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Example (group theory)

Assume we have axioms

VX(1-X = X)
VX(X1-X=1)
VXVYVZ((X-Y)-Z=X-(Y-2))

and we want to know whether

1. VX(X-1=X),

2. VX(X-X"!'=1), and

3VXVWY(X Y =Y -X)
follow from them. These are tasks in which automated theorem
provers usually outperform people.
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First-Order Logic (recap)

We have already used (restricted) First-Order Logic (FOL), also
called predicated logic, in SMT, Prolog, and ASP. We have

» logical symbols

» variables—an infinite (countable) set denoted Var

» quantifier symbols V and 3

> logical connectives

» auxiliary symbols — parentheses, punctuation symbols, ...

» non-logical symbols accompanied by their arity (the number of
arguments)

» function symbols
» nullary functions are called constants
» predicate (ralation) symbols

» nullary predicate symbols are essentially propositional variables

The logical symbols are fixed, but the non-logical symbols form a
language L.
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Variants

There are various variants of FOL, e.g., they differ in:

Equality

Some symbols like = can be either logical, or non-logical. We start
with the later variant (FOL without equality), but later on we will
use the former variant (FOL with equality). In FOL without
equality we are allowed to interpret = as needed. For example, it
can be a general equivalence relation.

Many-sorted language

Sometimes it is convenient to talk about different types of objects
and hence variables, function and predicate symbols can be
accompanied by types. We can easily simulate finitely many sorts
by introducing new predicates.
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Terms

The set of all terms in a language L, denoted Termy, is the
smallest set satisfying

» every variable (an element of Var) is a term in L,

» if f is an n-ary function in L and ¢y,...,t, are terms in L,
then f(t1,...,t,) is a a term in L.

Example

X, ¢, and g(a,g(Y)) are all terms where X and B are variables,
¢/0 and a/0 are nullary functions (constants), and ¢g/2 and g/1 are
binary and unary functions, respectively.
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Formulae

Let p be an n-ary predicate symbol in L and %1,...,t, be terms in
L, then p(ti,...,t,) is an atomic formula (or atom) in L.

The set of all formulae in a language L, denoted Fmly, is the
smallest set such that

» every atomic formula in L is a formula in L,
» if o and ¢ are formulae in L, X is a variable, then (VX ),

(3X), (=¢), (¢ = ¥), (p A¢), and (¢ V ) are formulaet
in L.

A formula v is a subformula of ¢ if ¢ is a substring of (.

We usually write only parentheses that are necessary for
unambiguous reading.

A formula ¢ <+ 9 is a shortcut for (¢ — 1) A (b — ).
5/33



Two types of occurrences of variables

There is no difference between
VXp(X) and VYp(Y)

when it comes to their meaning. Hence they can be freely replaced
in formuale.

However, there is clearly a difference between
p(X) and  p(Y),
because if we replace p(X) by p(Y) in
p(X)V =p(Y),

then we get
p(Y) vV =p(Y).
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Free and bounded occurrences of variables
We distinguish two types of occurrences of variables in a formula ¢
» free — not under a scope of a quantifier, denoted F'V (y),
» bounded — under a scope of a quantifier, denoted BV ().

{X | X occursin ¢}, if ¢ is atomic,

FV(g) = FV(3), if o=,
FV () U FV(x), if o =1o0x foroe{A,V,—},
FV () \ {X}, if o= QX for Q € {V,3}.
0, if © is atomic,
YT BV@)UBV(Y), ifo=toyforoc{AV,—)
BV (y)U{X}, if o = QX for Q € {V,3}.

It is possible that F'V () N BV () # 0.
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Semantics
We have formulae (syntactic objects) and we want to assign a
meaning (semantics) to them.

The meaning of

» logical symbols is fixed,

» non-logical symbols is problem specific.
Example
We want to show that

p(X, f(Y)) = 3Z(p(X, Z) Ap(Z, f(Y)))

does not hold if
P everything is interpreted over Z,
» p/2is interpreted as < on Z,
» f/1is interpreted as multiplication by —1, and
> the evaluation of X and Y is 1 and —2, respectively.
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Semantics

Interpretation
An interpretation (or model) for a language L, denoted
M = (D, 1), consists of a non-empty set D (domain) and a
function ¢ (interpretation) on D such that
» if fis an n-ary function symbol in L, then i(f): D" — D,
» if p is an n-ary preditace symbol in L, then i(p) C D".

Evaluation

Let M = (D, i) be an interpretation for L, an evaluation in M is
any function e: Var — D. Note that e(X +— a), for X € Var and
a € D, is the same as e, but gives a to X.

