The complexity of different algorithms varies: O(n), Q(n?), ©(n-log,(n)), ...

Dynamic programming

Optimal binary
search tree

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...




The complexity of different algorithms varies: O(n), Q(n?), ©(n-log,(n)), ...

Optimal binary search tree

[ Balanced but not optimal ]
4 0.04 A
Hugo
0.01 0.09
Dana Lea
0.08 0.05 0.05 0.03
Ben Fred Jack Nick
0.03 0.12 0.04 0.22 0.06 0.15 0.02 0.01
\ /

Query probability

Key

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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Optimal binary search tree

4 N\
g Node costs in a BST )
e Node cost = A

probability [ x depth

1 _____. 0.04 -1 =0.04

2 _____. 0.01-2=0.02

3 . 0.05-3 =0.15

4 _____. 0.22 -4 =0.88
0.22 depth

Node cost = average no. of tests in one operation Find.

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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O(n-log,(n)), ...

/

Cost of balanced search tree

key probab. p, depth d; Py - di

Ann 0.03 4 0.03-4=0.12
Ben 0.08 3 0.08-3=0.24
Cole 0.12 4 0.12 -4 =0.48
Dana 0.01 2 0.01.2=0.02
Edna 0.04 4 0.04-.4=0.16
Fred 0.05 3 0.05.3=0.15
Gene 0.22 4 0.22 - 4 =0.88
Hugo 0.04 1 0.04 -1=0.04
Irma 0.06 4 0.06-4=0.24
Jack 0.05 3 0.05.3=0.15
Ken 0.15 4 0.15-4=0.60
Lea 0.09 2 0.09.2=0.18
Mark 0.02 4 0.02-4=0.08
Nick 0.03 3 0.03 -3=0.09
Orrie 0.01 4 0.01-4=0.04

Total cost: 3.47

Total cost = avg. no. of tests in all operatios Find.

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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Optimal binary search tree

Optimal BST with specific query probabilities

0.08

0.12

Ben

0.03

Cole

0.04

0.05

Fred

Edna

(Dana>

0.01

0.03

0.22
0.15
Ken
0.06 0.09
Irma Lea
0.04 0.05

(Mark) (Orrie

0.02

0.01

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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Cost of optimal BST

key probab. p, depth d; Py - di
Ann 0.03 4 0.03-4=0.12
Ben 0.08 3 0.08 - 3=0.24
Cole 0.12 2 0.12-2=0.24
Dana 0.01 5 0.01-5=0.05
Edna 0.04 4 0.04 -4=0.16
Fred 0.05 3 0.05-3=0.15
Gene 0.22 1 022 -1=0.22
Hugo 0.04 4 004 -4=0.16
Irma 0.06 3 0.06 -3=0.18
Jack 0.05 4 0.05 -4=0.20
Ken 0.15 2 0.15-2=0.30
Lea 0.09 3 009 -3 =0.27
Mark 0.02 5 0.02 -5=0.10
Nick 0.03 4 003 4=0.12
Orrie 0.01 5 nn1:95=0.05

Total cost 2.56

Speedup 3.47:2.56 = 1:0.74

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...




The complexity of different algorithms varies: O(n), Q(n?), ©(n-log,(n)), ...

Computing the cost of optimal BST

Cqk ----- COSt of the left subtree of node k
Coy ..... COst of the right subtree of node k

Recursive
idea

S ‘ )
a0 Pi
B “ /‘? /‘/\R o
: cost = Cqy+ 2. p +C2k+_zk:P.+Pk
i= i=k+
NG /

Ruzné algoritmy maji riznou slozitost: O(n), Q(n?), ©(n-log,(n)), ...
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The complexity of different algorithms varies: O(n), Q(n?), ©(n-log,(n)), ...

(

Computing the cost of optimal BST

/
N

4 ) e N
Small optimal s Y
subtrees R Y
G / //// \\\\
4/_/_ e m - = _.':Z::‘...._._._.._.._._._:.'L'. e e e e e e m e = ::\_
1 7 ocooooooo L cceeeeeees R cciiierisssssnsnnnnss N
o O - - -
Surely, there exists an optimal subtree containing
\ keys with indices ranging from L to R.
- x4
Subtree size Thereare N optimal subtrees of size 1
N-1 2
= no. of nodes N_ 2 3
=L -R+1 . .
- J .
1 subtree N
In total, there are N * (N+1) /2 different optimal subtrees.

