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SatisĄability Modulo Theories (SMT)Ůexample

We would like to know whether the following formula

𝑓(𝑎) = 𝑏 ∧ 𝑓(𝑎) ̸= 𝑏

is satisĄable; that is loosely speaking that there exists a solution.
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SatisĄability Modulo Theories (SMT)Ůexample

We would like to know whether the following formula

𝑓(𝑎) = 𝑏 ∧ 𝑓(𝑎) ̸= 𝑏

is satisĄable; that is loosely speaking that there exists a solution.

Clearly, it is unsatisĄable regardless of the meaning of symbols in
it, because it has a propositional form

𝑝 ∧ ¬𝑝,

where 𝑝 is 𝑓(𝑎) = 𝑏.
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SatisĄability Modulo Theories (SMT)Ůexample

We would like to know whether the following formula

(𝑎 × (𝑓(𝑏) + 𝑓(𝑐)) = 𝑑) ∧ (𝑏 × (𝑓(𝑎) + 𝑓(𝑐)) ̸= 𝑑) ∧ (𝑎 = 𝑏)

is satisĄable.

Do we need to know the interpretations of ×, +, and 𝑓?
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SatisĄability Modulo Theories (SMT)Ůexample

We would like to know whether the following formula

(𝑎 × (𝑓(𝑏) + 𝑓(𝑐)) = 𝑑) ∧ (𝑏 × (𝑓(𝑎) + 𝑓(𝑐)) ̸= 𝑑) ∧ (𝑎 = 𝑏)

is satisĄable.

Do we need to know the interpretations of ×, +, and 𝑓?
No, it is unsatisĄable modulo the theory of equality.
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SatisĄability Modulo Theories (SMT)Ůexample

We would like to know whether the following formula

(𝑥 = 0 ∨ 𝑥 = 1) ∧ (𝑥 + 𝑦 + 𝑧 ̸= 0) ∧ (𝑓(𝑦) > 𝑓(𝑧))

is satisĄable.
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SatisĄability Modulo Theories (SMT)Ůexample

We would like to know whether the following formula

(𝑥 = 0 ∨ 𝑥 = 1) ∧ (𝑥 + 𝑦 + 𝑧 ̸= 0) ∧ (𝑓(𝑦) > 𝑓(𝑧))

is satisĄable.

It is satisĄable in a union of theories called unquantiĄed linear real
arithmetic with uninterpreted sort and function symbols
(QF_UFLRA):

◮ quantiĄer free (QF),

◮ linear real arithmetic (LRA),

◮ uninterpreted functions (UF).
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First-order logic

We moved to Ąrst-order logic (FOL) and hence we have

◮ termsŮvariables and function symbols (constants),

◮ predicates, (equality),

◮ quantiĄers.

We are here only interested in ground formulae as is common in
SMT; hence quantiĄer-free. Note that an uninterpreted constant
symbol behaves like a free variable.

Strictly speaking, we should talk about expansions of a theory, because we have
new constants in our language, however, we will happily ignore this formal
problem (or we can treat them as free variables).
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Interpretations and theories

When we speak about theories, it means that we want to restrict
the interpretation (meaning) of some symbols in the language of a
theory.

There are two main approaches how to do that

◮ axiomatic Ů we restrict the interpretations indirectly by
providing axioms that have to be satisĄed,
◮ e.g., the equality axioms,
◮ axioms usually require quantiĄers,

◮ restricting interpretations Ů we allow only such classes of
interpretations that correspond to our intended meaning,
◮ e.g., we say that all the variables range over integers.

Note that some theories do not have appropriate axiomatic
systems.
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SatisĄability Modulo Theories (SMT)

Assume we have a theory 𝒯 . We have a formula that has a
propositional structure, but propositional variables are expressions
in 𝒯 .

