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Underfitting and Overfitting
 3✦ Classical view in ML:

underfitting — 
capacity to low

overfitting — 
capacity to high

just right

✦ Control model capacity (prefer simpler models, regularize) to prevent overfitting 

• in this example: limit the number of parameters to avoid fitting the noise



Underfitting and Overfitting
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Underfitting — model capacity too low

• Models in practice are chosen to perfectly 
fit training data (overparametrized) 

• The boundary may be arbitrary complex 
as they can fit any labeling

✦

✦

✦ ✦

✦

Overfitting — model capacity too high

Good overfitting?

✦ Deep Learning



Generalization of Over-Parametrized Models
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✦ Right models + SGD generalize better in overparametrized regime

[Belkin et al. 2019]

✦ Clearly regularizing by controlling the number of parameters is not the best option

• =

Network Size as Capacity Control?

In Search of the Real Inductive Bias: On the Role of Implicit Regularization in Deep Learning
Behnam Neyshabur, Ryota Tomioka, Nathan Srebro. 

TTI-Chicago

Implicit Regularization

Matrix Factorization Analogy

Network Size as Inductive Bias?

• Computationally intractable even for small networks: Even if target can be 
exactly represented by a network with a single hidden layer and log(𝑑) units, 
no poly-time for learning even using much larger networks (or any other 

representation)./

• Being representable by NN is not enough as an inductive bias: In fact, any 
𝑂 𝑇 time computable function can be represented by 𝑂 𝑇2 size network 
(Sipser, 2006)..

Without any regularization, even with zero training error (and zero 
approximation error), increasing the number of hidden units reduces
estimation error.

a) Reducing #samples: Reducing the size of training set to 2000.
b) Censoring Labels: Switching the labels to the predictions of a network with a small number 
𝑯𝟎 of hidden units that is trained on the entire dataset (training+validation+test).

c) Label Noise: Adding 5 percent noise to the labels.

What is happening here? A possible explanation:
Implicit regularization introduced by the optimization.
Converging to a global optima with “low complexity”, perhaps  low norm.

Insights from a simpler model: linear activations

Trace-norm as an inductive  bias:   𝑊 𝑡𝑟 = min𝑊=𝑈𝑉
1
2
( 𝑈 𝐹2 + 𝑉 𝐹2)

Infinite Size, Bounded Norm Networks

A simple experiment: Learning a feed-forward network with a single 
hidden layer without any regularization.

We expect: Network Size↑⟹ Approximation error ↓, Estimation Error↑

How can we explain this phenomenon?

𝑧 𝑖 = ∑𝑣 𝑖, 𝑘 𝑥 𝑖

𝑥[1]

𝑥[2]

𝑥[3]

𝑥[𝑑]

⋯

𝑦 𝑗 = ∑𝑢 𝑘, 𝑗 𝑧 𝑘 𝑦 = 𝑈 ⋅ 𝑉𝑥 = 𝑊𝑥
𝑧
𝑊 = 𝑈𝑉

𝑟 hidden units ⇔ 𝑟𝑎𝑛𝑘 𝑊 ≤ 𝑟

Matrix Factorization Low 𝒓: intractable Trace-norm Higher rank  lower trace-norm better generalization

Feed-forward Networks Low 𝒓:   intractable Some norm? More hidden units lower norm better generalization?

Minimum norm: Infinite-sized networks?

Theorem 1. For a feed-forward network with a single hidden layer, weight 
decay (i.e. regularizing ∑𝑒∈𝐸 𝑤(𝑒)2) is equivalent to bounding the L2 norm of 
the incoming weights to each hidden unit and regularizing the L1  norm of the 
incoming weights to the output unit.

Corollary. As long as 𝑟 > #𝑠𝑎𝑚𝑝𝑙𝑒𝑠, weight decay regularized network is 
equivalent to convex NN (Bengio et al., 2005)

The fact that we can present data with a small network is 
NOT enough to ensure that we can learn it efficiently. 

