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Block Overview
2✦ Lecture 10:


• Examples of Learning Representation


- Embedding of words, tSNE


• KL Divergence


- Forward & Reverse, KL & Cross-entropy


• Latent Variable Models


- Multi-sense word vectors


- Stochastic EM, Variational inference


✦ Lecture 11: Variational Autoencoders 

✦ Lecture 12: Supervised Representation and Similarity Learning	



Two Examples of Learning Representation



Motivation: Networks Learn Useful Representations 
4

✦ In networks trained for different complex problems some intermediate layers 
activations correspond object parts

lamps in places net wheels in object net people in video net



Word Vectors
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⌅ A completely general model:
•

p(y|x) = Py,x =
exp(Wy,x)q
yÕ exp(WyÕ,x)

• P œ Rn◊n
+ — conditional probability matrix

• W œ Rn◊n — unconstrained
• Learn by maximum likelihood:

max
W

Ÿ

t

Ÿ

tÕœN (t)

p(ytÕ|xt)

¸ ˚˙ ˝
Naive Bayes model

,

t – position in the text, N (t) – nearby positions
• Learning is ine�cient: matrix P is too large

<latexit sha1_base64="fskHcOsqj8YSpmIUQpFaey1nitI=">AAAEa3icjVNdb9MwFE22wkb42tgb8GCxTNpDVaUFBpo0aWgqYkJIRWMf0jJVjnPbWPVHFDtbi5d/wSv8L34E/wG77cbaCYQVySfH557re3OT5IwqHUU//YXF2p27S8v3gvsPHj56vLL65EjJsiBwSCSTxUmCFTAq4FBTzeAkLwDzhMFxMthz58fnUCgqxRc9yuGM476gPUqwtlR31V+Kc1wkcmiixlbsXC5oqrPKBHECfSoM1c </latexit>

⌅ Example: Simple model for predicting context words:
• Assume a finite vocabulary I, |I| = n

• For every word x in the text, try to predict all
nearby words y



Word Vectors
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⌅ More refined model:

p(y|x) = expWy,xq
yÕ exp(Wy,x)

; W = UTV

• U,V œ Rn◊d are embedding matrices
• Learn by maximum likelihood:

max
U,V

Ÿ

t

Ÿ

tÕœN (t)

p(ytÕ|xt),

⌅ Vx,: œ Rd is the embedding (prototype) of x

⌅ Uy,: œ Rd is another embedding of y



Word Vectors
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[Mikolov et al. (2013) Distributed Representations of Words and Phrases and their Compositionality]

xt

yt-2

yt-1

yt+1

yt+2

Skip-gram model

<latexit sha1_base64="9r/CepnCNG4sTUME5gCqBM24oGg="></latexit>

Vxt,:

<latexit sha1_base64="O3Cu2oMb7vg3JelYNQNLL66gsCw="></latexit>

⌅ More refined model:

p(y|x) = expWy,xq
yÕ exp(Wy,x)

; W = UTV

• U,V œ Rn◊d are embedding matrices
• Learn by maximum likelihood:

max
U,V

Ÿ

t

Ÿ

tÕœN (t)

p(ytÕ|xt),

⌅ Vx,: œ Rd is the embedding (prototype) of x

⌅ Uy,: œ Rd is another embedding of y

✦ What problems we can solve using this model?



Word Vectors
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Prague

Czech Republic

Paris

France

Man

Woman

King

Queen

Emperor

✦ What kind of learning is it: supervised or unsupervised?