The value of term ¢ under an evaluation e in M = (D, ), denoted
tM[e], is defined recursively
> XMle] = e(X), if X € Var,

> ftr,..., to,)Mle] = i(f)(tM]el, ..., tMe]), if £ is n-ary

function symbol.
9/33



Tarski's definition of truth

Let M = (D, ) be an interpretation for L, e be an evaluation in
M, then we say that a formula ¢ is satisfied in M by e, denoted
M = ¢le], or e satisfies ¢ in M if

> M= p(ty, ... tn)]e] iff (te], ..., t M e]) € i(p), where p is

n-ary predicate symbol in L,

> M= (~0)le] iff M I yle],
> M (6 = x)le] iff M 0le] or M E xe],
> M (@ Ax)e] iff M= ¢e] and M = xle],
> M (¢ Vx)le] iff M= yle] or M = x]e],
> M = (VX)[e] iff for every a € D holds M | ¥le(X — a)],
> M = (3XY)[e] iff exists a € D s.t. M = ¢[e(X — a)).

A formula ¢ is satisfiable, if there is M and e s.t. M |= ¢[e]. A
set of formulae T is satisfiable, if there is M and e s.t. M | ¢le],
for every p € T
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Semantic consequence relation

A formula ¢ is valid (or holds) in M, denoted M |= ¢, if ¢ is
satisfied in M by any evaluation e.

A formula ¢ follows from (or is a consequence of) a set of formula
I', denoted I' |= ¢, if and only if for any interpretation M and
evaluation e, if for every 1 € I holds M |= v[e], then M = ¢[e].
We write |= ¢, if I' = () and say that ¢ is valid (or holds).

F'Ee iff YMVe(Vy € T(M | ¢e]) = M E ¢le])
Note that
I'E=¢ iff T'U{-p} is unsatisfiable.

We say that two formulae ¢ and v are (semantically) equivalent,

denoted ¢ =1, if {¢} E ¥ and {¢} = ¢.
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Basic properties

Let ¢, ¥, and x be formulae such that X ¢ F'V (), then
> AVXp)=VX () A
_ > (Y ANIXp) =3X (Y A )
> ﬁElXQD:\V/X—mp,
_ > (Y VVXp) =VX([WV @)
> VXYY = VYVX g,
~ > (v IXG) = IX(BV ),
> X3V = IVIXy,
_ > (P = VXp) =VX() — @)
> VX (pAx)=VXpAVXY,
_ > (Y = IXp) =3X (Y — ¢)
> EIX(go\/x)—E!ch\/ElXx,
> (VX =) =3X(p = 1)
> IX(p—x) =VXp—3IXx,
> X =) =VX(p = 1)
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Equivalent formulae

We can freely replace (sub)formulae by equivalent formulae. More
formally

Lemma

Let ¢ be a subformula of a formual v, and x be a formula such

that 1) = x. A formula ¢’ is obtained by replacing v in ¢ by x. It
holds that o = ¢'.

Example

For example, this is useful for renaming bounded variables. Clearly
VXr(X,Y)=VYZr(Z,Y) and hence VX (p(X) AVXr(X,Y)) is
equivalent to VX (p(X) AVZr(Z,Y)).

Note that VX7 (X,Y") is not equivalent to VY r(Y,Y)!
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How to decide whether I' = ¢ for FOL using computers?

First, we know that this problem is undecidable. ..

However, we can still use our favorite recipe

1. show that it is sufficient to deal only with a restricted class of
formulae by presenting various transformations and

2. use techniques developed for less expressive systems

to develop a procedure that is quite useful.

Note that this is not the only possible approach! Moreover, the
other approaches may have various advantages. Similarly, using
only CNFs in propositional logic may lead to various problems.
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Prenexing

We say that a formula ¢ is in prenex (normal) form, if

Y= Qlea v 7QTLXTL¢7
where Q1, ..., Q, are quantifiers and 1) is an open (quantifier-free)

formula.

Lemma

For every formula ¢, there exists a formula v in prenex normal
form such that ¢ = 1.

Proof.
By induction on the structure of the formula ¢ using previous
equivalences and renaming of bounded variables. O
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Substitutions

A substitution, o: Var — Term, is a function that assigns terms
to variables. An application of a substitution ¢ on a formula ¢,
denoted o, is a formula ¢ with all free occurrences of variables
replaced simultaneously by their o images. We usually denote
substitutions o, ¢, and 7.

Note that we usually provide only the non-identity part of a
substitution. A substitution o: Var — Var is called a renaming.

Example
Let 0 ={X — f(X,Z),Y — a}, then

(p(X,Y) = (V) Vv (VWWr(V, X))o

((p(f(X, 2),a) = q(a)) vV (YVr(V, (X, 2))))-
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Substitutability

A term t is substitutable into a formula ¢ for a variable X, if no
occurrence of a variable in ¢ becomes bounded in ¢ when all free
occurrences of X in ¢ are replaced by t.

