
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~0.100
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System model

exp( —(x—p) BT (x - u))

plx) = Noclh, 2) = V/@2m)rdet (D)

Linear system:
X = Ayxi—1 + Bruy

i — CtXt

Let’s add Gaussian noise



System model
exp( = $(x— )= (x - )

v/ (2m)rdet(X)
Linear system with Gaussian noise: Non-linear system with Gaussian noise:
p(Xt‘Xt—la ut) — Nxt (AtXt—l + Biuy, Rt) p(Xt‘Xt—la ut) — Nxt(f(xt—la ut), Rt)

p(z¢|x¢) :NZt(CtXt7 Q:) p(z¢|x¢) :NZt(h(Xt)7 Q)

p(x) = Nx(p, X) =




Kalman filter

exp( —(x—p) BT (x - u)>

p(x) = Nx(p,X) =

v/ (2m)rdet(X)

Linear system with Gaussian noise:

p(xX¢|xi—1,us) = Ny, (Ayxi—1 + Biuy, Ry)

p(z¢|x¢t) = Na, (Cixy, Qy) ‘W

Bayes filter: bel(x:)=n - p(z¢|x; ) - /p(xt\xt_l, u;) - bel(x;_1)dx;_1

bel(x)

Kalman filter: Prediction step Measurement update step
bel(x;) = Nx, (i1, Xt) bel(x:) = Nx, (e, 2i¢)
o, =Aqp, 1+ By K :_itC:(CtitC;rj Q)
>, — AtEt—lA;r IR, py = oy + Ki(ze — Copy)

Et — (I — KtCt)it



Kalman filter

1. Initialization: bel(xq) , ¢t = 1

2. Prediction step (new action u; performed):
e = Ay + Beug
3 = AtEt—lA;r + Ry
bel(x;) = Nx, (i1, )

3. Measurement update (new z; received): *°
K, =%,C, (C;Z,C; +Q;)*
py = py + Ke(ze — Copiy)
= (I -K,C))3,

O.6

A

O.4

O.2 -

bel(x:) = Nx, (ps, 2t) SeTeTE 2 3
4. Repeat from 2:
t=1t+1 one marker at known locations
_|_

lInaccurate sensor



Kalman filter

1. Initialization: bel(xq) , ¢t = 1

2. Prediction step (new action u; performed):
Py = Agpy_y + Bouy
3 = Atzt—lA;r + Ry

bel(x;) = Nx, (fi, X¢)
3. Measurement update (new z; received): - bel(x;)
Kt — ftC:(thtCz + Qt)_l 0.8 -
py = py + Ky(zg — Copry)
Et — (I — Ktct)it g' 0.6 '
bel(x;) = Nx, (1, 1) aInE
4. Repeat from 2: | | '].l|
t=t+1 o2l ]
L i,.-.s'-'!;fl | ll::‘!'-:;__;i ANEEEEEEEREEE
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Kalman filter

1. Initialization: bel(xq) , ¢t = 1

2. Prediction step (new action u; performed):

By = Ay 1+ By
Et — AtEt_lA;r —|— Rt
bel(x;) = Nx, (fi, X¢)

3. Measurement update (new z; received):

K; =3,C, (C:%;C, + Q)"
py =y + Ky (Zt: Cip)

Et — (I — KtCt)Et

bel(x:) = N, (110, =)

4. Repeat from 2:
t=1t+1

bel(x t)

1.0 ~

0.8 -

0.4

0.2 -

0.0

bel(x;)
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Kalman filter

1. Initialization: bel(xq) , ¢t = 1

2. Prediction step (new action u; performed):

By = Ay 1+ By
Et — AtEt_lA;r —|— Rt

m(X?f) — NXt (ﬁtv Et)

3. Measurement update (new z; received):

K, =X>,C, (C.X,C, +Q;)!
py = py + Ke(ze — Copiy)

>, =(I-K,C)Z,

bel(x;) = Nx, (s, 2¢)

4. Repeat from 2:
t=1t+1

bel(x t)