Example

From

(𝑥 = 0 ∨ 𝑥 = 1) ∧ (𝑥 + 𝑦 + 𝑧 ̸= 0) ∧ (𝑓(𝑦) > 𝑓(𝑧)),

we obtain
(𝑝 ∨ 𝑞) ∧ ¬𝑟 ∧ 𝑠,

by so-called propositional abstraction, where 𝑝 is 𝑥 = 0, 𝑞 is 𝑥 = 1,
𝑟 is 𝑥 + 𝑦 + 𝑧 = 0, and 𝑠 is 𝑓(𝑦) > 𝑓(𝑧).
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Solving SMT

There are two basic approaches how to solve a satisĄability of a
formula 𝜙 modulo a theory 𝒯 :

Eager (encode a SMT problem in SAT)

◮ we translate the problem over the theory into an
equisatisĄable propositional formula and use a SAT solver,

◮ it is eager, because the SAT solver has access to complete
theory information from the beginning,

◮ it requires sophisticated encodings

Lazy (combine a SAT solver with a decision procedure)

◮ it is very common that we have theory solvers for problems
that are conjunctions of literals
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Very Lazy SMT
example

¬a = b
(x = a ∨ x = b)
(y = a ∨ y = b)
(z = a ∨ z = b)

¬x = y

x y x a y a

Check with SAT solver

View
Theory
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Very Lazy SMT
example

¬ B1
( B2 ∨ B3 )

( B4 ∨ B5 )

( B6 ∨ B7 )

¬ B8

B B B

Check with SAT solver

View
Boolean
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¬ B8

B B B

Check with SAT solver
J ¬ B1 , ¬ B8 , ¬ B3 , B2 , ¬ B5 , B4 , ¬ B7 , B6 K

View
Boolean
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Very Lazy SMT
example

¬a = b
(x = a ∨ x = b)
(y = a ∨ y = b)
(z = a ∨ z = b)

¬x = y

x y x a y a

Check with SAT solver
J ¬a = b, ¬x = y, ¬x = b, x = a, ¬y = b, y = a, ¬z = b, z = a K

View
Theory

Check with T-solver
x = a ∧ y = a ⇒ x = y
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Very Lazy SMT
example

¬a = b
(x = a ∨ x = b)
(y = a ∨ y = b)
(z = a ∨ z = b)

¬x = y
(x = y ∨ ¬x = a ∨ ¬y = a)

Check with SAT solver
J ¬a = b, ¬x = y, ¬x = b, x = a, ¬y = b, y = a, ¬z = b, z = a K

View
Theory

Block
Add clause
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Very Lazy SMT
example

¬ B1
( B2 ∨ B3 )

( B4 ∨ B5 )

( B6 ∨ B7 )

¬ B8
( B8 ∨ ¬ B2 ∨ ¬ B4 )

Check with SAT solver

View
Boolean
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Very Lazy SMT
example

¬a = b
(x = a ∨ x = b)
(y = a ∨ y = b)
(z = a ∨ z = b)

¬x = y
(x = y ∨ ¬x = a ∨ ¬y = a)

Check with SAT solver
J ¬a = b, ¬x = y, ¬x = b, x = a, ¬y = a, y = b, ¬z = b, z = a K

View
Theory
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Very Lazy SMT
example

¬a = b
(x = a ∨ x = b)
(y = a ∨ y = b)
(z = a ∨ z = b)

¬x = y
(x = y ∨ ¬x = a ∨ ¬y = a)

Check with SAT solver
J ¬a = b, ¬x = y, ¬x = b, x = a, ¬y = a, y = b, ¬z = b, z = a K

View
Theory

Check with T-solver
Satisfiable

a, x, z 7→ c1
b, y 7→ c2
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Theory 𝒯

A theory 𝒯 is given by a Ąrst-order language 𝐿 (in our case
quantiĄer-free).

We say that an interpretation ℳ = (𝐷, 𝑖) for 𝐿 is a
𝒯 -interpretation if ℳ satisĄes all axioms of 𝒯 (or 𝑖 admits only
intended interpretations of 𝒯 ).

We say that a formula 𝜙 is

◮ 𝒯 -satisĄable, if ℳ ♣= 𝜙 for a 𝒯 -interpretation ℳ;

◮ 𝒯 -valid, if ℳ ♣= 𝜙 for every 𝒯 -interpretation ℳ.

A set of formulae Γ 𝒯 -entails a formula 𝜙, denoted Γ ♣=𝒯 𝜙, if
every 𝒯 -interpretation satisfying all formulae in Γ satisĄes also 𝜙.

How are 𝒯 -satisĄability and 𝒯 -validity connected?
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Lazy approach

Let 𝜙 be a formula and we want to know whether 𝜙 is
𝒯 -satisĄable. Let 𝜙′ be a propositional abstraction of 𝜙.