This directly extends to substitutions. From now on, we assume
that if we apply a substitution, it is substitutable. However, we can
always avoid all these potential problems by renaming bounded
variables appropriately.

Example
Let 0 = {X — f(X ,Y) Y»—)g(X) Z — g(X)}, then
> VZp(X,Y,Z)o =VZp(f(X,Y),9(X),Z), and

> VY p(X,Y, Z)o is not substitutable, but
> VUp(X,U, Z)o =VU(f(X,Y),U,g(X)).
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Sentences

A term is closed (or ground), if it contains no variables. A formula
¢ is a sentence (or closed), if it contains no free occurrences of
variables. A formula ¢ is open, if it contains no quantifiers.
Lemma
Let ¢ be a sentence, o be a substitution, M be an interpretation,
and e be an evaluation, then

1. po =,

2. M = ple] iff M = p|€'] for every evaluation €/,

3. MEgo ME—p.

Example

p(a) and VXVY (p(X,b,9(Y, X)) — q(f(f(b)), X)) are sentences.
VY (p(X,b,9(Y, X)) — q(f(f(b)), X)) is not a sentence.
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Skolem functions

It is possible to get rid of existential quantifiers by introducing
Skolem functions (or Skolem constants) that behave as witnesses
(or choice functions).

We know that
AXVY3IZp(X,Y, Z) (1)

follows from
YYp(e, Y, f(Y)) (2)

where ¢ and f/1 are fresh. Although (2) does not follow from (1),
they are equisatisfiable.
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Skolemization

We say that a formula is in Skolem normal form if it is in prenex
normal form and it contains no existential quantifiers.

We can obtain a formula in Skolem normal form from a formula ¢
in prenex normal form by eliminating the first existential quantifier
in

¢ =VYX1,...,VX,3Y.
We obtain
90, = \VIXla s 7VXn¢{Y — f(Xh . aXn)}

where f is a fresh n-ary function symbol. Then we repeat the
whole process with ¢’ until there is no existential quantifier in the
formula. The resulting formula is equisatisfiable with .

We prefer Skolem functions with small arities.
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Usual transformations

NNF (negation normal form)

Apply the following rewriting steps as long as possible:

——p
o=
(e A1)
(e V1)
(VX )
—(3X )

Rectified formulae
A formula ¢ is rectified if

I A

@
AKX
oV
2
dX -
VX -

» no variable occurs both free and bounded in ¢,

» no two quantifiers in ¢ quantify over the same variable.

We obtain a rectified formula by renaming bounded variables.
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Clauses in FOL

We adapt our terminology from propositional logic.

A literal is an atomic formula (positive), or a negation of an
atomic formula (negative).

A clause is a disjunction of finitely many literals. An important
special case is the empty clause, denoted O.
A formula ¢ is in conjunctive normal form (CNF) if ¢ is a

conjunction of clauses.

Recall two special cases:
» the empty clause O (empty disjunction) is unsatisfiable,
» the empty conjunction is satisfiable.
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CNF
The universal closure of a formula ¢, denoted Vi, is a formula
VX1,...VXnp, where {X1,...,.X,,} = FV(p).

We produce a CNF ¢’ (implicitly universally quantified) from a
sentence ¢ by performing the following steps

1. produce a NNF,
2. rectify,

3. skolemize (an obvious generalization for sentences not in
prenex normal form),

4. remove all universal quantifiers,

5. produce a CNF as in propositional logic.

Let ¢’ be a set of clauses x1,...,Xn. It holds that
@ is satisf. iff V/\ ¢’ is satisf. iff Vx1 A--- AV, is satisf.

where YA ¢ is V(x1 A+ A Xn)-
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Our problem

Let I' = {41,...,v,} be a set of senteces and ¢ be a sentence.
We know that

Iy
iff
' U {—¢} is unsatisfiable
iff
Vi U -+ - UVl UV(—g) is unsatisfiable,

where ], ... ¢!, (=) are in CNF (=sets of clauses) and
equisatisfiable to 1, ..., ¥,, ¢, respectively. Moreover,
VA = {Vx | x € A} for a set of clauses A.

We say that A is a set of clauses assuming that it is implicitly
universally quantified.
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Instances

Lemma
Let ¢ be a clause and o be a substitution, then Yo |= ¢o.

We say that o is an instance of . If an instance contains no
variable, then we call it a ground instance.

Example
From VXVY (p(X) V —¢(X,Y)), for example, follows
pla) vV —q(a, f(Z)).
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Herbrand models

We can restrict the types of interpretations that have to be
considered. Let I' be a set of clauses.

Herbrand universe

The Herbrand universe of I', denoted HU(I"), is the set of all
ground terms in the language of I'. If I' contains no constant, we
add a fresh constant c¢ to the language.