1.0 ~

0.8 -

0.4 -

0.2 -

0.0 —

bel(x;)
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Kalman filter

1. Initialization: bel(xq) , ¢t = 1

2. Prediction step (new action u; performed):
Py = Agpy_y + Bouy
3, = Atzt—lA;r + R,

bel(x;) = Nx, (i1, )
3. Measurement update (new z: received): n bel(x;)
K, =3,C/ (C,XZ,C, +Q,) ! 08 -
py = py + Ke(ze — Copiy)
= (I -K,C))3, gi00
bel(x;) = Nx, (1, X¢) : oa.
4. Repeat from 2: T\
t=t+1 0.2 / )
o.o——1—'ﬁ—ff'¢/, — \*a= ——
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Kalman filter

1. Initialization: bel(xq) , ¢t = 1

2. Prediction step (new action u; performed):

By = Ay 1+ By
S, =A3 A + Ry
bel(x;) = Nx, (i1, )
3. Measurement update (new z; received):
K, =X,C/ (C.Z.C, +Q;)*
py = py + Ke(ze — Copiy)
= (I -K,C))3,
bel(x:) = N, (17, Z)

4. Repeat from 2:
t=1t+1

1.0 ~

0.8 -

bel(x t)

0.4 -

0.2 -

0.0 -

bel(x;)
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Kalman filter

1. Initialization: bel(xq) , ¢t = 1

2. Prediction step (new action u; performed):

By = Ay 1+ By
Et — AtEt_lA;r —|— Rt

bel(x;) = Nx, (fi, X¢)

3. Measurement update (new z; received):

Kt — EtC:(CtEtCZ T Qt)_l
py =y + Ky (Zt: Cip)

D = (I — KtCt)Et

bel(Xt) — Nxt (I“l't7 Et)

4. Repeat from 2:
t=1t+1

bel(x t)

1.0 ~

0.8 -

0.4 -

0.2 -

0.0 —r==

bel(x;)
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Kalman filter

1. Initialization: bel(xq) , ¢t = 1

2. Prediction step (new action u; performed):

By = Ay 1+ By
Et — AtEt_lA;r —|— Rt

m(X?f) — NXt (ﬁtv Et)

3. Measurement update (new z; received):

K, =X>,C, (C.X,C, +Q;)!
py = py + Ke(ze — Copiy)

>, =(I-K,C)Z,

bel(x;) = Nx, (s, 2¢)

4. Repeat from 2:
t=1t+1

bel(x t)

1.0 ~

0.8 -

0.4 -

0.2 -

0.0

bel(x;)




Kalman filter

1. Initialization: bel(xq) , ¢t = 1

2. Prediction step (new action u; performed):

By = Agpy q + Brug
3 = AtEt—lA;r + Ry
bel(x;) = Nx, (i1, )
3. Measurement update (new z; received):
K, =X,C/ (C:3:C, + Q)
py =y + Ky(zp — Copy)
= (I -K,C))3,
bel(x;) = N, (1, Zt)

4. Repeat from 2:
t=1t+1

1.0 A

0.8 -

bel(x t)

0.4 -

0.2 -

0.0 -

P(Zt — 1‘Xt)
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Kalman filter

1. Initialization: bel(xq) , ¢t = 1

2. Prediction step (new action u; performed):
Py = Agpy_y + Bouy
3 = Atzt—lA;r + Ry

bel(x;) = Nx, (i1, )

3. Measurement update (new z; received): - bel(x;)
K, =3,C/ (C,XZ,C, +Q,) ! 08 -
py = py + Ky(zg — Copry)
¥ = (I-K:Cy)X, e
bel(x;) = Nx, (14, 2¢) - al ‘H

4. Repeat from 2: \
t=t+1 0.2 - | %
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Kalman filter

1. Initialization: bel(xq) , ¢t = 1

2. Prediction step (new action u; performed):

By = Ay 1+ By
Et — AtEt_lA;r —|— Rt

m(X?f) — NXt (ﬁtv Et)

3. Measurement update (new z; received):

K, =%,C, (C,2,C, +Q,)*
py =y + Ky (Zt: Cip)

Et — (I — KtCt)Et

bel(x:) = N, (e, )

4. Repeat from 2:
t=1t+1

bel(x t)