Why do we succeed in learning using neural networks?
What property (inductive bias) makes them possible to learn?

Could we bound the capacity of a bounded-norm network 
with infinite number of hidden units?

Group-norm regularization. For any directed graph 𝐺, consider the following 
norm:

𝐿𝑝,𝑞 𝐺 =  
𝑣∈𝑉

 
𝑢→𝑣 ∈𝐸

𝑤 𝑢 → 𝑣 𝑝
𝑞
𝑝
1/𝑞

Theorem 2. For any 1 ≤ 𝑝 ≤ 2, if 1
𝑝
+ 1
𝑞
≥ 1, can bound the sample complexity 

required for learning, even if unbounded (infinite) number of units, as long as 
𝐿𝑝,𝑞 bounded, as:

sample complexity ∝ 𝟐𝑳𝒑,𝒒
𝒅

𝟐𝒅

and this is tight up to multiplicative factors multiplying 𝑑 (i.e. up to replacing 𝑑
with C𝑑 for some constant 𝐶).

Examples:
• 𝑝 = 𝑞 = 2 weight decay
• 𝑝 = 𝑞 = 1 overall sum of absolute weights
• 𝑝 = 1, 𝑞 = ∞ per unit ℓ1 norm

• If 
1
𝑝
+ 1
𝑞
< 1, class of NN of depth ≥ 3 with unbounded #units and bounded 

𝐿𝑝,𝑞 has infinite capacity. 
--------------------------------------------------------------------------------------------------------
Norm-Based Capacity Control in Neural Networks.
Behnam Neyshabur, Ryota Tomioka, Nati Srebro.
The 28th Conference on Learning Theory (COLT), 2015 (to appear).

CIFAR-10MNIST

MNIST

Reducing #Samples Reducing #Samples
+ Censoring Labels

Reducing #Samples
+ Censoring Labels
+ Label Noise

CIFAR-10

MNIST

𝐻0 = 4 𝐻0 = 4

𝐻0 = 16 𝐻0 = 16

[Neyshabur (2015)]

✦ Important to regularize by other means: 
1. Good model architecture (putting our knowledge of invariances and useful 

information processing blocks into the network structure) 
2. Everything else counts as implicit regularization matters (optimizer, batch size etc.) 
3. Explicit regularization



Symptoms of Overfitting in Classification
 6Training Loss

Validation Accuracy

• Training loss approaches 0 

• Train accuracy goes to 100% 

• Validation loss starts growing 

• Validation accuracy still improves but calibration degrades



L2 Regularization (Weight Decay)



General Setup
 8

RPZ lecture 3:(Parameter Estimation: Maximum a Posteriori (MAP))

⌅
Regularized training objective:

min

◊
L(◊)+⁄R(◊) = min

◊

q
i li(yi|xi;◊)+⁄R(◊)

• R(◊) - function not depending on data

• ⁄ - regularization strength

⌅
Recall connection to maximum a posteriori parameter estimation (MAP):

max

◊
p(D|◊)p(◊)

• p(◊) Ã exp(≠⁄R(◊)) - prior on the model weights

• p(D|◊) - likelihood of the data given parameters

• p(◊|D) =

p(D|◊)p(◊)
p(D)

- Bayesian posterior over parameters

<latexit sha1_base64="YCAqZYOL3uTpXBGRiXJto6s71Ns="></latexit>

⌅
In practice, more commonly used as:

min
◊

1
n

q
i li(yi|xi;◊)+⁄R(◊)

• ⁄ is tuned for a given dataset with cross-validation

<latexit sha1_base64="lMGOxClypv7k7kR7zzBtDBYGC0U="></latexit>

https://cw.fel.cvut.cz/b191/_media/courses/be5b33rpz/lectures/pr_03_parameter_estimation_2019_10_11.pdf


⌅ L2-regularization (l2, weight decay):

R(◊) = Î◊Î2

⌅
In linear regression:

