Mathematical identities

(Lukas Jelinek, CTU Prague, October 2020)

In the following, the rectangular system is characterized by coordinates (z, y, z) and unit vectors [ To Yo 20 ] .
The cylindrical system is characterized by coordinates (p, ¢, z) and unit vectors [ Po Po 20 ] The
spherical system is characterized by coordinates (r, 8, ¢) and unit vectors [ ro 0o g ]

0.1 Point Transformations

Rectangular - Cylindrical

T = pcosy
y = psing (1)
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Cylindrical - Rectangular

Rectangular - Spherical

T = T1cospsinf
y =rsingsinf 3)
z=rcosf

Spherical - Rectangular

r = /22 + y2 + 22
/.%'2 + y2
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tand = p;
tanp = L4
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Cylindrical - Spherical
p=rsinf
z=rcosb (5)
p=¢

Spherical - Cylindrical
r = /p2 + 22
tanf = 2 (6)
z
=

0.2 Vector Transformations

Rectangular - Cylindrical

Ty = Py COSY — Py sinp
Yo = PoSinY + ¢, cos ¢ (7)
Zo = 20



Cylindrical - Rectangular

Rectangular - Spherical

Spherical - Rectangular

T = o sinf cos p + Yy sinfsinp + zgcosd =

0y = xgcosbcosp+ ygcosfsinp — zgsinf =

ToZ + Yol
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Po = —&o SN P + Yo COS P = — X
vt +y
zZ0 = 20

Py = Ty COSY + Ysinp =

T = 7psinbcosy + Ogcos b cosp — @y sinp
Yoy = Tosinfsin g + g cos O sin ¢ + ¢ cos ¢
zo = rgcost — Oysin

o + Yoy + 202

/1'2 +y2 +22

xozr 4+ Yozy — 2o (22 + 4°)

—XoY + Yox
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Cylindrical - Spherical

Spherical - Cylindrical

Py = rosing + O cos b

%o = %o
zo =1rgcosf —Oysinb

z
ro = posing + zgcosf = Pop t 202
/p2 +2’2
0o = pycosf — zpsinf = PoZ — ZoP
p2+22

¥Yo = %o

0.3 Differential Operators

Rectangular coordinate system
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Cylindrical coordinate system
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Spherical coordinate system
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0.4 Differential Identities

a-(bxec)=b-(cxa)=c-(axb)
ax(bxc)=(a-c)b—(a-b)c
(axb)-(cxd) =(ac)(b-d)—(a-d)b-c)
Vx (Vf)=0

V- (VxF)=0

V(f-9)=9Vf+[Vg
V-(Ff)=F-(Vf)+ [(V-F)
Vx(Ffy=(Vf)xF+ f(VxF)

v <f> _ gi;ng
g g

v.(£) - LORF9)

Vx(l;)—f(vxF)f;(Vf)xF

V(F-G)=(F-V)G+(G-V)F+Fx (VxG)+Gx (VxF)

V- (FxG) =G - (VxF)-F - (VxG)

Vx(FxG) =F(V-G)~-G(V-F)+(G-V)F—(F-V)G
V(fog)=(f"o9)Vyg

V- (Fog)=(F'og)-Vyg

Vx(Fog)=—(Fog)xVyg

(16)



0.5 Integration Identities

/(V~F)deF~dS
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0.6 3D Fourier’s Transformation

Definition

oo

FT{f (r / 7 7f(r) e R drdydz
FT-! {f(k)} —f(r) = (er)g 7 7 7f(k:)ejk"“dkzdkydkz

—00 —00 —O0

(18)

Convolution and its Fourier’s transformation

50 — 00 —o0 (19)

FT{f(r)*g(r)} = (k) (k)

Differential operators and their Fourier’s transformation

FT{V-F(r)} =jk-F(k)



0.7

sin? (o) =

cos? (a) =

sin (a) + sin (8) = 2sin (
sin () — sin (B8) = 2 cos (
cos (@) + cos () = 2 cos (

cos () — cos (B) = —2sin (

Trigonometric identities

1 — cos (2a)
2

1+ cos (2a)
2

atp

sin (a4 3) = sin () cos (8) + cos () sin (B)
sin (o — B) = sin (a) cos (B8) — cos () sin (5)
cos (o + ) = cos () cos () — sin («) sin (B)

cos (a — B) = cos (a) cos (B) + sin () sin (B)
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0.8 Identities involving separation vector

R
R=r—-7v', R=|R]|, ROZE

VR =Ry

VR" =nR""'VR =nR"" 'Ry

V-R=3

VXxR=0
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VRO:E

V (e ) = —jke "Ry

v? (;) = 476 (R)
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0.9 Useful integrals

dx 1 T

o5 = arctan (f)

e +a a a
/dix = arcsin ()

Vi—a2?2

dx _
Viz—1

dz
V2 4+ a?

ln(x—|— x2—1)

zln(a:—i- ac2+a2)

/ dx B T
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cos (z) dz B sin ()

(1 —a2cos? (2))*? (1 —a?) /1 — a%cos? (x)

sin (z) dz B —cos (z)
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(1 — a?sin’ (a:))3/2 (1 —a?) /1 — a2sin? ()