◮ we call a SAT solver on 𝜙′

◮ if 𝜙′ ∈ SAT, then we obtain a set of literals 𝑙′

1
, . . . , 𝑙′

𝑛
in 𝜙′ that

satisĄes the formula 𝜙′,
◮ if 𝜙′ /∈ SAT, then return 𝜙 /∈ SAT,

◮ we can then ask a 𝒯 -solver, whether the set of corresponding
literals 𝑙1, . . . , 𝑙𝑛 in 𝜙 is satisĄable in 𝒯
◮ if it is, then return 𝜙 ∈ SAT and provide a model.
◮ if it is not, then we can add a new propositional clause

𝑙′

1
∨ ≤ ≤ ≤ ∨ 𝑙′

𝑛
to 𝜙′ and repeat the whole process with a new

propositional formula.
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DPLL(𝒯 )Ůlazy approach + theory propagations
It ŞeffectivelyŤ transforms a satisĄability of an arbitrary
quantiĄer-free formula over 𝒯 to a satisĄability of a conjunction of
literals over 𝒯 . In basic lazy approach there is no theory guidance,
here 𝒯 -solver guides the search by producing 𝒯 -consequences.

For efficiency reasons we want several things from a solver for 𝒯 :

◮ checks consistency of conjunctions of literals,

◮ computes 𝒯 -propagations (𝒯 -consequences),

◮ pruduces explanations (ideally minimal) of 𝒯 -inconsistencies
and 𝒯 -propagations,

◮ should be incremental and backtrackable,

◮ (generate 𝒯 -atoms and 𝒯 -lemmata).

Although it is called DPLL(𝒯 ), in practice, CDCL is usually used
and hence we want a support for backjumping and conĆicts.
Moreover, we want to test already partial assignments not only full
propositional models for 𝒯 -consistency.
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DPLL(T ) - Example

Consider again EUF and the formula:

g(a)=c
︸ ︷︷ ︸

1

∧ ( f (g(a)) 6= f (c)
︸ ︷︷ ︸

2

∨ g(a)=d
︸ ︷︷ ︸

3

) ∧ c 6=d
︸︷︷︸

4

/0 || 1, 2∨3, 4 ⇒ (UnitPropagate)

Introduction to SMT – p. 2312 / 30
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DPLL(T ) - Example

Consider again EUF and the formula:

g(a)=c
︸ ︷︷ ︸

1

∧ ( f (g(a)) 6= f (c)
︸ ︷︷ ︸

2

∨ g(a)=d
︸ ︷︷ ︸

3

) ∧ c 6=d
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4

/0 || 1, 2∨3, 4 ⇒ (UnitPropagate)

1 || 1, 2∨3, 4 ⇒ (UnitPropagate)

1 4 || 1, 2∨3, 4 ⇒ (T-Propagate)

1 4 2 || 1, 2∨3, 4 ⇒ (T-Propagate)

1 4 2 3 || 1, 2∨3, 4 ⇒ (Fail)

UNSAT
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DPLL(T) Framework
great but not perfect

a 0<
b 0

a 1<
b 1b0<a1

b1<a2

a1<c1
c 0<

a 1
c 1<

a 2a0<c0

a 2
<b

2 b
2 <a

3

a
2 <c

2
c 2<

a 3

a0>a3

Example (Diamonds)

a0 > an ∧

n−1∧

k=0

((ak < bk ∧ bk < ak+1) ∨ (ak < ck ∧ ck < ak+1))
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a0>a3

Example (Diamonds)

a0 > an ∧

n−1∧

k=0

((ak < bk ∧ bk < ak+1) ∨ (ak < ck ∧ ck < ak+1))

And so on...
Exponential enumeration of paths.
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DPLL(T) Framework
typical architecture

SAT Solver

CDCL

Arithmetic

Bit-Vectors

Uninterpreted

Functions
Core

Theory Literals Explanations
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Various theories and their combinations

It is possible to combine various theories, called logics here, and
give them ŞcanonicalŤ names.

source: SMT-LIB
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Uninterpreted functions (UF)