• Known as ridge regression, Tikhonov regularization

• Equivalent to using multiplicative noise N (1,⁄2) on the input

• Smoothing e�ect (reduces the variance of ◊̂)

⌅
In linear classification:

• Small ◊ ¡ large margin

• Generalization bounds independent of dimensionality

of the model (roughly): Risk(h) Æ Oú
1

1
N

r2+Î›Î2
m2

2
,

where › are slacks

<latexit sha1_base64="iIhprJlQyqcABywAeI5cdrCEx9I="></latexit>

Background: Linear Models
 9

r
<latexit sha1_base64="DuViMqrbck87z66RNobPbEofm4s="></latexit>

⌅
Sigmoid NNs:

• Small ◊ æ small activations

æ sigmoid outputs are close to linear

<latexit sha1_base64="1CcGyDDw4vOpa4dCg3LkfCHDyio="></latexit>
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Hastie, Tibshirani and Friedman: The Elements of Statistical Learning 

Springer Series in Statistics

Trevor Hastie
Robert Tibshirani
Jerome Friedman

Springer Series in Statistics

The Elements of
Statistical Learning
Data Mining, Inference, and Prediction

The Elem
ents of Statistical Learning

During the past decade there has been an explosion in computation and information tech-
nology. With it have come vast amounts of data in a variety of fields such as medicine, biolo-
gy, finance, and marketing. The challenge of understanding these data has led to the devel-
opment of new tools in the field of statistics, and spawned new areas such as data mining,
machine learning, and bioinformatics. Many of these tools have common underpinnings but
are often expressed with different terminology. This book describes the important ideas in
these areas in a common conceptual framework. While the approach is statistical, the
emphasis is on concepts rather than mathematics. Many examples are given, with a liberal
use of color graphics. It should be a valuable resource for statisticians and anyone interested
in data mining in science or industry. The book’s coverage is broad, from supervised learning
(prediction) to unsupervised learning. The many topics include neural networks, support
vector machines, classification trees and boosting—the first comprehensive treatment of this
topic in any book.

This major new edition features many topics not covered in the original, including graphical
models, random forests, ensemble methods, least angle regression & path algorithms for the
lasso, non-negative matrix factorization, and spectral clustering. There is also a chapter on
methods for “wide” data (p bigger than n), including multiple testing and false discovery rates.

Trevor Hastie, Robert Tibshirani, and Jerome Friedman are professors of statistics at
Stanford University. They are prominent researchers in this area: Hastie and Tibshirani
developed generalized additive models and wrote a popular book of that title. Hastie co-
developed much of the statistical modeling software and environment in R/S-PLUS and
invented principal curves and surfaces. Tibshirani proposed the lasso and is co-author of the
very successful An Introduction to the Bootstrap. Friedman is the co-inventor of many data-
mining tools including CART, MARS, projection pursuit and gradient boosting.

› springer.com

S T A T I S T I C S

ISBN 978-0-387-84857-0

Trevor Hastie • Robert Tibshirani • Jerome Friedman
The Elements of Statictical Learning

Hastie • Tibshirani • Friedm
an

Second Edition

https://web.stanford.edu/~hastie/ElemStatLearn/
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Training Error: 0.100
Test Error:       0.259
Bayes Error:    0.210

Neural Network - 10 Units, Weight Decay=0.02 
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Training Error: 0.160
Test Error:       0.223
Bayes Error:    0.210

FIGURE 11.4. A neural network on the mixture example of Chapter 2. The
upper panel uses no weight decay, and overfits the training data. The lower panel
uses weight decay, and achieves close to the Bayes error rate (broken purple
boundary). Both use the softmax activation function and cross-entropy error.

