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We study the satisfiability of random Boolean expressions built from many
clauses with K variables per clause (K-satisfiability). Expressions with a ratio �
of clauses to variables less than a threshold �c are almost always satisfiable,
whereas those with a ratio above this threshold are almost always unsatisfiable.
We show the existence of an intermediate phase below �c, where the prolif-
eration of metastable states is responsible for the onset of complexity in search
algorithms. We introduce a class of optimization algorithms that can deal with
thesemetastable states; one such algorithm has been tested successfully on the
largest existing benchmark of K-satisfiability.

The K-satisfiability problem (Ksat) asks
whether one can satisfy simultaneously a set
of M constraints between N Boolean vari-
ables, where each constraint is a clause built
as the logical OR involving K variables (or
their negations). Ksat is at the core of com-
binatorial optimization theory (1) and often
serves as a benchmark for search algorithms
in artificial intelligence and computer sci-
ence. An efficient algorithm for solving Ksat
for K � 3 would immediately lead to other
algorithms for efficiently solving thousands
of different hard combinatorial problems.
The class of combinatorial problems sharing
such a crucial feature is called NP-complete
(2), and it is a basic conjecture of modern
computer science that no such efficient algo-
rithm exists. Algorithms that are used to
solve real-world NP-complete problems dis-
play a huge variability of running times,
ranging from linear to exponential. A theory
for the typical-case behavior of algorithms,
on classes of random instances chosen from a
given probability distribution, is therefore the
natural complement to the worst-case analy-
sis (3–5). Whereas 1sat and 2sat problems are
solved efficiently by polynomial time algo-
rithms (6), K � 2 randomly generated Bool-
ean formulae may become extraordinarily
difficult to solve: It has been observed nu-
merically (7, 8) that computationally hard
random instances are generated when the
problems are critically constrained [i.e., close
to the satisfiable-unsatisfiable (SAT-
UNSAT ) phase boundary]. The study of crit-
ical instances represents a theoretical chal-

lenge toward a greater understanding of the
onset of computational complexity and the
analysis of algorithms. Moreover, such hard
instances are a popular test bed for the per-
formance of search algorithms (9).

The random Ksat problem has close sim-
ilarities with models of complex materials
such as spin glasses, which are fundamental
systems in the statistical physics of disor-
dered systems (10). Spin glasses deal with
binary variables (“spins”) interacting with
random exchange couplings. Each pair of
interacting spins can be seen as a constraint,
and finding the state of minimal energy in a
spin glass amounts to minimizing the number
of violated constraints. Although the con-
straints in spin glasses and Ksat differ with
respect to their precise form, in both cases the
difficulty comes from the possible existence
of “frustration” (11), which makes it difficult
to find the global optimal state by a purely
local optimization procedure. Links between
combinatorial optimization and statistical
physics have been known for years (10, 12,
13). Techniques from statistical physics are
particularly useful when the size of the in-
stance is large.

Two main categories of questions can be
addressed. One type is algorithmic (e.g., find-
ing an algorithm that decides whether an
instance is SAT or UNSAT, or that tries to
minimize the number of violated constraints).
Another one is more theoretical and deals
with random instances for which one wants to
predict the typical behavior (e.g., phase tran-
sitions and structure of the solution space).

We address the two types of questions in
the 3sat problem. When the numbers of vari-
ables N and of clauses M both increase at a
fixed value of � � M/N, random Ksat prob-
lems become generically SAT at small � and
generically UNSAT at large �. The existence
of a SAT-UNSAT phase transition in the
infinite N limit has been established rigorous-
ly for any K (14), but the critical value �c

(that separates the two phases) has been
found only in the (polynomial) K � 2 prob-
lem where �c � 1 (15–17). For the NP-
complete case K � 3, much less is known.
The present best numerical estimate for �c at
K � 3 is 4.26 (18), and the rigorous bounds
are 3.42 � �c � 4.506 (19, 20); previous
statistical mechanics analysis, using the rep-
lica method, has found �c(3) � 4.48 (21) and
�c(3) � 4.396 (22) in the framework of vari-
ational approximations. The SAT-UNSAT
decision problem is also known experimen-
tally to be algorithmically harder to solve in
the neighborhood of �c, depending on the
characteristics of the SAT-UNSAT phase
transition. Indeed, 2sat and 3sat are different
in this respect (23).