• We want to learn embeddings, no one ever supervises the embedding


• Mathematically however we maximize supervised classification likelihood

<latexit sha1_base64="zQ4iTq/BpyPKfpiin7xQ6FS6i+o=">AAAGRHicjVRdbxtFFN3GGIr5assjLyNi1CCCZQcKKBJSpSiAVCK5TZNU6obk7uy1PfJ8MTPr2F3t3+M/8MYP4A3xiriz3pR6SxAjS3t85t4z9849u5mVwofh8NdbW503um++dfvt3jvvvvf+B3fu3jv1pnAcT7iRxj3LwKMUGk+CCBKfWYegMoln2fwg7p8t0Hlh9NOwsniuYKrFRHAIRF3c3fotteAysyzTKHEl8jCryl6a4V </latexit>

⌅ Learned a representation of x as the embedding Vx,: œ Rd:
⌅ The directions of learned vectors turn out to capture abstract relations:

• Semantic:
“King” - “Man” + “Woman” ¥ “Queen”
“Prague” - “Czech Republic” + “France” ¥ “Paris”
“Czech” + “currency” ¥ “koruna”

• Syntactic:
“quick” - “quickly” ¥ “slow” - “slowly”

⌅ Evaluated on a corpus of such relation
predictions

⌅ More complex (supervised) learning tasks
are easier when using such vector representation



Word Vectors
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⌅ Back to the learning formulation:
• Maximize in ◊ = (U,V ) the objective:

ÿ

t

ÿ

tÕœN (t)

logp(ytÕ|xt;◊),

• Let us define weights: wtÕ,t Ø 0: q
tÕ wtÕ,t = 1

ÿ

t

ÿ

tÕ

wtÕ,t logp(ytÕ|xt;◊),

⌅ What loss function it resembles?
<latexit sha1_base64="+blnEqgCTWpoftUmwpne0HUNy7c="></latexit>

• Cross-entropy between discrete distributions on word indices t

• This will establish an analogy with the t-SNE embedding (next)



Stochastic Neighbor Embedding
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⌅ Task: to represent high-dimensional vectors in low dimension, preserving the
neighborhood relations

Data in 2D

Draw its PCA embedding in 1D



Stochastic Neighbor Embedding
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⌅ Task: to represent high-dimensional vectors in low dimension, preserving the
neighborhood relations

Data in 2D

No linear embedding would be good



Stochastic Neighbor Embedding
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[Hinton & Roweis (2002): Stochastic Neighbor Embedding; Maaten & Hinton (2008): Visualizing Data using t-SNE]

Embedding Space

<latexit sha1_base64="0TG6WvtVJGgnWwMts19dowCksDU="></latexit>xt

<latexit sha1_base64="/VEiyNZVwewO2+V1oiTAB1edbqI="></latexit>xtÕ

<latexit sha1_base64="+IMM7MGefa6CmXB0X+6q3GwOYQ0="></latexit>

x̄tÕ
<latexit sha1_base64="BxdISsWquzijLBCsIGpaMNAVAVo="></latexit>

x̄t

Input Data Space
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⌅ Learning formulation:
◊ = (x̄t|t œ T ) max

◊

ÿ

t

ÿ

tÕ

pú(tÕ|t) logp(tÕ|t;◊)

(Student t with 1 degree 
 of freedom is Cauchy)

<latexit sha1_base64="6exZ5ko7ZxzBRAnDi/quQgsDn/4=">AAAF+HicjVTNbttGEGbsqEnVnyTtsZdBzcJSIAuS058gRYG0iYMemkCNYydAaAvL5UhcaLm72B3GUhg+RV+gtyLXvk1fpafuSrIjyU3RBSGOPs58M/PNkKmRwlGv99eVre2rjQ+uXf+w+dHHn3x64+atz46dLi3HI66lti9S5lAKhUckSOILY5EVqcTn6eRBeP78FVontHpGM4MnBRsrMRKckYeGt7Z+SwyzqZ5WSaA4Exnldd </latexit>

⌅ Denote x̄t œ Rd the embedding of xt œ Rr, where t is the point index
⌅ Target distribution: pú(tÕ|t) Ã N (xt ≠xtÕ;0,‡2

t)

• For each t, pú(tÕ|t) is a discrete distribution over data
points (like RBF kernel)

• Need only distances between data points (Euclidean here)
• Variance ‡2

t may be selected adaptively
⌅ Model distribution: p(tÕ|t) Ã N (x̄t ≠ x̄tÕ;0,1).