11.5 Some Issues in Training Neural Networks 399

Neural Network - 10 Units, No Weight Decay
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Training Error: 0.100
Test Error:       0.259
Bayes Error:    0.210

Neural Network - 10 Units, Weight Decay=0.02 
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Training Error: 0.160
Test Error:       0.223
Bayes Error:    0.210

FIGURE 11.4. A neural network on the mixture example of Chapter 2. The
upper panel uses no weight decay, and overfits the training data. The lower panel
uses weight decay, and achieves close to the Bayes error rate (broken purple
boundary). Both use the softmax activation function and cross-entropy error.
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FIGURE 11.5. Heat maps of the estimated weights from the training of neural
networks from Figure 11.4. The display ranges from bright green (negative) to
bright red (positive).

solution. At the outset it is best to standardize all inputs to have mean zero
and standard deviation one. This ensures all inputs are treated equally in
the regularization process, and allows one to choose a meaningful range for
the random starting weights. With standardized inputs, it is typical to take
random uniform weights over the range [−0.7,+0.7].

11.5.4 Number of Hidden Units and Layers

Generally speaking it is better to have too many hidden units than too few.
With too few hidden units, the model might not have enough flexibility to
capture the nonlinearities in the data; with too many hidden units, the
extra weights can be shrunk toward zero if appropriate regularization is
used. Typically the number of hidden units is somewhere in the range of
5 to 100, with the number increasing with the number of inputs and num-
ber of training cases. It is most common to put down a reasonably large
number of units and train them with regularization. Some researchers use
cross-validation to estimate the optimal number, but this seems unneces-
sary if cross-validation is used to estimate the regularization parameter.
Choice of the number of hidden layers is guided by background knowledge
and experimentation. Each layer extracts features of the input for regres-
sion or classification. Use of multiple hidden layers allows construction of
hierarchical features at different levels of resolution. An example of the
effective use of multiple layers is given in Section 11.6.

11.5.5 Multiple Minima

The error function R(θ) is nonconvex, possessing many local minima. As a
result, the final solution obtained is quite dependent on the choice of start-

400 Neural Networks

11

11
x1x1

x2x2

y1y1

y2y2

z
1

z
1

z
1

z
1

z
2

z
2

z
2

z
2

z
3

z
3

z
3

z
3

z
1

z
1

z
1

z
1

z
5

z
5

z
5

z
5

z
6

z
6

z
6

z
6

z
7

z
7

z
7

z
7

z
8

z
8

z
8

z
8

z
9

z
9

z
9

z
9

z
1
0

z
1
0

z
1
0

z
1
0

No weight decay Weight decay

FIGURE 11.5. Heat maps of the estimated weights from the training of neural
networks from Figure 11.4. The display ranges from bright green (negative) to
bright red (positive).

solution. At the outset it is best to standardize all inputs to have mean zero
and standard deviation one. This ensures all inputs are treated equally in
the regularization process, and allows one to choose a meaningful range for
the random starting weights. With standardized inputs, it is typical to take
random uniform weights over the range [−0.7,+0.7].

11.5.4 Number of Hidden Units and Layers

Generally speaking it is better to have too many hidden units than too few.
With too few hidden units, the model might not have enough flexibility to
capture the nonlinearities in the data; with too many hidden units, the
extra weights can be shrunk toward zero if appropriate regularization is
used. Typically the number of hidden units is somewhere in the range of
5 to 100, with the number increasing with the number of inputs and num-
ber of training cases. It is most common to put down a reasonably large
number of units and train them with regularization. Some researchers use
cross-validation to estimate the optimal number, but this seems unneces-
sary if cross-validation is used to estimate the regularization parameter.
Choice of the number of hidden layers is guided by background knowledge
and experimentation. Each layer extracts features of the input for regres-
sion or classification. Use of multiple hidden layers allows construction of
hierarchical features at different levels of resolution. An example of the
effective use of multiple layers is given in Section 11.6.

11.5.5 Multiple Minima

The error function R(θ) is nonconvex, possessing many local minima. As a
result, the final solution obtained is quite dependent on the choice of start-
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Simple Idea
 12

Srivastava, Hinton, Krizhevsky, Sutskever and Salakhutdinov

(a) Standard Neural Net (b) After applying dropout.