Setting out the statistical physics
problem. The Ksat problem deals with N
Boolean variables xi, i � {1, . . . , N}. Each
clause a � {1, . . . , M} involves K variables
{xi1(a), . . . , xiK(a)}. Each such variable can be
negated or not, and the clause is built as the
OR function of the K resulting variables. In
physical terms, the variable xi can be repre-
sented by a “spin” si � �1 through the
one-to-one mapping si � �1 if xi is false and
si � �1 if xi is true. For each variable xir(a)

appearing in clause a, one introduces a “cou-
pling” Ja

r � �1 if the variable appears negat-
ed in the clause; otherwise the coupling is Ja

r

� 1. The sets of indices i1(a), . . . , iK(a) and of
“couplings” Ja � {Ja

1, . . . , Ja
K} define an in-

stance of the problem under study. Given a
spin configuration, the “energy” εJa(si1(a), . . . ,
sik(a)) of clause a is equal to 0 if the clause is
satisfied, or equal to 1 if it is violated (24).
The total energy E equals the number of
violated clauses.

In statistical physics, one assigns to each
of the 2N spin configurations a Boltzmann
probability exp(�	E)/Z, where 	 is an aux-
iliary parameter playing the role of the in-
verse of temperature, and Z is a normalization
term; here we are interested in the 	 3 

“zero-temperature” limit, where Boltzmann’s
law selects optimal states.

The spin glass approach. We first study
the large N limit of the random 3sat problem,
where the indices in each clause are chosen
randomly, as well as the sign of each cou-
pling, with uniform distributions. Our ap-
proach to these problems uses a general strat-
egy initiated years ago in spin glass theory
(10). The first concept we need to introduce is
that of a state. Roughly speaking, states cor-
respond to connected regions of configura-
tions, such that one must cross energy barri-
ers that diverge when N3 
 to go from one
state to another. The archetype of such a
situation is the ferromagnetic transition
where the spins collectively polarize, either
toward an “up” state or toward a “down”
state. In frustrated systems such as satisfiabil-
ity problems, many states can exist: The
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91405 Orsay Cedex, France. 2Sezione INFN, SMC and
UdRm1 of INFM, Università “La Sapienza,” P.le A.
Moro 2, 00185 Roma, Italy. 3Abdus Salam Interna-
tional Centre for Theoretical Physics, Str. Costiera 11,
34100 Trieste, Italy.

*To whom correspondence should be addressed. E-
mail: zecchina@ictp.trieste.it

R E S E A R C H A R T I C L E S

2 AUGUST 2002 VOL 297 SCIENCE www.sciencemag.org812

D
ow

nloaded from
 https://w

w
w

.science.org at C
zech T

echnical U
niversity In Prague on O

ctober 06, 2021

1 / 22



Phase transition for random 𝑘-SAT
(literals are selected randomly, each clause has length exactly 𝑘)
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Probabilistic algorithms — stochastic local search
We start with a random complete valuation and try to minimize
the number of unsatisfied clauses by flipping variables.
These methods are incomplete and it is an open problem how to
use these techniques for showing unsatisfiability.

GSAT
Require: A set of clauses 𝜙

function GSAT(𝜙)
for 𝑖 ∈ (1,MAXITERS) do

𝑣 ← a random valuation on 𝜙
for 𝑗 ∈ (1,MAXFLIPS) do

if 𝑣 |= 𝜙 then return 𝑣
else minimize #unsat clauses by flipping a variable

return None

Many extensions and variants, the most famous one is WalkSAT.
You can try some of them in UBCSAT.
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WalkSAT
We try to avoid local minima by combining the greedy moves of
GSAT with random walk moves.

I Select randomly an unsatisfied clause 𝑐.
I If by flipping a variable 𝑥 occurring in 𝑐 no satisfied clause

becomes unsatisfied, then flip 𝑥. (“freebie” move)
I Otherwise with a probability

I 𝑝 flip a random variable 𝑥 in 𝑐 (“random walk” move),
I (1 − 𝑝) perform a GSAT step (“greedy” move) on variables

from 𝑐; flip the best variable 𝑥 ∈ 𝑐.