Herbrand base

The Herbrand base of I', denoted HB(T"), is the set of all ground
atomic formulae in the language of I', where only terms from
HU(T') are allowed.

Herbrand interpretation
A Herbrand interpretation of I" is a subset of HB(I).
Herbrand model

A Herbrand model M of I' is a Herbrand interpretation of I' such
that M =T
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Herbrand’'s theorem

Theorem
Let I" be a set of clauses. The following conditions are equivalent:

1. T' is unsatisfiable,
2. the set of all ground instances of I' is unsatisfiable,

3. a finite subset of the set of all ground instances of T" is
unsatisfiable.

Note that I has a model iff it has a Herbrand model. However, we
should note that clauses are quantifier-free. For example, a formula
p(c) AN AX—p(X) is clearly satisfiable, but has no Herbrand model;
the Herbrand universe contains only c.
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Naive approach

Herbrand’s theorem provides a propositional criterion for
unsatisfiability of a set of clauses I', because a ground atomic
formula can be seen as a propositional atom.

Several early approaches (Gilmore; David and Putnam in 1960)
work as follows—generate ground instances and use propositional
resolution. If you fail, then produce more instances and repeat.

However, such an approach is generally very inefficient (but a
variant of it works for ASP).
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Lifting lemma

A technique to prove completeness theorems for the non-ground
case using completeness for a ground instance.

For example, we have clauses
{Q(Y7 f(X)),p(X, CL)} and {_‘p(Ua V)’ T<U7 V)}

We want to represent infinitely many ground instances and possible
resolution steps by a single non-ground instance.

{Q(va(X))7p(X7 CL)} {ﬁp(U/ V),T(U, V)}
{q(Y, f(X)),r(X,a)}

Use unification!
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Unifiers

Let s and t be terms. A unifier of s and ¢ is a substitution o such
that so and to are identical (so = to).

A unifier o of s and ¢ is said to be a most general unifier (or mgu
for short), denoted o = mgu(s,t), if for any unifier 6 of s and ¢
there is a substitution 7 such that § = on that is 6 is a
composition of ¢ and 7.

We can easily extend our definitions to
» a (most general) unifier of a set of terms,
» a (most general) unifier of two atomic formulae,

» a (most general) unifier of a set of atomic formulae.
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Unification algorithm
A set of equations { X1 =t;,...,X,, =, } is said to be in solved

form if Xq,...,X,, are distinct variables that do not appear in
terms t1,..., .
Given a finite set of pairs of terms T' = {s1 = t1,...,8, = tn }.

The following algorithm either produces a set of equations in
solved form that defines an mgu o such that s;o = t;0, for
1 < i <mn, orit fails. If it fails, then there is no unifier for the set.
> SU{u=u}~ S,
> SI_I{f(ul,...,uk) if(Ul,...,’Uk)} ~
SU{ur =wvp,...,up = v},
> SU{ flur,...,ux) =g(vi,...,v) } ~fail, if f#gork#I,
> SU{f(ur,...,ux) =X}~ SU{X = f(ur,...,ux) },
> SI{X =u}~»S{X—ulU{X =u},if X ¢uand X €5,
> SU{X =u} ~ fail, if X €u,
where u,u;,v; are terms and S is a finite set of pairs of terms.
Moreover, S{X — u} means that we substitute u for all
occurrences of X in S. SUU means SUU where SNU = 0.
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Properties of the unification algorithm

Termination
The algorithm always terminates. Assume the following triplet

1. the number of distinct variables that occur more than once
in T,

2. the number of function (and constant) symbols that occur on
the left hand sides in T,

3. the number of pairs in 7.

Clearly, under the lexicographic order, the triple decreases after an
application of any rule.

It produces an mgu

A routine induction proof on the number of steps of the algorithm
proves that

» it finds an mgu, if there is a unifier of the set,

» it fails, if there is no unifier of the set.
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Resolution

Let 1, ..., lmslm+1, - - -, lim+n be literals and p and ¢ be atomic
formulae.
{l17 . Map} {ﬁq’ lm+17 ey lm+n}
{l17" m’ m—i—ly-'-,lm—i-n}o-
where 0 = mgu(p,q) and {l1,...,lm, lm+1,s- - Imsn }o is equal to
{lio,.. lma, lm+10, ...y lm+no}. The clause
{li, by lmt1y -+« Lingn o produced by the (binary) resolution

rule is called the resolvent of the two input clauses. We assume
that the input clauses do not share variables (renaming away).

Theorem (correctness)

{lla"' mup} {ﬂq7lm+1,.--7lm+n} ':
{liy o by bt s - -« s lmn fo, where o = mgu(p, q).

Hence the resolution rule preserves satisfiability. However, it is not
sufficient for completeness.
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