Figure 1: Dropout Neural Net Model. Left: A standard neural net with 2 hidden layers. Right:
An example of a thinned net produced by applying dropout to the network on the left.
Crossed units have been dropped.

its posterior probability given the training data. This can sometimes be approximated quite
well for simple or small models (Xiong et al., 2011; Salakhutdinov and Mnih, 2008), but we
would like to approach the performance of the Bayesian gold standard using considerably
less computation. We propose to do this by approximating an equally weighted geometric
mean of the predictions of an exponential number of learned models that share parameters.

Model combination nearly always improves the performance of machine learning meth-
ods. With large neural networks, however, the obvious idea of averaging the outputs of
many separately trained nets is prohibitively expensive. Combining several models is most
helpful when the individual models are di↵erent from each other and in order to make
neural net models di↵erent, they should either have di↵erent architectures or be trained
on di↵erent data. Training many di↵erent architectures is hard because finding optimal
hyperparameters for each architecture is a daunting task and training each large network
requires a lot of computation. Moreover, large networks normally require large amounts of
training data and there may not be enough data available to train di↵erent networks on
di↵erent subsets of the data. Even if one was able to train many di↵erent large networks,
using them all at test time is infeasible in applications where it is important to respond
quickly.

Dropout is a technique that addresses both these issues. It prevents overfitting and
provides a way of approximately combining exponentially many di↵erent neural network
architectures e�ciently. The term “dropout” refers to dropping out units (hidden and
visible) in a neural network. By dropping a unit out, we mean temporarily removing it from
the network, along with all its incoming and outgoing connections, as shown in Figure 1.
The choice of which units to drop is random. In the simplest case, each unit is retained with
a fixed probability p independent of other units, where p can be chosen using a validation
set or can simply be set at 0.5, which seems to be close to optimal for a wide range of
networks and tasks. For the input units, however, the optimal probability of retention is
usually closer to 1 than to 0.5.

1930

✦ During training: 

• Randomly, make some units inactive by setting their outputs to zero 

• This results in the associated weights not being used and we obtain a (random) 
subnetwork 

• The network develops robustness to units being dropped 
✦ During testing: 

• Use all units

[Srivastava et al. (2014) Dropout: A Simple Way to Prevent Neural Networks from Overfitting]



⌅
Prediction is random now?

• Denote the network output as f(x,Z;◊)

• We have two choices how to make predictions:

- Randomized predictor: p(y|x,Z) = f(x,Z;◊)

- Ensemble: p(y|x) = EZ[f(x,Z;◊)] =
q
Z

p(z)f(x,Z;◊)
<latexit sha1_base64="MDs3qPtVkh2lAyLP/sHltcd6tCg=">AAAE03icjVNdbxJBFF2Q1opfrT76MrE1oQkSaOtXTdMmlcTEmKCVtqFLyOxwYSfsfGRntkDHfTG++vdM/Bf+AB+cAUqBqnFe9syZc86d3LkbyIgqXS7/yGRv5JaWb67cyt++c/fe/dW1B8dKJDGBOhGRiE8DrCCiHOqa6ghOZQyYBRGcBL1Dd35yDrGign/SQwlNhrucdijB2lKttYzwFWilY9AkNJXSszTvB9Cl3FANjF6A3T </latexit>

Mathematical Model
 13

✦ We randomized predictor for training (easier and other reasons) 
✦ We will use ensemble (or its approximation) for testing

⌅ How we can model this:

• Introduce random Bernoulli variables Zi =

Y
_]

_[

1, with probability p,

0, with probability 1≠p,

multiplying outputs of the preceding layer
• Can interpret outputs multiplied with 0 as dropped
• Drop probability q = 1≠p