We have literals of the form

𝑠 = 𝑡 and 𝑠 ̸= 𝑡,

where 𝑠 and 𝑡 may contain constants (variables) and function
symbols. Equality is reĆexive, symmetric, transitive, and satisĄes
congruence axioms

∀𝑥1 . . . ∀𝑥𝑚∀𝑦1 . . . ∀𝑦𝑚(𝑥1 = 𝑦1 ∧ ≤ ≤ ≤ ∧ 𝑥𝑚 = 𝑦𝑚 ⊃

𝑓(𝑥1, . . . , 𝑥𝑚) = 𝑓(𝑦1, . . . , 𝑦𝑚))

for every 𝑚-ary function symbol 𝑓 . It is sometimes called
functional consistency in this context.

(QF_UF) is usually the core of a SMT solver, which is used in
other theories. It is decidable by the congruence closure in
𝒪(𝑛 log 𝑛).
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Why no uninterpreted predicate symbols?

The only predicate symbol allowed in (QF_UF) is equality, because
every other uninterpreted predicate symbol can be expressed by a
fresh uninterpreted function

𝑝(𝑡1, . . . , 𝑡𝑚) becomes 𝑓𝑝(𝑡1, . . . , 𝑡𝑚) = ⊤,

¬𝑝(𝑡1, . . . , 𝑡𝑚) becomes 𝑓𝑝(𝑡1, . . . , 𝑡𝑚) ̸= ⊤,

where ⊤ is a new constant and 𝑓𝑝 is a new functional symbol for
every predicate 𝑝 in our original language. Note that 𝑓𝑝 and ⊤ are
not valid arguments of other terms.

Example

𝑝(𝑎) ∨ ¬𝑞(𝑎, 𝑔(𝑎, 𝑏)) becomes 𝑓𝑝(𝑎) = ⊤ ∨ 𝑓𝑞(𝑎, 𝑔(𝑎, 𝑏)) ̸= ⊤.
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Difference logic

We have
𝑥 ⊗ 𝑦 ◁▷ 𝑘

where ◁▷∈ ¶⊘, <, =, ̸=, >, ⊙♢, 𝑥 and 𝑦 are variables and 𝑘 a
constant over integers (QF_IDL) or reals (QF_RDL) .

We can assume that all are of the form 𝑥 ⊗ 𝑦 ⊘ 𝑘, because

𝑥 ⊗ 𝑦 = 𝑘 using 𝑥 ⊗ 𝑦 ⊘ 𝑘 ∧ 𝑦 ⊗ 𝑥 ⊘ ⊗𝑘

𝑥 ⊗ 𝑦 < 𝑘 using 𝑥 ⊗ 𝑦 ⊘ 𝑘 ⊗ 1 for integers

𝑥 ⊗ 𝑦 ⊘ 𝑘 ⊗ Ó for reals

where Ó is treated on symbolic level (or a sufficiently small real).

Moreover, every solution can be shifted. Hence we can introduce
fresh variable 𝑦0, replace all 𝑥 ⊘ 𝑘 by 𝑥 ⊗ 𝑦0 ⊘ 𝑘 and shift a
solution in such a way that 𝑦0 becomes 0.
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difference logic: from literals to graph

1. Construct a graph from literals
2. Check if there is a negative path

Theorem Literals unsatisfiable⇔ ∃ negative path

Example

[ x ≤ 1, x− y ≤ 2, y− z ≤ 3, z− x ≤ −6 ]

Conflict Set:
x y 2 y z 3 z x 6

x y

z

0

22
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x y 2 y z 3 z x 6

x y

z

0

1
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Theorem Literals unsatisfiable⇔ ∃ negative path

Example

[ x ≤ 1, x− y ≤ 2, y− z ≤ 3, z− x ≤ −6 ]

Conflict Set:
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1. Construct a graph from literals
2. Check if there is a negative path

Theorem Literals unsatisfiable⇔ ∃ negative path

Example

[ x ≤ 1, x− y ≤ 2, y− z ≤ 3, z− x ≤ −6 ]

Conflict Set:
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1
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difference logic: from literals to graph

1. Construct a graph from literals
2. Check if there is a negative path

Theorem Literals unsatisfiable⇔ ∃ negative path

Example

[ x ≤ 1, x− y ≤ 2, y− z ≤ 3, z− x ≤ −6 ]

Conflict Set:
x− y ≤ 2, y− z ≤ 3, z− x ≤ −6 x y

z

0

1

2

-6 3
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Linear arithmetic

We have
𝑎1𝑥1 + ≤ ≤ ≤ + 𝑎𝑛𝑥𝑛 ◁▷ 𝑏

where ◁▷∈ ¶⊘, <, =, ̸=, >, ⊙♢, 𝑎1 positive, and 𝑥1, . . . , 𝑥𝑛 are
variables over integers (QF_LIA) or reals (QF_LRA). We can
again assume that we have only ⊘.