• A better choice is Student t-distribution



Stochastic Neighbor Embedding
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[Guillaume Filion (2018): A tutorial on t-SNE]



Stochastic Neighbor Embedding
14

t-SNE of MNIST data

t-SNE of COIL data Sammon Mapping, COIL data

[Maaten & Hinton (2008): Visualizing Data using t-SNE]



KL Divergence



KL Divergence
16

<latexit sha1_base64="njen0jmGN4JJYebI5IXw7qneUog="></latexit>

(Notation abuse for DKL(pÎq) )

<latexit sha1_base64="h/ruyfF0Go0D2tUsC9YkKwXOYME="></latexit>

⌅ Let p(x) and q(x) be two probability distributions.
⌅ Kullback–Leibler divergence of p and q is

DKL(p(x)Îq(y)) =
ÿ

x

p(x) log
p(x)

q(x)

• Amount of information lost when q is used to approximate p

• Measured in nats (log is the natural logarithm)
• Defined only if q(x) = 0 ∆ p(x) = 0

• limxæ0x logx = 0

⌅ Properties:
• DKL is a divergence: DKL Ø 0 with equality i� q = p

• Non-symmetric
• (Invariant under change of variables)
• (Information-theoretic properties)



Non-negativity
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<latexit sha1_base64="3oNV5F0Jz5CCAnlQrVKGU+fa4zs="></latexit>

logy2

<latexit sha1_base64="k/FoujG4SU5gx0cuhQexu+rlcvg="></latexit>

logy1

<latexit sha1_base64="t3sxAxOQbyn9n6oC2U9vTfTfMJU="></latexit>

log(p1y1+p2y2)
<latexit sha1_base64="fxq9wiXvQClT5e4ArLrFtfeXt3U="></latexit>

p1 log(y1)+p2 log(y2)

<latexit sha1_base64="whfTr8OhZtjykPwaItV8cfJEHyQ="></latexit>

log(y)

<latexit sha1_base64="jkjVu0L5Z0b6RCbRElswEViYXOA="></latexit>y

<latexit sha1_base64="GZuZyU4WJrr9TH3Ikkiza9Su2bQ="></latexit>

⌅ Non-negativity: DKL(pÎq) Ø 0

• let y(x) = q(x)
p(x)

• The inequality
q

x p(x) log p(x)
q(x) Ø 0 is equivalent to

q
x p(x) logy(x) Æ 0

• Observe that log is concave, apply Jensen’s inequality:

•
q

x p(x) logy(x) Æ log
q

x p(x)y(x) = log
q

x q(x) = log1 = 0.

⌅ From strict convexity follows that DKL(pÎq) = 0 i� p = q



Asymmetry
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Minimizing forward KL divergence:

Well on average in the expectation over p

Minimizing reverse KL divergence:

Well on average in the expectation over q

<latexit sha1_base64="QvamLQ5SnfqqyzbuNXyCJr5U4R8="></latexit>

min
q

DKL(qÎp)

min
q

⁄
q(x)(logq(x)≠ logp(x))dx

<latexit sha1_base64="jITKx2m8WanQRMNORLGqkJy3M4s="></latexit>

min
q

DKL(pÎq)

min
q

⁄
p(x)(logp(x)≠ logq(x))dx

<latexit sha1_base64="BZsavR9Al/g1ZShTr3evjWcufJQ="></latexit>

p(x)
<latexit sha1_base64="1egjWkmcXqOWLeM6WQ91xfBLLUo="></latexit>

q(x)
<latexit sha1_base64="BZsavR9Al/g1ZShTr3evjWcufJQ="></latexit>

p(x)

<latexit sha1_base64="1egjWkmcXqOWLeM6WQ91xfBLLUo="></latexit>

q(x)