• Next layer activations: a = W (x§Z)
<latexit sha1_base64="4wvOCh0sLhv+fkQAfrXs4Jg4iiA=">AAAFKnicjVTbbhMxEN2GAGW5Fh55segWFSmNkrbcKlUgSqUiAQqXXkS3irzeSWLVN+zZtmG1f8Rv8AO8IV75AD4BbzaUphUIv3h8fM7xjD27iRHcYav1bap2rn7+wsXpS+HlK1evXb8xc3PL6cwy2GRaaLuTUAeCK9hEjgJ2jAUqEwHbyf5aub99ANZxrd7j0MCepH3Fe5xR9FB3ZupL7AAdWkA2yNvN+0UYJ9DnKucIkn8Cvy </latexit>

NN

Zi ≥ Bernoulli(0.3)

<latexit sha1_base64="CzymcXtqlL6LhHLvhr09V4F0BHU="></latexit>

x1
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x2
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x3
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◊Z1
<latexit sha1_base64="lpUGhZMCafD0QBPakyNq/BoRFtE="></latexit>

◊Z2
<latexit sha1_base64="MqZWVA1VF/lK64GOJaSbuNZ08cI="></latexit>

◊Z3
<latexit sha1_base64="i0M8r57tahmZVQJQVqJ2IllHxgk="></latexit>

W
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Note: Gaussian multiplicative N (1,‡2) noises work as well (Gaussian Dropout)
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Training
 14⌅

Loss of randomized predictor:

• Double expectation in noises and date: E
Z

Ë
E(x,y)≥data

Ë
l(y,f(x,Z;◊))

ÈÈ

• Same as: E
Z≥Bernoulli(q), (x,y)≥data

Ë
l(y,f(x,Z;◊))

È

• Unbiased loss estimate using a batch of size M :

1
M

Mq
i=1

l(y
i

,f(x
i

,z

i

;◊))

⌅
What it means practically:

• Draw a batch of data

• For each data point i independently sample noises z

• Compute forward and backward pass as usual

• Will have increased variance of the stochastic gradient

<latexit sha1_base64="8jzuBU9ATUziA//zILh0MBmazhI=">AAAGOXicnVRLbyNFEJ6NMSzmsbtw5NIiRnIky7KzDyCwYrUhCAkiGYVsVskEq6en7Gm5X3T3JHFa88v4HRw4ckOckPgDVI/trO1oEaIPMzVfV9XX9VX1ZEZw5/v93+5sNd5ovvnW3bdb77z73vv37j/44IXTpWVwzLTQ9mVGHQiu4NhzL+ClsUBlJuAkm+7H/ZMLsI5r9aOfGTiXdKL4mDPqERo92Po1deCdt+BZEQa9x1UrzW </latexit>
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NN

Zi ≥ Bernoulli(0.3)

<latexit sha1_base64="CzymcXtqlL6LhHLvhr09V4F0BHU="></latexit>

x1
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x2
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x3
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◊Z1
<latexit sha1_base64="lpUGhZMCafD0QBPakyNq/BoRFtE="></latexit>

◊Z2
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◊Z3
<latexit sha1_base64="i0M8r57tahmZVQJQVqJ2IllHxgk="></latexit>

E[Z] = p
<latexit sha1_base64="29Mj46uLMFk6Yv/udQ7ug/63zJo="></latexit>

W
<latexit sha1_base64="5Is1J4nAvHxutRVgyGN8hRLzdU8="></latexit>

averaging of many well fitting models:

⌅
Use sampling:

• EZ

Ë
f(x,Z;◊)

È
¥ 1

M

qM
i=1f(xi,zi;◊)

• Generalizes slightly better than the above

• Can be used to also estimate model uncertainty

<latexit sha1_base64="pPl2aNuvVcF5DEi+/xgjnQDoIhc="></latexit>

⌅
Both variants achieve a "comity"

or "ensembling" e�ect
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⌅
More accurate analytic approximations than the first option are possible
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⌅
Use approximation (common default):

• EZ

Ë
f(x,Z;◊)

È
¥ f(x,EZ[Z];◊)

• Since EZ[Z] = p, we have

a = W (x§E[Z]) = (pW )x

• i.e. need to scale down the weights
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Example: Applying Dropout
 16Training Loss

Validation Accuracy

✦ Here it looks like it did not help with the validation accuracy, but see next slide



Example: Applying Dropout
 17

✦ Change the learning setup: 

• train longer with a slower learning rate 
decay 

✦ Now it works! 