For details see Walksat Home Page. It is efficient on random
𝑘-SAT. Also historically good for planning and circuit design
problems.
probSAT
A generalization of WalkSAT that calculates a probability
distribution; 𝑝 has weight 𝑘−𝑓(𝑝), where 𝑘 is a constant and 𝑓(𝑝) is
the number of clauses that become false after flipping 𝑝. It works
also on some hard non-random problems. For details, see here.
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CDCL or/and stochastic local search

On some instances stochastic local search methods work very well,
you can try UBCSAT.

Moreover, it is even possible to combine CDCL with a local search
and many modern solvers take advantage of that,
I for example, we can use a local search to produce a long

partial assignment (trail) and then take advantage of this
knowledge when we decide the values of variables (phase
picking).
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How to select a SAT solver?

Try different solvers (based on CDCL), they use the same input
format and hence it is easy to experiment. However, the good
encoding of your problem is usually at least as important as a good
solver.

MiniSat is free, fast, and very popular implementation in C. It won
all three industrial categories in the SAT Competition 2005. A new
version is called MiniSat 2. However, it is not the state of the art.
A good choice if you want to use a SAT solver in your software.

For playing in Python you can use pycosat, a package that provides
bindings to PicoSAT on the C level. A rapidly developing toolkit is
PySAT (includes CaDiCaL and Glucose).

Check results of SAT Competition 2021 and from previous years
for the state of the art.
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Some modern solvers

There are many modern solvers available, e.g.,
I solvers developed by Armin Biere, for example,

I PicoSAT,
I Lingeling,
I CaDiCaL,
I Kissat,
I SATCH—a simple and clean code base for explaining and

experimenting with SAT solvers,
I Glucose

I based on MiniSat,
I MapleSAT

I based on Glucose,
I CryptoMiniSat,
I Sat4j—a java library; good for Windows.
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Progress over years. . . source

0 1,000 2,000 3,000 4,000 5,000
0

50

100

150

200

250

CPU time

so
lv
ed

in
st
an

ce
s

SAT Competition Winners on the SC2020 Benchmark Suite

kissat-2020
maple-lcm-disc-cb-dl-v3-2019
maple-lcm-dist-cb-2018
maple-lcm-dist-2017
maple-comsps-drup-2016
lingeling-2014
abcdsat-2015
lingeling-2013
glucose-2012
glucose-2011
cryptominisat-2010
precosat-2009
minisat-2008
berkmin-2003
minisat-2006
rsat-2007
satelite-gti-2005
zchaff-2004
limmat-2002

data produced by Armin Biere and Marijn Heule

8 / 22

http://fmv.jku.at/kissat/winners-2020.pdf


Planning

In classical planning we want to produce a sequence of actions that
translate an initial state into a goal state.

It is well-known that the plan existence problem is
PSPACE-complete. Hence it is not (assuming NP ̸= PSPACE)
easily solvable using SAT. However, if we consider only plans up to
some length, then it is solvable by SAT, because the lengths of
plans are usually polynomially bounded.

Planning as a SAT problem
We encode as a CNF formula “there exists a plan of length 𝑘”,
denoted 𝜙𝑘, and search iterativelly.
I If 𝜙𝑘 ∈ SAT, then we extract a plan from a satisfying

assignment.
I If 𝜙𝑘 /∈ SAT, then we continue with 𝜙𝑘+1.
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Classical planning (recap)
We have a set of state variables 𝑋 = {𝑥1, . . . , 𝑥𝑛} that are
assigned values from a finite set. A state 𝑠 is such an assignment
for 𝑋, we write {𝑥1 = 𝑣1, . . . , 𝑥𝑛 = 𝑣𝑛}. A set of conditions is a
subset of a state.

We have
I an initial state,
I a set of goal conditions—a goal state is such a state that

satisfies all the goal conditions.
Moreover, we have a set of actions 𝐴 where every 𝑎 ∈ 𝐴 has
preconditions and effects which are both sets of conditions.

Example
We have a chessboard and 𝑋 = {𝑥1, . . . , 𝑥64} are the squares of
the chessboard. An assignment says how pawns, pieces, and the
empty square are distributed. A goal condition can be that the
white king and queen are at 𝑥10 and 𝑥28, respectively.