Ruzné algoritmy maji riznou slozitost: O(n), Q(n?), ©(n-log,(n)), ...
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Minimizing the cost of optimal BST

Idea of recursive solution:

o
NTTTPTFTFTTTY S AYTTTTTTITLTL )
......................

1. Assumption: All smaller optlmal subtrees are known

2. Try all possibilities: k = L,L+1,L+2, ..., R

k=L k=L#1 Kk=L+2.. . . .. k=R

~
- D S N D S
/ / 3~ / 3~ P > s ~ 7 N s N s ~ N
N N N N -, ., - ’ 2
4 \ < \ \ i \ / A 1 h 1 A Y N / A
1 / I ’ z .\ A \ 9 \ \
\ \ K y 1% % . ., 1 ‘ /
/ / {4 ) 5 rF 9 2 o) 1) * \ Y
Y \ '\ N 12 K / s 1 1 14
1 s / S I % JALTTrE: W & S -ty 3 \ \ 5 \
/ "\ / *\ / .\ / o GRS \ 1 \ 1y \ 1 \ 1 \
A LT T T EEETE o WA LTEET LY S0 W PRPTPrT S S A CLTEY.L U W A AT LEEEE S [ETTETTY . Femmrmnmeant L IEvasnasnn e BRGNS

3. Register the index k, which minimizes the cost expressed as
k-1

Cik* zpl +C2k+zp|+pk

i=k+1

4. The key with index k is the root of the optimal subtree.

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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The complexity of different algorithms varies: O(n), Q(n?), ©(n-log,(n)), ...

e

Minimizing the cost of optimal BST

{ C(L,R)

.. Cost of optimal subtree containig keys with indices:

L,L+1,L+2,...,R1,R

|

-

(%)

C(L,R) =

min { C(L, k-1) + Zpl + C(k+1,R) + Zp. *py} =
L<k<R i=L i=k+1

min { C(L, k-1) + C(k+1, R)"'Z p; }
L<k<R

min { C(L, k-1) + C(k+1,R) } +Zp|
L<k<R

\

The value minimizing (¥)
is the index of the root of the optimal subtree

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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The complexity of different algorithms varies: O(n), Q(n?), ©(n-log,(n)), ...

-
Data structures for computing optimal BST
4 ) 4 N
Costs of optimal subtrees Roots of optimal subtrees
array C [L][R] (L =R) array roots [L][R] (L=<R)
NS J N J
4 h 4 )
R R ......................... >
1234 eevereens >» N
L 1 1
2 L 2
3 : 3
: L<R P L<R
10 0
N+1 N+1
diagonal ... L= R diagonal ... L=R
o y Y /
Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ... 4




The complexity of different algorithms varies: O(n), Q(n?), ©(n-log,(n)), ...

£
Computing optimal BST
The cost of a particular optimal subtree ]
.
P2 //
P3la | bl c|d |e —_—
P4 X ﬁL R) =
Ps y min { C(L, k-1) + C(k+1,R) } +Zp|
P 2 k L<k<R i=L
P7 t )
Pg | w C(L,R) = min{ 0+x, p3+y, a+z, b+,
Po c+w, d+pg, e+0 }

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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Computing optimal BST

Dynamic programming strategy
— First process the smallest subtrees, then the bigger ones,
then still more bigger ones, etc...

y u

~

A
9
o
2
3
(3
3
.
3
-
3
2!
(3
| EEEEN
*
3

Stop

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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[

Computing optimal BST
Computing arrays of costs and roots

g

/

def optimalTree( Prob, N ):
Costs [[O]*N Tfor 1 1In range(N)]
Roots [[O]*N Tfor 1 1In range(N)]
# size = 1, main diagonal
for 1 in range(N):
Costs[i1][1] = Prob[1]; Roots[i1][1] =1