<latexit sha1_base64="OJ/PZeozH0ihcqibpTFkdCKYsdc="></latexit>Example: q is constrained to be a Gaussian

Matching moments Selects a mode



Maximum Likelihood, Cross-Entropy and KL
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⌅ Common ML Learning for Classification:
• (xi,yi) – training data. Assume it is given by the generator distribution pú(x,y)

• Model: p(y|x;◊)

• Conditional ML:
argmin

◊
E(x,y)≥pú

Ë
≠ logp(y|x;◊)

È

Ex≥pú(x)

Ë ÿ

y

pú(y|x)(≠ logp(y|x;◊))
¸ ˚˙ ˝
Crossentropy of pú(y|x) and p(y|x;◊)

È

Ex≥pú(x)

Ë
DKL(p

ú(y|x)Îp(y|x;◊))≠
ÿ

y

pú(y|x) logpú(y|x)
¸ ˚˙ ˝

Entropy of pú(y|x)

È

• For minimization in ◊, the NLL, Cross-entropy and KL divergence are equivalent
• Can apply SGD



Latent Variable Models, Stochastic EM



Latent Variable Models
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✦ We explicitly model that multiple observations have some common causes (common 
factors) that are not directly observed or, latent


✦ Examples:


• The true class labels for classification are not observed, only labels given by several 
experts, which may be error prone. The true label is latent (seminar). 

• A text document has a particular topic that we do not know. The frequency of 
word occurrence and their meaning depend on this common latent topic. 

• In a handwritten note the style and appearance of letters follow a particular style, 
unique for each writer and the writer is latent. 

• In our word vector example, words may have multiple meanings (next slide). 



Multi-sense Word Vectors
22✦ Often, words have multiple meanings (homographs):

• All words in the context commonly depend on the latent meaning of the current word:

• Do not know z, the probability of the observed context is given by marginalization:

• Learning (ML):

• Inference:

[Burtanov et al. (2016): Breaking Sticks and Ambiguities with Adaptive Skip-gram]

<latexit sha1_base64="niZV7t9WdlAhXblivInUrBktYvw="></latexit>

Yt – context words

<latexit sha1_base64="J4LFUYbxsHXwOPKwG+WMG5s0twM="></latexit>

Compute p(z|xt,Yt) (then maximize in z, use the word vector Wxt,z,:, etc.)

(assume for simplicity)
<latexit sha1_base64="tkkt3LzkgrUO6pXhWZRDsIsjays="></latexit> Ÿ

tÕœN (t)

p(ytÕ|z,xt)

¸ ˚˙ ˝
p(Yt|z,xt)

p(z|xt), z œ {1 . . .max meanings}

<latexit sha1_base64="+cyzWCJN8ZPpA6bvm3XJRG/IJDw="></latexit>

p(Yt|xt) =
ÿ

z

Ÿ

tÕœN (t)

p(ytÕ|z,xt)p(z|xt)

<latexit sha1_base64="0/SuH8Oh8w2uG0zcDFeZkmA1bAM="></latexit>

max
ÿ

t

log
ÿ

z

Ÿ

tÕœN (t)

p(ytÕ|z,xt)p(z|xt)



Learning
23✦ Need to maximize the Log-likelihood of the data evidence:

✦ Proof using KL (omitting dependence on xt everywhere and the outer sum in t):

<latexit sha1_base64="BHtKmDbfLoIepnnt5DbZeDTDy3Q="></latexit>

Evidence Lower Bound (ELBO)
<latexit sha1_base64="kv0D/i6e2DN/+1FiuR1EGz7v/74="></latexit>

Holds for any distribution q(z|xt,Yt) by Jensen inequality

<latexit sha1_base64="Qa5pE0GEMZprgd1/p/LWhh5ezaA="></latexit>

Ø
ÿ

t

ÿ

z

q(z|xt,Yt) log
p(Yt|z,xt)p(z|xt)

q(z|xt,Yt)¸ ˚˙ ˝

<latexit sha1_base64="MKH9/pUsZHHEOkfWT7u/Mpzzhak="></latexit>ÿ

t

logp(Yt|xt)