10 / 22



There exists a plan of length 𝑘 in SAT
We introduce propositional variables for
I actions—meaning the action 𝑎 is used in the step 𝑡,
I assignments—meaning 𝑥 = 𝑣 holds before an action in the

step 𝑡 is applied,
for every 𝑎 ∈ 𝐴, 𝑥 ∈ 𝑋, possible value 𝑣 of 𝑥, and step 𝑡 ≤ 𝑘.

Then we describe all the required properties of a valid plan by a
conjunction of clauses:
I the initial state,
I the goal conditions are satisfied after 𝑘 steps,
I state variables are assigned exactly one value,
I exactly one action is performed in one step,
I the values of state variables change only by actions,
I an applied action must satisfy preconditions and effects.
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Planning using SAT

We can do various improvements, e.g.,
I perform more actions in a step if they are non-conflicting,
I introduce variables for transitions instead of assignments,
I symmetry breaking.

Incremental SAT solving
Instead of solving a new problem for every 𝑘, we can observe that
many parts remain the same—we solve a sequence of similar SAT
problems. We want to add and remove clauses, but keep learned
clauses and variable scores.

Note that in our problem we only add clauses and change the goal
conditions, which are described by unit clauses, when we go from
𝜙𝑘 to 𝜙𝑘+1.
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Assumptions

Clearly, adding clauses is possible in CDCL, but removing clauses
can lead to various problems. However, we have
I a formula 𝜙 and
I assumptions 𝑙1, . . . , 𝑙𝑛, where 𝑙𝑖 are literals.

The question is whether 𝜙 ∧ 𝑙1 ∧ · · · ∧ 𝑙𝑛 ∈ SAT. It is incremental,
because we can change assumptions and add new clauses.

We can select all the assumptions as decision variables and
continue as always. Hence we can keep all learned clauses from
CDCL!
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Bounded model checking

It is very similar to planning. We want to verify a property of an
automaton with transition states, an initial state, and a given
property 𝑃 that has to be valid at each step.

Bounded model checking as a SAT problem
We bound the number of steps to 𝑘 and try to reach in 𝑘 steps a
state where 𝑃 fails. Hence 𝜙𝑘 means “there is a state reachable in
𝑘 steps where 𝑃 fails”.
I If 𝜙𝑘 ∈ SAT, then we extract a bug from a satisfying

assignment.
I If 𝜙𝑘 /∈ SAT, then we continue with 𝜙𝑘+1.
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How to encode typical constraints
We want to express

𝑝1 + 𝑝2 + · · ·+ 𝑝𝑛 ◁▷ 𝑘,

where ◁▷∈ {≤,≥,=}, 𝑘 is a positive integer, and
∑︀

1≤𝑖≤𝑛 𝑝𝑖 is
equal to the number of true 𝑝𝑖s.
I = is expressed as both ≤ and ≥,
I ≥ 1 is {𝑝1, . . . , 𝑝𝑛},
I ≤ 1 is

I pairwise—𝒪(𝑛2) clauses by { {𝑝𝑖, 𝑝𝑗} : 1 ≤ 𝑖 < 𝑗 ≤ 𝑛 },
I sequential counter—𝒪(𝑛) clauses and 𝒪(𝑛) new variables,
I bitwise encoding—𝒪(𝑛 log𝑛) clauses and 𝒪(log𝑛) new

variables,
I ≥ 𝑘 is no more than 𝑛− 𝑘 literals can be false,
I ≤ 𝑘 use generalized pairwise, sequential counters, BDDs,

sorting networks, (pairwise) cardinality networks, . . .
Or use a pseudo-Boolean (PB) solver for

∑︀
𝑎𝑖𝑝𝑖 ◁▷ 𝑘.
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Consistency and arc-consistency

A very nice property of encodings, e.g., for an encoding of
constraints. We say that an encoding is

consistent if any partial assignment that cannot be extended to
a satisfying assignment (is inconsistent) leads to a
conflict by unit propagation,

arc-consistent if consistent and unit propagations eliminate values
that are inconsistent.

Example
For ≤ 1 we have
consistency if two variables are true, then unit propagation

produces a conflict,
arc-consistency if a variable is true, then unit propagation assigns

false to all other variables. (+consistency)
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Finite-domain encoding
We encode that a variable 𝑥 takes one of the values {1, . . . , 𝑛}.