# size > 1, diagonals above main diagonal
for size in range(l, N):
L = 1; R = size
while R < N:
Costs[L][R] =
min(Costs[L][k-1] + Costs[k+1][R], k = L..R)
roots[L][R] = “k minimizing previous line’
Costs[L][R] += sum(Costs[L:R+1])
L += 1; R += 1
return Costs, Roots

Riizné algoritmy maji riznou slozitost: O(n), Q(n?), ©(n-log,(n)), ...
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Computing optimal BST

Building optimal BST using the array of subtree roots

# standard BST i1nsert
def buildTree( Tree, L, R, Roots, Nodes ):
iIf R < L: return
rootindex = Roots[L][R]
# standard BST i1nsert
# nodes 1n Nodes have to be sorted In increasing
# order of their key values
Tree.insert( Nodes|[rootindex].key )
buildTree( Tree, L, rootindex-1, Roots, Nodes )
buildTree( Tree, rootindex+l, R, Roots, Nodes )

Riizné algoritmy maji riznou slozitost: O(n), Q(n?), ©(n-log,(n)), ...
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Computing optimal BST

Roots of optimal subtrees

|

eoloololoololololoholoNoloNe e

o

wWw w
w w
Yoy

<
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ololololololooholo)l ololole N
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OCO0O0OO0OO0OO0O0O0OO0OPOOWWW
oooooc@-@ SURNJENIENIENEN

eolololoNohololoNoloh @
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Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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Computing optimal BST

Tree and array correspondence

11 11 11 11

11 11 11

7777777

T 7 7 7 7 7 7 7

T 7 7 7 7T 7 7 7
T 7 7 7 7T 7 7 7

7T 7 7 7 7 7 17 7 7

MNOOOOOOOOO

oeeojolololololole]

oeoeojoloNolololoNa]

OO O0OO0O00O00O0O0OO0OO0o

MO MNOoOO0OgqOoOOoOOOO0OO0OO0OO0OO0O0o

NOOOgOoOOoOOOOOO0OO0OO0o0Oo

o] [ecjeole foolololojolololNeNe]

ejejojeojoloNolojolojojololole o]

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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Computing optimal BST

Costs of optimal subtrees

14-N 15-0

1-A 2-B 3-C 4-D 5-E 6-F 7-G 8-H 9-1 10-J 11-K 12-L 13-M

1-A 0.03 0.14 0.37 0.39 0.48 0.63 1.17 1.26 1.42 1.57 2.02 2.29 2.37 2.51 2.56

O 0.08 0.28 0.30 0.39 0.54 1.06 1.14 1.30 1.45 1.90 2.17 2.25 2.39 2.44

2-B
3-C
4-D

O 0.12 0.14 0.23 0.38 0.82 0.90 1.06 1.21 1.66 1.93 2.01 2.15 2.20

0

O 0.01 0.06 0.16 0.48 0.56 0.72 0.87 1.32 1.59 1.67 1.81 1.86

0

O 0.04 0.13 0.44 0.52 0.68 0.83 1.28 1.55 1.63 1.77 1.82

0

5-E
6-F
7-G
8-H

O 0.050.32 0.40 0.56 0.71 1.16 1.43 1.51 1.63 1.67

0

O 0.22 0.30 0.46 0.61 1.06 1.31 1.37 1.48 1.52

0

O 0.04 0.14 0.24 0.54 0.72 0.78 0.89 0.93

0

O 0.06 0.16 0.42 0.60 0.66 0.77 0.81

0

0

9-1

O 0.05 0.25 0.43 0.49 0.60 0.64

0

10-J

O 0.15 0.33 0.39 0.50 0.54

0

11-K

O 0.09 0.13 0.21 0.24

0

12-L

0O 0.02 0.07 0.09

0

13-M

O 0.03 0.05

0

14-N

O 0.01

15-0

Riizné algoritmy maji riznou slozitost: O(n), Q(n?), ©(n-log,(n)), ...
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Dynamic
programming

Longest common
subsequence (LCS)

i riznou slozitost: O(n), Q(n?), ©(n-log,(n)), ..




The complexity of different algorithms varies: O(n), Q(n?), ©(n-log,(n)), ...