¸ ˚˙ ˝
Evidence

=
ÿ

t

log
ÿ

z

p(Yt|z,xt)p(z|xt)

<latexit sha1_base64="rmPOxDHc+P0tvaNErOcKohzweEE="></latexit>

logp(Y )

¸ ˚˙ ˝
Evidence

≠
ÿ

z

q(z|Y ) log
p(Y,z)

q(z|y)
¸ ˚˙ ˝

ELBO

=
ÿ

z

q(z|Y )
1
logp(Y )≠ log

p(Y,z)

q(z|y)

2

=
ÿ

z

q(z|Y )
1

≠ log
p(Y,z)

p(Y )q(z|y)

2

=
ÿ

z

q(z|Y ) log
q(z|y)
p(z|Y )

2
= DKL(q(z|Y )Îp(z|Y )).



EM Algorithm
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<latexit sha1_base64="TZYi+Dqn8RIEPYJBusqnS2HMOf0="></latexit>

◊

Log-Likelihood

ELBO
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⌅ EM Algorithm:

• E-step: For current ◊ maximize ELBO in q

• M-step: For current q maximize ELBO in ◊

<latexit sha1_base64="JDEKga+qdluhCeCh43FQFkaERVM="></latexit>

ELBO(◊, q) =
ÿ

t

ÿ

z

q(z|xt,Yt) log
p(Yt|z,xt;◊)p(z|xt;◊)

q(z|xt,Yt)

<latexit sha1_base64="y0ACz/lmg1e0+FAmGEgu3AdsGas="></latexit>q

<latexit sha1_base64="grZxU1PR2ERK/bjzfsrumWqzzdU=">AAAGf3icrVTbbttGEKWtVk3Vponbt/ZlW6uIBNCCZDRtLggQxBFQoA6iwnWcwDSIJTkiN+Lu0rtLxzLNh35NX5vP6d90lqQU0wnaPnQhgMOzczlzZqggS5k24/FfG5udjz7ufnLj095nn9/84tbtrS9faJmrEA5DmUr1MqAaUibg0DCTwstMAeVBCkfBYs/eH52B0kyK38wygxNOY8HmLKQGIX+r87UXQMxEwQxwdgFlz7MWKb </latexit>

⌅ E-step:

ELBO(◊, q) = Evidence(◊)≠
q

t DKL(q(z|Yt,xt)Îp(z|Yt,xt;◊))

Optimal q minimizes the reverse KL divergence!

When q is general enough, the optimizer is q(z|Yt,xt) = p(z|Yt,xt,◊) (estimate with

Bayes theorem).

⌅ M-step:

argmax◊

q
t

q
z q(z|xt,Yt) logp(Yt|z,xt;◊)

Supervised learning problem (maximum likelihood), assuming that q(z|xt,Yt) is the

true data conditional distribution.



EM Algorithm
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<latexit sha1_base64="JDEKga+qdluhCeCh43FQFkaERVM="></latexit>

ELBO(◊, q) =
ÿ

t

ÿ

z

q(z|xt,Yt) log
p(Yt|z,xt;◊)p(z|xt;◊)

q(z|xt,Yt)