One-hot encoding
I we use 𝑥𝑖 for 𝑥 takes value 𝑖 (𝑛 variables),
I we need 𝑥 has exactly one value,
I easy to use constraints and other rules

Unary encoding (order encoding)
I 1 . . . 1⏟  ⏞  

𝑖−1

0 . . . 0⏟  ⏞  
𝑛−𝑖

for 𝑥 takes value 𝑖 (𝑛− 1 variables),

I we need {𝑥𝑗+1, 𝑥𝑗} for 1 ≤ 𝑗 < 𝑛− 1

Binary encoding
I we encode 𝑖 as a binary number (⌈log𝑛⌉ variables),
I if 𝑛 ̸= 2𝑘 some values are not valid,
I using constraints and other rules can be non-trivial
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MaxSAT
There are various variants of SAT. For example, many problems in
computer science are expressible as the maximum satisfiability
problem—what is the maximum number of clauses that can be
satisfied simultaneously.

We usually have (weighted) partial MaxSAT with two types of
clauses:
I hard—must be satisfied,
I soft—desirable to be satisfies (possibly with weights)

and we want to maximize the sum of the weights of satisfied soft
clauses.

You can check benchmark results at MaxSAT Evaluation 2021. For
example RC2 (Python), MaxHS (also MIP solvers), Open-WBO
(incomplete solver) and its extensions. There exists the standard
WCNF format so we can experiment.
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https://maxsat-evaluations.github.io/2021/
https://github.com/pysathq/pysat
http://www.maxhs.org/
https://github.com/sat-group/open-wbo


MaxSAT via SAT
We can replace all soft clauses

𝑐1, . . . , 𝑐𝑛

by
𝑐1∨𝑟1, . . . , 𝑐𝑛∨𝑟𝑛,

where 𝑟1, . . . , 𝑟𝑛 are fresh variables, called relaxation variables.

And we express that at most 𝑚 clauses are not satisfied by adding

𝑟1 + · · ·+ 𝑟𝑛 ≤ 𝑚.

By an iterative calling of a SAT solver, we can solve the MaxSAT
problem (minimize 𝑚).

For more details on MaxSAT, check this tutorial and this chapter
from Biere, M. Heule, et al. 2021.

19 / 22

https://ecai20-maxsat-tutorial.github.io/
https://sat-group.github.io/ruben/media/p02c24-mxm.pdf


Unsatisfiable cores

Let 𝜙 and 𝜓 be unsatisfiable formulae in CNF such that 𝜙 ⊆ 𝜓.
We say that
I 𝜙 is an unsatisfiable core of 𝜓,
I 𝜙 is a minimal unsatisfiable core of 𝜓, if every proper subset

of 𝜙 is satisfiable.
A very important (and hard) practical problem is to extract
minimal unsatisfiable cores.

Used, for example, in MaxSAT and formal verification.

20 / 22



What should you use to solve problems in NP?

You have seen many approaches how to solve such problems in
Combinatorial Optimization, for example,
I Integer Linear Programming and
I Constraint Programming (MiniZinc Challenge 2020 Results).

Here we have discussed (Max)SAT and we will discuss other
approaches later on.

What should you use?

A useful rule of thumb is to select a method based on the language
suitable for your problem, see, for example, Which solver should I
use? at Google OR-Tools.

See also, for example, LP/CP Programming Contest 2021.
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https://www.minizinc.org/challenge2020/results2020.html
https://developers.google.com/optimization/mip#which-solver-should-i-use
https://developers.google.com/optimization/mip#which-solver-should-i-use
https://developers.google.com/optimization/
https://github.com/alviano/lpcp-contest-2021


SAT solving summary
SAT solvers are very powerful, among other things, thanks to
I small representations in CNFs,
I preprocessing, (inprocessing),

I subsumption,
I variable elimination, (variable addition),
I symmetry breaking,

I unit propagations,
I good data structures for backtracking,

I clause learning and back-jumping,
I restarts,
I deletion of learned clauses,
I learned clause minimization,

I fast decision heuristics,
I local search,
I and much much more techniques we have not mentioned.

We do clever tricks, but first and foremost they have to be fast!
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