• There are (advanced) techniques to 
approximate it analytically:  
Fast Dropout, Analytic Dropout

Training Loss Validation Loss

Validation Accuracy



Effect on Features
 18✦ Experiment: 

• MNIST auto encoder with 1 fully-connected hidden layer of 256 units

Dropout

Method Test Classification error %

L2 1.62
L2 + L1 applied towards the end of training 1.60
L2 + KL-sparsity 1.55
Max-norm 1.35
Dropout + L2 1.25
Dropout + Max-norm 1.05

Table 9: Comparison of di↵erent regularization methods on MNIST.

also see how the advantages obtained from dropout vary with the probability of retaining
units, size of the network and the size of the training set. These observations give some
insight into why dropout works so well.

7.1 E↵ect on Features

(a) Without dropout (b) Dropout with p = 0.5.

Figure 7: Features learned on MNIST with one hidden layer autoencoders having 256 rectified
linear units.

In a standard neural network, the derivative received by each parameter tells it how it
should change so the final loss function is reduced, given what all other units are doing.
Therefore, units may change in a way that they fix up the mistakes of the other units.
This may lead to complex co-adaptations. This in turn leads to overfitting because these
co-adaptations do not generalize to unseen data. We hypothesize that for each hidden unit,
dropout prevents co-adaptation by making the presence of other hidden units unreliable.
Therefore, a hidden unit cannot rely on other specific units to correct its mistakes. It must
perform well in a wide variety of di↵erent contexts provided by the other hidden units. To
observe this e↵ect directly, we look at the first level features learned by neural networks
trained on visual tasks with and without dropout.

1943

[Srivastava et al. (2014)]

✦ Hypothehis: dropout prevents co-adaptation of features and instead learns simpler 
features

✦ More interesting studies in the paper: effect on activation sparsity, connection to 
ridge regression, etc.



Model Uncertainty with Dropout
 19

[Louizos and Welling 2017]

Output y = f(x,Z;◊)
<latexit sha1_base64="USUu6e0ejGTlYaxuM8uw9DJzjDc="></latexit>

Input x

<latexit sha1_base64="Rf72xZ7YRHK10+3iKde1r4vo2Oc="></latexit>

Mean of the ensemble

Scatter of the ensemble
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L2 Regularization and Batch Normalization
 21⌅

Consider BN-normalized layer:

a = W x+b≠µ

‡

“+—

• µ = 1
M

q
i

(Wx

i

+ b) ‡

2 = 1
M

q
i

(Wx

i

+ b≠µ)2

• Exercise: the value of a does not depend depend on the bias b and the scale of the

weights W æ sW

⌅
What will happen if we try to solve min

W

L(a(W ))+ÎWÎ2 ,

where L(a(W )) is invariant w.r.t. ÎWÎ?

<latexit sha1_base64="GxiuVp0/JHrz+GMKxi8Qjz/epaA="></latexit>



L2 Regularization and Batch Normalization
 21

• Make no sense, optimum value is approached with ÎWÎ æ 0
<latexit sha1_base64="39zpxm1lvWaAemMTORL1/Lo0ufE="></latexit>

⌅
Consider BN-normalized layer:
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• Exercise: the value of a does not depend depend on the bias b and the scale of the

weights W æ sW

⌅
What will happen if we try to solve min

W

L(a(W ))+ÎWÎ2 ,

where L(a(W )) is invariant w.r.t. ÎWÎ?
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L2 Regularization and Batch Normalization
 21

