1.  Compute the value of f(6,7)  by the DP method using only integer 2D table of size 7(8. 

a)                    0                                                                if  x=0 or  y=0 
     f(x, y)  =         

                       f(x(1, y(1)+ f(x(1, y) + f(x, y(1)  + 1     else
b)                    0                                                                              if  x=0 or  y=0 
     f(x, y)  =         

                       max { f(x(1, y(1),  f(x(1, y) } +  f(x, y(1)  + 1    else
2. 1.  Compute the value of f(3, 4, 2)  by the DP method using only integer 3D table of size 4(5(3. 

a)                    0                                                                                                  if  x=0 or  y=0 or  z=0
    f(x, y, z)  =         

                       f(x(1, y(1, z(1)+ f(x(1, y, z) + f(x, y(1, z) + f(x, y, z(1)+1    else
b)                    0                                                                                       if  x=0 or  y=0 or  z=0 

    f(x,y, z)  =         

                        3*f(x(1, y(1,  z) ( f(x, y(1, z) ( f(x(1, y, z(1)  +  1;   else
3.  Pascal triangle:
              1
            1   1

          1   2   1 

        1   3   3   1 

      1   4   6   4   1

    1   5  10  10   5   1

  1   6  15  20  15   6   1

1   7  21  35  35  21   7   1

.. .. .. .. .. .. .. .. .. .. ..    

Pascal triangle contains binomial coefficients Bin(n,k). Recall that for positive values of n and k the recursive relation always holds:

Bin(n, k) = Bin(n(1, k) + Bin(n(1, k(1)

Now, we define a simple recursive function which returns the binomial coefficient 

                     1                                                  if  k = 0 or n = k
Bin(n,k) = 

                      Bin(n(1, k) + Bin(n(1, k(1)     if  n > k > 0. 

Find out, how many times is this function called when command int x = Bin(6,4); is issued.  
4.  Ackermann function A(n, m) (see bellow) is defined for any two non-negative integer parameters and its values can be stored in a 2D table. Fill first few lines and columns of this table by the corresponding values A(n, m) using the DP approach and avoid thus any recursive calls. 
 Can you determine the value of  A(4,4) or maybe of A(5, 3)?
                   m+1                                n=0
A(n, m) =  A(n(1, 1)                        n>0, m=0
                  A(n(1, A(n, m(1))         n>0, m>0
(Note that the second function parameter in the third line is again a result of function call A(n, m(1).)

5A.  Determine some topological order of nodes of   DAG G1. The nodes of  G1 are labeled 0,1, 2, ..., 7 and the list of edges of G1 is given:
 E(G1) = {(0, 1), (0, 4), (1, 2), (1, 7), (4, 2), (4, 3), (4, 6), (5, 0), (5, 1), (5, 4), (6, 2),  (6, 7), (7, 3)}.
5B. There exist more different topologicals orders of nodes of G1 in 5A problem. When we print out labels of nodes in some order the result is formally an 8D vector of integers. Find such topological order of G1 in which the corresponding vector of node labels is lexicographically as small as possible.

6.   Suppose that each edge in connected DAG  has some real valued weight.  There is a standard (see lecture notes) DP algorithm which finds the path with maximum weight in this DAG. Modify this algorithm in such way that it solves modified problems described bellow:

A. Supose that each node has positive weight and the edges have no weights. 

B. Supose that each node has arbitrary weight (positive or negative) and the edges have no weights.

C. Supose that each node and each edge has arbitrary weight.

7.    Describe a method based on DP which finds the number of all paths of lengthh exactly 3 in an unweighted DAG. Do not generate or traverse separately each of those paths.

(Hint: Register in each node how many paths of length 1, of length 2and of length 3 end in that node.) 
8.  Describe a method based on DP which finds the total number of all paths in DAG, i.e. the number of paths of all possible lengths.  

9. We want to know the number of all binary vectors of length N  which do not contain two immediately neighbouring 1's.   (E.g. vector 0100100101 is acceptable, vectors 01100, 111011 are not acceptable). 

Let symbol P(N, 0) denote the number of all such vectors which have length N and their last digit is 0.

Analogously, let P(N, 1) denote the number of all such vectors which have length N and their last digit is 1.

A. Formulate recurrences which will express exactly how the values   P(N, 0) and P(N, 1) depend on the values   P(N(1, 0) and P(N(1, 1) .

B. Apply the DP strategy to compute the value  P(12, 0) + P(12, 1) according to the recurrences derived in A.

10. Each edge in a given DAG is colored green or blue. Describe a method based on DP which finds the longest path in DAG with the additional property that the colors of each two neighbouring (incident) edges in the path are different. 