Although simplex is exponential (and LRA is in P), it is fast in
practice.

For LIA (is NP-complete) simplex with branch-and-bound (cutting
planes) is used.
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Bit-vectors

We have Ąxed-sized vectors of bits (QF_BV).

Various types of operations

◮ logical (bit-wise), e.g., and

◮ arithmetic, e.g., add

◮ comparisons, e.g., <

◮ string-like, e.g., concat

Note that we can eagerly translate them into propositional logic
and use directly SAT (bit-blasting).
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Arrays (A)

We have two basic operations on arrays

◮ select(𝑎, 𝑖) is the value of array 𝑎 at the possition 𝑖

◮ store(𝑎, 𝑖, 𝑣) is the array 𝑎 with 𝑣 at the possition 𝑖

and equality is also a part of the language.

It satisĄes the following read-over-write axioms:

select(store(𝑎, 𝑖, 𝑣), 𝑖) = 𝑣

𝑖 ̸= 𝑗 ⊃ select(store(𝑎, 𝑖, 𝑣), 𝑗) = select(𝑎, 𝑗)

If we add the axiom of extensionality

∀𝑖(select(𝑎, 𝑖) = select(𝑏, 𝑖)) ⊃ 𝑎 = 𝑏,

then we obtain (QF_AX).
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http://smtlib.cs.uiowa.edu/logics-all.shtml#QF_AX


Arrays properties

Note that the size of a model depends on the number of accesses
to memory and not on the size of the memory we model.

Computing 𝒯𝐴 is NP-complete and hence in practice we usually
treat select and store as uninterpreted functions and add instances
of violated array axioms on demand.
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Combining theories

Instead of solving satisĄability of a formula 𝜙 in a theory 𝒯 , we
can also try to solve the same problem for a theory that is created
as a union of more theories 𝒯1 ∪ ≤ ≤ ≤ ∪ 𝒯𝑛, where we already have
solvers for all individual 𝒯𝑖, for 1 ⊘ 𝑖 ⊘ 𝑛. For example, we can
combine 𝒯𝐿𝑅𝐴 and 𝒯𝑈𝐹 .

We could develop a special solver for the new theory 𝒯1 ∪ ≤ ≤ ≤ ∪ 𝒯𝑛,
or attempt to combine individual solvers together in a uniform way
by

◮ separating reasoning for individual theories (puriĄcation),

◮ exchanging entailed equalities between solvers (equality
propagation).

If individual theories remain satisĄable after exchanging all entailed
equalitites between solvers (propagation), then the combination is
also satisĄable, otherwise it is unsatisĄable.
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motivating example (convex case)

Consider the following set of literals over TLRA ∪ TUF
(TLRA, linear real arithmetic):

f(f(x)− f(y)) = a
f(0) > a+ 2
x = y

First step: purify literals so that each belongs to a single
theory
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(TLRA, linear real arithmetic):

f(f(x)− f(y)) = a
f(0) > a+ 2
x = y

First step: purify literals so that each belongs to a single
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motivating example (convex case)

Consider the following set of literals over TLRA ∪ TUF
(TLRA, linear real arithmetic):

f(f(x)− f(y)) = a
f(0) > a+ 2
x = y

First step: purify literals so that each belongs to a single
theory

f(f(x)− f(y)) = a =⇒ f(e1) = a =⇒ f(e1) = a
e1 = f(x)− f(y) e1 = e2 − e3

e2 = f(x)
e3 = f(y)

76
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motivating example (convex case)

Consider the following set of literals over TLRA ∪ TUF
(TLRA, linear real arithmetic):

f(f(x)− f(y)) = a
f(0) > a+ 2
x = y

First step: purify literals so that each belongs to a single
theory

f(0) > a+ 2 =⇒ f(e4) > a+ 2 =⇒ f(e4) = e5
e4 = 0 e4 = 0

e5 > a+ 2

76
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motivating example (convex case)