ÎWÎ = const

<latexit sha1_base64="Ec6veWQ/1WXp+mWsYUixLJlw+hw="></latexit>

≠ÒW ÎWÎ2
<latexit sha1_base64="9hY4f/X+Ef4h+3tGjU9zX+xU4Eg="></latexit>

≠ÒW L(a(W ))
<latexit sha1_base64="6Lh8z+SwEpj9gUliKV9SUY4UElU="></latexit>

• Make no sense, optimum value is approached with ÎWÎ æ 0
<latexit sha1_base64="39zpxm1lvWaAemMTORL1/Lo0ufE="></latexit>

⌅
GD iterates may still behave well

• Actually, depending on ⁄, the norm ÎWÎ will either

grow or shrink during GD iterates

• Possible to fiddle on this balance, but a bad practice

<latexit sha1_base64="cSB+T20GF8jJ+xvfqnaoP/4jZaY="></latexit>

⌅
Consider BN-normalized layer:
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+ b≠µ)2

• Exercise: the value of a does not depend depend on the bias b and the scale of the

weights W æ sW

⌅
What will happen if we try to solve min

W

L(a(W ))+ÎWÎ2 ,

where L(a(W )) is invariant w.r.t. ÎWÎ?
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Batch Normalization Regularizes
 22✦ BN has rather strong regularization properties on its own  

(it depends on a randomly formed batch)

Training Loss Validation Loss

Validation Accuracy



⌅ L
1

regularization: R(W ) = ÎWÎ
1

=

q
ij |Wij|

• Promotes sparsity

• For better generalization we typically do not want sparsity (= less parameters)

⌅
Constrained optimization form instead of penalty:

minW L(W ) s.t. R(W ) Æ s

• Does not makes weights small, but prevents them from growing high

• Can use projected SGD to solve

• In particular L
2

norm on each column: R(W ) = maxj ÎWjÎ2
2

called max-norm appears useful

⌅
Generalizations:

• Flat Lp norm: R(W ) =

1q
ij W p

ij

21

p

• Group-norm: R(W ) =

1q
j

1q
i W p

ij

2q
p
21

q

• Above variants are special cases

• Di�erent generalization bounds derived measuring complexity with group norm
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Other Norms
 23

i
<latexit sha1_base64="mlZWXcpIuT1Q3nJ4p+h7LJl2OPQ="></latexit>

j
<latexit sha1_base64="1DdxzxinlijkIWOhGm9KRqEjn9Y="></latexit>

Wj
<latexit sha1_base64="Bzk5oaIWg1zsDDwF6UZgJQGJv4s="></latexit>



Implicit Regularization by SGD / SMD
 24

Initial point

Manifold of 
optimal solutions

• Different sparsity and generalization

⌅
Using di�erent p leads to solutions with di�erent properties

<latexit sha1_base64="22IqTT7Y7Wq+mpNS6QxVZZ7Ivxo="></latexit>

• Iterates tend to argminwœW Îw ≠w0Îp
p,

the closest point in the respective norm

<latexit sha1_base64="HgtNMiskwpJWbAFl+PbJ08GzDF4="></latexit>

⌅
Consider step proximal problem: min

x

ÈÒf(x0),x≠x0Í+⁄Îx≠x0Îp

p

• i.e., p-norm stochastic mirror descent
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[Azizan et al. (2019) Stochastic Mirror Descent on Overparameterized 
Nonlinear Models: Convergence, Implicit Regularization, and Generalization]



Conclusion
 25✦ The most powerful regularization might be the network structure (inductive bias) 

✦ In the overparametrized mode need to regularize  

• norms of the weights 

• data augmentation 

• activation augmentation / norm 

✦ Some practical hints: 

• In convolutional layers BN is preferred to dropout. It also does something random 
that makes it generalize better and training is much faster 

• Do not combine BN with Weight Decay in same layers 

• Do not combine BN with Dropout in same layers 

✦ We touched neural networks with noises 

• Deep topic: ensembles, Bayesian neural networks, expectation problems, stochastic 
and analytic approximations