<latexit sha1_base64="TZYi+Dqn8RIEPYJBusqnS2HMOf0="></latexit>

◊

<latexit sha1_base64="tXvKESXvFc6EjtDK3BiWlGp62OY="></latexit>q

<latexit sha1_base64="6ekHiBmT/ortsgbpv1EEcKPr0/M="></latexit>

ELBO(◊, q)
<latexit sha1_base64="ko49taugBz3p7Qo4MWfHK23xjNQ=">AAAEPXicjVPLbhMxFJ00PMrwaAtLNiNSpC5KlES8VAlRqIJYtCKo9CF1qsjjuUms+FX7Tkmw5tv4jn4AO8SWLZ5mWpK0Qlgj+czxOcee6zuJ5sxio3FWWajeuHnr9uKd8O69+w+Wllce7luVGQp7VHFlDhNigTMJe8iQw6E2QETC4SAZbhXrB6dgLFPyC441HAvSl6zHKEFPdZfP4gT6TDqGINg3yMO4QFF7J3rH+8owHIiN8H </latexit>

⌅ EM Algorithm:

• E-step: For current ◊ maximize ELBO in q

• M-step: For current q maximize ELBO in ◊

<latexit sha1_base64="mjqRwSN/1bfn9sykyCUGY5j5tLM=">AAAFunicpVRtbxJBEL6iaMW3Vj/6ZWMxgYQSaHyL2qSxEjVpIwbpS3qE7B1zx4bb3WN3aIHr/TP/iF/9qj/CPThaoVWbuLlkZ595Znbm2ck5YcA0VirfljLXrmdv3Fy+lbt95+69+yurD/a0HCgXmq4MpDpwqIaACWgiwwAOQgWUOwHsO73txL9/DEozKb7gKIQWp75gHnMpGqi9mmnaDvhMRAyBszHEOTuxSGQ7HqnF6xohfJ </latexit>

⌅ E-step:
argmax

q
ELBO(◊, q) = argmax

q

ÿ

t

ÿ

z

q(z|xt,Yt)(logp(Yt,z|xt;◊)≠ logq(Yt|z,xt))

Perform one step of SGD for improving q æ Stochastic Variational Inference
⌅ M-step:

argmax
◊

ELBO(◊, q)argmax
◊

ÿ

t

ÿ

z

q(z|xt,Yt) logp(Yt|z,xt;◊)

Perform one step of SGD æ Stochastic EM



Multi-Sense Word Vectors
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⌅ Learned prior distribution p(z|x)

<latexit sha1_base64="y/7C+z2d2+c2xZYJf9XJyD3V6R4=">AAADm3icjVJbaxNBGJ0mXup6S/VRhGAqRAhhN976IhRCwCtEatpKN4TZ2S/JkLm5M1uTjvtX/DW+6rv/xpkkjU0K4jAwhzPnnG/22y9RjGoThr+3SuUrV69d374R3Lx1+87dys69Qy3zjECPSCaz4wRrYFRAz1DD4FhlgHnC4CiZtP390SlkmkrxycwU9DkeCTqkBBtHDSp7cQIjKiw1wOkZFEHsUfWNGEIGgkB190v97Nvnxv TJbhCDSFfCQaUWNsP5ql4G0RLU0HJ1Bzuld3EqSc5BGMKw1pZwZTCbuJoajMyNchuPoP2hS2kQ5xoUJhNHnOBnCivIGlWGRaqJww2OM/fsVxHhfTsCycFksyK46LKYa47NuOFOPeOJP82YF2saL1CGT9etJ7kZ7vUtFe5FrgnFZuxQCqPXWfcF2mHwQXOfNTAdpDDUTQc863DcsbGvmCS2UxQLqruiuufUwYIimNmDFdf5S3rvvGfaZGDI2EbN58UG0SqCx55hIEZmvPBSkbreFzZUZqNVIHLuf+wixY+dFdJdL+uch+BEnkJKtWJ4pidUFfapj7ooSYDJr/+WrKWMZWb+J2pDF7jxizaH7TI4bDWjF83wY6u2X18O4jZ6gB6hOorQS7SPXqMu6iGCvqMf6Cf6VX5Ybpfflt8vpKWtpec+Wlvl3h+7PTWM</latexit>

⌅ Inference q(z|Y,x)

Discovers semantic clusters
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⌅ Inference q(z|Y,x)

Discovers semantic clusters