1.0 ~

0.8 -

0.4 -

0.2 -

0.0

bel(x;)
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Kalman filter

1. Initialization: bel(xq) , ¢t = 1

2. Prediction step (new action u; performed):
Py = Agpy_y + Bouy
3 = Atzt—lA;r + Ry

bel(x;) = Nx, (i1, )
3. Measurement update (new z: received): n bel(x;)
K, =3,C/ (C,XZ,C, +Q,) ! o8-
py = py + Ke(ze — Copiy)
3 = (I-K;CyX, Zioe
bel(x;) = N, (14, 5)
4. Repeat from 2: £\
t=1t+1 0.2 - [
Allp
0.0 r—t— —— ] e
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Kalman filter p(z; =

1. Initialization: bel(xq) , ¢t = 1
2. Prediction step (new action u; performed):
e = Ay + Beug

3 = AtEt_lA;r + Ry

bel(x;) = N, (i, X¢) p(z¢ = 1]x¢)
3. Measurement update (new z: received):

K, =%,C, (C;Z,C; +Q;)*

py =y + Ky(zp — Copy)

> = (- K,C)E, | ii ii
bel(xt> — Nxt (“’t7 Et) T e
4. Repeat from 2:
t=1t+1 3 undistinguishable markers

Can we replicate the experiment with 3 markers???



2D example: state = (X ... position, v ...velocity)

1 1 1 0 0.01 0
p(Xt|Xt—17 ut) — O 1 Xt—1 + O 1 Uy _l_N(O, O 001 )
A, B, R,
p(z|x) = (1 0] x4—1 + N, (0, [0.3])
R/_/ v
C, Q:

2. Prediction step (hew action u: performed):
By = Ay + By
S, =A3 A + Ry
bel(x;) = Nx, (f, X¢)
3. Measurement update (new z; received):
K, =3,C, (C:X,C, + Q)"
py = py + Ki(ze — Gy
¥ = (I -K,C))X,
bel(x;) = Nx, (14, X¢)




2D example: state = (X ... position, v ...velocity)

1 1 1 0 0.01 0
pXelxe-,ue) = 1 gl x|y g ue+ N0 g 6 )) WTF
At Bt Rt
p(z|x) = (1 0] x4—1 + N, (0, [0.3])
N—— N——
C; Q:
2. Prediction step (new action u: performed): f
pry = Agpry g + Beuy !
Et — AtZt_lA;r —|— Rt #
bel(x:) = N, (Fi;, Se) i

3. Measurement update (new z; received):
K, =3,C, (C;X:C, +Q)"
py = py + Ki(ze — Gy
¥ = (I -K,C))X,
bel(x;) = Nx, (14, X¢)




2D example: state = (X ... position, v ...velocity)

1 1 1 0 0.01 0
p(Xt|Xt—17 ut) — 0 1 Xt—1 + 0 1 Uy _l_N(O, 0 0.01 )
At Bt Rt
p(z|x) = (1 0] x4—1 + N, (0, [0.3])
N—— N—— -
Ct Qt
2. Prediction step (new action u: performed): [

pry = Agpry g + Beuy
S =A%, 1A + R,
bel(x;) = Nx, (f, X¢)
3. Measurement update (new z; received):
K, =3,C, (C;X:C, +Q)"
py = py + Ki(ze — Gy
¥ = (I -K,C))X,
bel(x;) = Nx, (14, X¢)




2D example: state = (X ... position, v ...velocity)
1 1 1 0 001 0

p(Xt|Xt—17 ut) — 0 1 Xt—1 + 0 1 Uy _l_N(O, 0 0.01 )
At Bt Rt
p(z|x) = (1 0] x4—1 + N, (0, [0.3])
N SN .
Ct Qt
2. Prediction step (new action u: performed): [

pry = Agpry g + Beuy
S =A%, 1A + R,
bel(x;) = Nx, (f, X¢)
3. Measurement update (new z; received):
K, =3,C, (C;X:C, +Q)"
py = py + Ki(ze — Gy
¥ = (I -K,C))X,
bel(x;) = Nx, (14, X¢)
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2D example: state = (X ... position, v ...velocity)