Second step: exchange entailed interface equalities, equalities
over shared constants e1, e2, e3, e4, e5,a

L1 L2
f(e1) = a e2 − e3 = e1
f(x) = e2 e4 = 0
f(y) = e3 e5 > a+ 2
f(e4) = e5

e2 e3

x = y

a e5
e1 e4

L1 UF e2 e3 L2 LRA e1 e4
L1 UF a e5 Third step: check for

satisfiability locally

L1 UF
L2 LRA

Report unsatisfiable

77
26 / 30



motivating example (convex case)

Second step: exchange entailed interface equalities, equalities
over shared constants e1, e2, e3, e4, e5,a

L1 L2
f(e1) = a e2 − e3 = e1
f(x) = e2 e4 = 0
f(y) = e3 e5 > a+ 2
f(e4) = e5

e2 e3

x = y

a e5
e1 e4

L1 |=UF e2 = e3

L2 LRA e1 e4
L1 UF a e5 Third step: check for

satisfiability locally

L1 UF
L2 LRA

Report unsatisfiable
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Second step: exchange entailed interface equalities, equalities
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f(x) = e2 e4 = 0
f(y) = e3 e5 > a+ 2
f(e4) = e5 e2 = e3

x = y

a e5
e1 e4

L1 UF e2 e3 L2 LRA e1 e4
L1 UF a e5 Third step: check for

satisfiability locally

L1 UF
L2 LRA

Report unsatisfiable

77
26 / 30



motivating example (convex case)

Second step: exchange entailed interface equalities, equalities
over shared constants e1, e2, e3, e4, e5,a

L1 L2
f(e1) = a e2 − e3 = e1
f(x) = e2 e4 = 0
f(y) = e3 e5 > a+ 2
f(e4) = e5 e2 = e3

x = y

a e5
e1 e4

L1 UF e2 e3

L2 |=LRA e1 = e4

L1 UF a e5 Third step: check for
satisfiability locally

L1 UF
L2 LRA

Report unsatisfiable
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motivating example (convex case)

Second step: exchange entailed interface equalities, equalities
over shared constants e1, e2, e3, e4, e5,a

L1 L2
f(e1) = a e2 − e3 = e1
f(x) = e2 e4 = 0
f(y) = e3 e5 > a+ 2
f(e4) = e5 e2 = e3

x = y

a e5

e1 = e4

L1 UF e2 e3 L2 LRA e1 e4
L1 UF a e5 Third step: check for

satisfiability locally

L1 UF
L2 LRA

Report unsatisfiable
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motivating example (convex case)

Second step: exchange entailed interface equalities, equalities
over shared constants e1, e2, e3, e4, e5,a

L1 L2
f(e1) = a e2 − e3 = e1
f(x) = e2 e4 = 0
f(y) = e3 e5 > a+ 2
f(e4) = e5 e2 = e3

x = y

a e5

e1 = e4

L1 UF e2 e3 L2 LRA e1 e4

L1 |=UF a = e5

Third step: check for
satisfiability locally
L1 UF

L2 LRA
Report unsatisfiable
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motivating example (convex case)

Second step: exchange entailed interface equalities, equalities
over shared constants e1, e2, e3, e4, e5,a

L1 L2
f(e1) = a e2 − e3 = e1
f(x) = e2 e4 = 0
f(y) = e3 e5 > a+ 2
f(e4) = e5 e2 = e3

x = y a = e5
e1 = e4

L1 UF e2 e3 L2 LRA e1 e4
L1 UF a e5 Third step: check for

satisfiability locally
L1 UF
L2 LRA

Report unsatisfiable

77
26 / 30



motivating example (convex case)

Second step: exchange entailed interface equalities, equalities
over shared constants e1, e2, e3, e4, e5,a

L1 L2
f(e1) = a e2 − e3 = e1
f(x) = e2 e4 = 0
f(y) = e3 e5 > a+ 2
f(e4) = e5 e2 = e3

x = y a = e5
e1 = e4

L1 UF e2 e3 L2 LRA e1 e4
L1 UF a e5

Third step: check for
satisfiability locally
L1 ̸|=UF ⊥

L2 |=LRA ⊥

Report unsatisfiable
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motivating example (convex case)

