Parameter Estimation



Parameters as Random Variables (Bayesian View)

« Experiment: flipping a coin

K € {Heads, Tails}
P(K=Heads) = p

P(K=Tails)=1—p 6
p is unknown N ||||
." ||||
» Suppose you tried 20 times and observed: 18 H and 2 T 2 | '||
|
|
« What you can say about p? 0 | _ |'a
+ 0 < p < 1 (strictly) b 02 04 06 03 1
e it is more likely that p is closer to 0.9 Bayes posterior of p (Beta distribution)

» but other values of p, including 1/2 are not excluded...
» Bayes has proposed to assign probabilities to p considered as beliefs (the information that we
have about p)



‘Point” Estimates of Parameters

e Training data: D = (x1, X2 ... Xp) o

Maximum Likelihood

« 0 - parameters

Parametric model: p(x; 6)

. Estimate 0,7 = arg maxg | |. p(z;; 0)

. Use: plug-in: p($§éML)

Maximum a Posteriori (MAP) and Minimum Mean Squared Error Estimate:

. 0 - random variable, prior p(6)

. Likelihood: p(D|0) = ]], p(x;|0)
- _ p(D])p(0)

. Posterior: p(0|D) = D)

. MAP: Opap = arg maxg p(6|D)

. MMSE: éMMSE — arg miné f(@ — é)

. Use: plug-in: p(x\éMAp), p($|éMMS:

“p(0|D)do

.
3)




ML: Uniform Distribution

. Training data: D = (xq,x0,...X,),
 Assume x is uniform in [0, 0]

o Want to estimate 6

(we will consider 01, map, and Bayesian posterior p(6|D)).
« Density:
1/60, 0<x <6,
p(x; 0) =

0, otherwise.

« ML estimate:




ML: Uniform Distribution

Training data: D = (x1, X2, ...Xp),

0.25+

Assume x is uniform in [0, 0]

0.2

Want to estimate 6@

0.15+

(we will consider 61, Oviap, and Bayesian posterior p(8|D)).

Density:
1/0, 0<x<6;
p(x; 0) = , - L
otherwise. o T e s e 7
S 0 0
ML estimate:
1
m@axH 5|[X,' <0 — OuL= ml_axx,-.
=1
Let us see how the distribution p(x; HA) changes as we get more training data xi, xo, ... X,.




ML for Uniform Distribution

» Estimating interval bound
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ML for Uniform Distribution

» Estimating interval bound
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ML for Uniform Distribution

» Estimating interval bound
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ML for Uniform Distribution

» Estimating interval bound
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ML for Uniform Distribution

» Estimating interval bound
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ML for Uniform Distribution

» Estimating interval bound
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ML for Uniform Distribution

» Estimating interval bound
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ML for Uniform Distribution

» Estimating interval bound
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Bayesian Inference: Uniform Distribution

« lraining data: D = (Xl,XQ, .. .Xn),
o x is uniform in (0, 6]

. 0 is a random variable apriori 6 is uniform in [0, M|, M = 10

. The Posterior distribution of # when given the data is: p(6 | D):

(0] D) ox T] (i 10)p(0) = [ 51 < 00(0)

11
p(0|D) = = o [m <6 < M], where m= max(x;).

/

« Z — normalization constant, not needed form MAP estimate.

« MAP (maximum a posteriori):

HMAP = argmax p(6’ ‘ D) — QMAP = MaX X; = HML-
0

/



Bayesian Estimation: Uniform Distribution
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Bayesian Inference: Uniform Distribution

« lraining data: D = (Xl,XQ, .. .Xn),
o x is uniform in (0, 6]

. 0 is a random variable apriori 6 is uniform in [0, M|, M = 10

. “Bayesian inference of 8" = computing (approximating) posterior distribution p(6 | D):

11
p(6|D) = = o [m <6< M|, where m= max(x;)
M
1 —1 M 1 1 1
/'D( D) ~ /m 0" (n+ 1) Im  n+1\mntl Mo+t

. Bayesian MMSE estimate of 6

QMMSE — /6’p(9|D)d6’



Bayesian Estimation: Uniform Distribution
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- knowledge about parameters
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p(z|D) = [ p(x|0)p(0|D)do

“predictive posterior”: where new observations are expected to be found, compare to p(x|fnr,)
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Bayesian Estimation: Uniform Distribution

©  Measurements

ML plug—in p(x|0wt,)
081 Bayesian p(6|D)
Bayesian p(x|D)
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Bayesian Estimation: Uniform Distribution
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Bayesian Estimation: Uniform Distribution
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Bayesian Estimation: Uniform Distribution
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Bayesian Estimation: Uniform Distribution
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Bayesian Estimation: Uniform Distribution
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Bayesian Estimation: Uniform Distribution

O Measurements
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Bayesian Estimation: Uniform Distribution

O Measurements
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