Longest common subsequence

-
Two sequences A: CBEADDEA |JA| =8
B: DECDIBDA IB|=7
-
C A e
Common A: CBEADDEA
subsequence
L | DECDBDA
CDA IC| =3
.
.
4 N
Longest A: CBEADDEA
common
subsequence DECDBDA
e c: [EDDA ICl=4
-

RaGzné algoritmy maji rGznou slozitost: O(n), Q(n?), ©(n-log,(n)), ...



The complexity of different algorithms varies: O(n), Q(n?), ©(n-log,(n)), ...

Longest common subsequence

A (ay, ay, ..., @) 123456738 |
B: (by, by, .. by) Ag: [©CBEADDEA
Ci: (cq;Co iy Cp) B,: |[DECDBDA
Ck=LCS(Aan) ¢ [EDDA |
Recursive rules: j

(a,=by) ==> (cx=a,=by) & (Cy=LCS (Ay4,Bpq)) |

12 3 4 5 6 7 8 12345678\
Ag: |[CBEADDEA A: [CBEADDE®A
B: |[DECDBDA Bi: |[DECDBD®
Cy |[EDDA Cy; |[EDDA

RaGzné algoritmy maji rGznou slozitost: O(n), Q(n?), ©(n-log,(n)), ...




The complexity of different algorithms varies: O(n), Q(n?), ©(n-log,(n)), ...

Longest common subsequence

(a,!=b,) & (c !=a,) ==> (C, =LCS (A,.1, By) )

1 2 3 45 6 7 8

1 2 3 45 6 7 8

A: [CBEADDE Ag: |[CBEADDE
B ([DECDBD Bi: |[DECDBD
Cy |[EDD Cy |[EDD
(a,!=b,,) & (¢, !=b,) ==> (C, =LCS (A, B,,.1))
1 2 3 45 6 7 8 1 2 3 45 6 7 8
As: |[CBEAD As: |[CBEAD
B |[DECDB B |[DECDE
C, |[ED C, |[ED

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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Longest common subsequence

z Recursive function c(m, n) computes LCS length j
4 2\
0 n=0or m=0
C(n,m) = C(n-1, m-1) +1 n>0,m>0,a,=b,,
max{ C(n-1, m),C(n,m-1)} n>0,m>0,a,#b,,
N /
Dynamic programming strategy |
C[n][m]

for a 1n range( 1, n+l ):

~ for b in range( 1, m+l ):

~ C[al[b] = ---.

}

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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Longest common subsequence

Construction of 2D LCS array

def FindLCS(Q):
for a in range( 1, n+l1 ):
for b in range( 1, m+1 ):
it A[a] == B[b]:
Cl[a]l[b] = C[a-1][b-1]+1
arrows[a][b] = DIAG X

else:

if C[a-1][b] > C[a][b-1]:
Clallb] = C[a-1][b];
arrows[a][b] = UP1

else:
Clallb] = C[a]l[b-1];
arrows[a][b] = LEFT <

D

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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LCS
array for

“CBEADDEA”
and
“DECDBDA”

Longest common subsequence

-

-

0 N O o A~ O DN

0 1 2 3 4 5 6 7
p|leElc|p|B|D]A
olo|oflo|lo]|o|o]o
C |0 [*o|*0o|Na*1 2 1 1
B || 0 [*o| o[t 2N 2|2
E || 0 [“o|Na| 32|t 2| 2|
Al[O | ot 1| 2|1t N3
D |10 X1 2| 2| R"2| 2 X3 3
D || 0| N2 2 ¥ 2 N 3
E] 0t axo| " 2t 3| 3
ALLOt 1t 22 2 2t gha

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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Longest common subsequence

LSC printout -- recursively :)

def outlLCS(a, b) {
if a==0o0r b ==0 return

if arrows[a][b] == DIAG:
outLCS(a-1, b-1); // recursion ...
print(A[a]) // ... reverses the sequence!

else:
if arrows[a][b] == UP:
outLCS(a-1,b);
else:
outLCS(a,b-1);

Riizné algoritmy maji riznou slozitost: O(n), Q(n?), ©(n-log,(n)), ...