Second step: exchange entailed interface equalities, equalities
over shared constants e1, e2, e3, e4, e5,a

L1 L2
f(e1) = a e2 − e3 = e1
f(x) = e2 e4 = 0
f(y) = e3 e5 > a+ 2
f(e4) = e5 e2 = e3

x = y a = e5
e1 = e4

L1 UF e2 e3 L2 LRA e1 e4
L1 UF a e5

Third step: check for
satisfiability locally
L1 ̸|=UF ⊥

L2 |=LRA ⊥
Report unsatisfiable

77
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NelsonŰOppen approach
A theory 𝒯 is stably inĄnite, if every 𝒯 -satisĄable ground formula
is 𝒯 -satisĄed by an inĄnite 𝒯 -interpretation. For example, Ąnite
structures like (QF_BV) are not stably inĄnite.

A theory 𝒯 is convex, if Γ ♣=𝒯 𝜙1 ∨ ≤ ≤ ≤ ∨ 𝜙𝑛, then Γ ♣=𝒯 𝜙𝑖 for
some 𝑖 ∈ ¶1, . . . , 𝑛♢. For example, (QF_UF) and (QF_LRA) are
convex, but (QF_LIA), (QF_AX), and (QF_BV) are not convex.

It is possible to combine theories (NelsonŰOppen method) that are

◮ signature-disjoint (equalities are shared),

◮ stably inĄnite, and

◮ convex.

It is even possible to combine non-convex theories by propagating
disjunctions of equalities (splitting). From practical point of view,
many optimizations are required. There are also other methods,
e.g., model-based theory combinations.
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motivating example (non-convex case)

Consider the following unsatisfiable set of literals over
TLIA ∪ TUF (TLIA, linear integer arithmetic):

1 ≤ x ≤ 2
f(1) = a
f(2) = f(1) + 3
a = b+ 2

First step: purify literals so that each belongs to a single
theory
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Consider the following unsatisfiable set of literals over
TLIA ∪ TUF (TLIA, linear integer arithmetic):

1 ≤ x ≤ 2
f(1) = a
f(2) = f(1) + 3
a = b+ 2

First step: purify literals so that each belongs to a single
theory
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motivating example (non-convex case)

Consider the following unsatisfiable set of literals over
TLIA ∪ TUF (TLIA, linear integer arithmetic):

1 ≤ x ≤ 2
f(1) = a
f(2) = f(1) + 3
a = b+ 2

First step: purify literals so that each belongs to a single
theory

f(1) = a =⇒ f(e1) = a
e1 = 1
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motivating example (non-convex case)

Consider the following unsatisfiable set of literals over
TLIA ∪ TUF (TLIA, linear integer arithmetic):

1 ≤ x ≤ 2
f(1) = a
f(2) = f(1) + 3
a = b+ 2

First step: purify literals so that each belongs to a single
theory

f(2) = f(1) + 3 =⇒ e2 = 2
f(e2) = e3
f(e1) = e4
e3 = e4 + 3

78
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motivating example (non-convex case)

Second step: exchange entailed interface equalities over
shared constants x, e1,a,b, e2, e3, e4

L1 L2
1 ≤ x f(e1) = a
x ≤ 2 f(x) = b
e1 = 1 f(e2) = e3
a = b+ 2 f(e1) = e4
e2 = 2

x e1

e3 = e4 + 3
a = e4

x e1
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motivating example (non-convex case)

Second step: exchange entailed interface equalities over
shared constants x, e1,a,b, e2, e3, e4

L1 L2
1 ≤ x f(e1) = a
x ≤ 2 f(x) = b
e1 = 1 f(e2) = e3
a = b+ 2 f(e1) = e4
e2 = 2

x e1

e3 = e4 + 3
a = e4

x e1

No more entailed equalities, but L1 |=LIA x = e1 ∨ x = e2
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motivating example (non-convex case)

Second step: exchange entailed interface equalities over
shared constants x, e1,a,b, e2, e3, e4