11 1 0 0.01 0O
p(Xt|Xt—17 ut) — 0 1 Xt—1 T 0 1 Uy _l_N(O, 0 0.01 )
At Bt Rt
p(z|x) = (1 0] x4—1 + N, (0, [0.3])
N SN .
Ct Qt
2. Prediction step (new action u: performed): [

pry = Agpry g + Beuy
S =A%, 1A + R,
bel(x;) = Nx, (f, X¢)
3. Measurement update (new z; received):
K, =3,C, (C;X:C, +Q)"
py = py + Ki(ze — Gy
¥ = (I -K,C))X,
bel(x;) = Nx, (14, X¢)




2D example: state = (X ... position, v ...velocity)
1 1 1 0 001 0

p(Xt|Xt—17 ut) — 0 1 Xt—1 + 0 1 Uy _l_N(O, 0 0.01 )
At Bt Rt
p(z|x) = (1 0] x4—1 + N, (0, [0.3])
N SN .
Ct Qt
2. Prediction step (hew action u: performed): [

pry = Agpry g + Beuy
S, =A3 A + Ry
bel(x;) = Nx, (f, X¢)
3. Measurement update (new z; received):
K, =3,C, (C;X:C, +Q)"
py = py + Ki(ze — Gy
¥ = (I -K,C))X,
bel(x;) = Nx, (14, X¢)




2D example: state = (X ... position, v ...velocity)

1 1 1 0 0.01 0
p(Xt|Xt—17 ut) — 0 1 Xt—1 + 0 1 Uy _l_N(O, 0 0.01 )
At Bt Rt
p(z|x) = (1 0] x4—1 + N, (0, [0.3])
N—— N—— .
Ct Qt
2. Prediction step (new action u: performed): |

pry = Agpry g + Beuy
S =A%, 1A + R,
bel(x;) = Nx, (f, X¢)
3. Measurement update (new z; received):
K, =3,C, (C;X:C, +Q)"
py = py + Ki(ze — Gy
¥ = (I -K,C))X,
bel(x;) = Nx, (14, X¢)




2D example: state = (X ... position, v ...velocity)

1 1 1 0 0.01 0
p(Xt|Xt—17 ut) — 0 1 Xt—1 + 0 1 Uy _l_N(O, 0 0.01 )
At Bt Rt
p(z|x) = (1 0] x4—1 + N, (0, [0.3])
N—— N—— .
C; Q:
2. Prediction step (hew action u: performed): l" |

pry = Agpry g + Beuy
S =A%, 1A + R,
bel(x;) = Nx, (f, X¢)
3. Measurement update (new z; received):
K, =3,C, (C;X:C, +Q)"
py = py + Ki(ze — Gy
¥ = (I -K,C))X,
bel(x;) = Nx, (14, X¢)




2D example: state = (X ... position, v ...velocity)

1 1 1 0 0.01 0
At Bt Rt
p(z|x) = (1 0] x4—1 + N, (0, [0.3])

2. Prediction step (new action u: performed):
By = Acpry g + Brug
S =A%, 1A + R,
bel(x;) = Nx, (f, X¢)
3. Measurement update (new z; received):
K, =3,C, (C;X:C, +Q)"
py = py + Ki(ze — Ceppy)
¥ = (I -K,C))X,
bel(x;) = Nx, (14, X¢)




2D example: state = (X ... position, v ...velocity)

1 1 1 0 0.01 0
At Bt Rt
p(z|x) = (1 0] x4—1 + N, (0, [0.3])

2. Prediction step (new action u: performed):
By = Acpry g + Brug
S =A%, 1A + R,
bel(x;) = Nx, (f, X¢)
3. Measurement update (new z; received):
K, =3,C, (C;X:C, +Q)"
py = py + Ki(ze — Ceppy)
¥ = (I -K,C))X,
bel(x;) = Nx, (14, X¢)




Summary Kalman Filter

Kalman filter is optimal observer of the state for linear
systems under Gaussian noise

Kalman filter is Bayes filter where measurement and transition
orobabilities are linear-gaussians.

't nicely scales to higher dimension but the linearity and
gaussianity yields significant limitations

e Example 18-dimensional state space
e Bayes bel: Each dimension 10 discrete values => 10N 18 parameters
o KF bel: Continuous Gaussian representation ==> 18A2+18=342 params

Extended Kalman filter removes the linearity limitation but
loses the optimality