L1 L2
1 ≤ x f(e1) = a
x ≤ 2 f(x) = b
e1 = 1 f(e2) = e3
a = b+ 2 f(e1) = e4
e2 = 2

x e1

e3 = e4 + 3
a = e4

x e1

Consider each case of x = e1 ∨ x = e2 separately

79
28 / 30



motivating example (non-convex case)

Second step: exchange entailed interface equalities over
shared constants x, e1,a,b, e2, e3, e4

L1 L2
1 ≤ x f(e1) = a
x ≤ 2 f(x) = b
e1 = 1 f(e2) = e3
a = b+ 2 f(e1) = e4
e2 = 2

x e1

e3 = e4 + 3
a = e4

x e1

Case 1) x = e1
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motivating example (non-convex case)

Second step: exchange entailed interface equalities over
shared constants x, e1,a,b, e2, e3, e4

L1 L2
1 ≤ x f(e1) = a
x ≤ 2 f(x) = b
e1 = 1 f(e2) = e3
a = b+ 2 f(e1) = e4
e2 = 2 x = e1
e3 = e4 + 3
a = e4
x = e1
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motivating example (non-convex case)

Second step: exchange entailed interface equalities over
shared constants x, e1,a,b, e2, e3, e4

L1 L2
1 ≤ x f(e1) = a
x ≤ 2 f(x) = b
e1 = 1 f(e2) = e3
a = b+ 2 f(e1) = e4
e2 = 2 x = e1
e3 = e4 + 3
a = e4
x = e1

L2 |=UF a = b, which entails ⊥ when sent to L1
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motivating example (non-convex case)

Second step: exchange entailed interface equalities over
shared constants x, e1,a,b, e2, e3, e4

L1 L2
1 ≤ x f(e1) = a
x ≤ 2 f(x) = b
e1 = 1 f(e2) = e3
a = b+ 2 f(e1) = e4
e2 = 2

x e2

e3 = e4 + 3
a = e4

x e2
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motivating example (non-convex case)

Second step: exchange entailed interface equalities over
shared constants x, e1,a,b, e2, e3, e4

L1 L2
1 ≤ x f(e1) = a
x ≤ 2 f(x) = b
e1 = 1 f(e2) = e3
a = b+ 2 f(e1) = e4
e2 = 2

x e2

e3 = e4 + 3
a = e4

x e2

Case 2) x = e2
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motivating example (non-convex case)

Second step: exchange entailed interface equalities over
shared constants x, e1,a,b, e2, e3, e4

L1 L2
1 ≤ x f(e1) = a
x ≤ 2 f(x) = b
e1 = 1 f(e2) = e3
a = b+ 2 f(e1) = e4
e2 = 2 x = e2
e3 = e4 + 3
a = e4
x = e2

80
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motivating example (non-convex case)

Second step: exchange entailed interface equalities over
shared constants x, e1,a,b, e2, e3, e4

L1 L2
1 ≤ x f(e1) = a
x ≤ 2 f(x) = b
e1 = 1 f(e2) = e3
a = b+ 2 f(e1) = e4
e2 = 2 x = e2
e3 = e4 + 3
a = e4
x = e2

L2 |=UF e3 = b, which entails ⊥ when sent to L1
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SMT-LIB

Among other things it is a common input and output language for
SMT solvers that is described here.

; Integer arithmetic

(set-logic QF_LIA)

(declare-const x Int)

(declare-const y Int)

(assert (= (- x y) (+ x (- y) 1)))

(check-sat)

; unsat

(exit)
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http://smtlib.cs.uiowa.edu/


Why is SMT useful?

◮ it combines (not only) propositional logic reasoning with a
domain-speciĄc reasoning in a modular way,

◮ it covers commonly used theories and their combinations, for
example, in software veriĄcation we reason about
◮ equalities,
◮ arithmetic,
◮ data structures,

◮ many applications in
◮ scheduling,
◮ test generation,
◮ symbolic software veriĄcation,
◮ static analysis,
◮ program veriĄcaiton,
◮ hardware veriĄcation,

◮ used by major companies like Microsoft (develops Z3),
Amazon, . . .
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Used presentations

The following slides are taken from

◮ 8, 13, and 14 are from Jovanović 2016,

◮ 12 is from Oliveras 2019,

◮ 18 is from Griggio 2015,

◮ 20, 26, and 28 are from Tinelli 2017.
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