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Underfitting and Overfitting
 3✦ Classical view in ML:

underfitting Ñ 
capacity to low

overfitting Ñ 
capacity to high

just right

✦ Control model capacity (prefer simpler models, regularize) to prevent overfitting 

• in this example: limit the number of parameters to avoid fitting the noise



Underfitting and Overfitting
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Underfitting Ñ model capacity too low

• Models in practice are chosen to perfectly 
fit training data (overparametrized) 

• The boundary may be arbitrary complex 
as they can fit any labeling

✦

✦

✦ ✦

✦

Overfitting Ñ model capacity too high

Good overfitting?

✦ Deep Learning



Generalization of Over-Parametrized Models
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✦ Right models + SGD generalize better in overparametrized regime

[Belkin et al. 2019]

✦ Clearly regularizing by controlling the number of parameters is not the best option

�‡ !

Network Size as Capacity Control?
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Implicit Regularization

Matrix Factorization Analogy

Network Size as Inductive Bias?
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Matrix Factorization Low � :̃ intractable Trace-norm Higher rank �œlower trace-norm�œbetter generalization

Feed-forward Networks Low � :̃   intractable Some norm? More hidden units�œlower norm�œbetter generalization?
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[Neyshabur (2015)]

✦ Important to regularize by other means: 

1. Good model architecture (putting our knowledge of invariances and useful 
information processing blocks into the network structure) 

2. Everything else counts as implicit regularization matters (optimizer, batch size etc.) 

3. Explicit regularization



Symptoms of Overfitting in Classification
 6Training Loss

Validation Accuracy

• Training loss approaches 0 

• Train accuracy goes to 100% 

• Validation loss starts growing 

• Validation accuracy still improves but calibration degrades



L2 Regularization (Weight Decay)



General Setup
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RPZ lecture 3:(Parameter Estimation: Maximum a Posteriori (MAP))

⌅
Regularized training objective:

min

◊
L(◊)+⁄R(◊) = min

◊

q
i li(yi|xi;◊)+⁄R(◊)

• R(◊) - function not depending on data

• ⁄ - regularization strength

⌅
Recall connection to maximum a posteriori parameter estimation (MAP):

max

◊
p(D|◊)p(◊)

• p(◊) Ã exp(≠⁄R(◊)) - prior on the model weights

• p(D|◊) - likelihood of the data given parameters

• p(◊|D) =

p(D|◊)p(◊)
p(D)

- Bayesian posterior over parameters

<latexit sha1_base64="YCAqZYOL3uTpXBGRiXJto6s71Ns="></latexit>

⌅
In practice, more commonly used as:

min
◊

1
n

q
i li(yi|xi;◊)+⁄R(◊)

• ⁄ is tuned for a given dataset with cross-validation

<latexit sha1_base64="lMGOxClypv7k7kR7zzBtDBYGC0U="></latexit>

https://cw.fel.cvut.cz/b191/_media/courses/be5b33rpz/lectures/pr_03_parameter_estimation_2019_10_11.pdf


! L2-regularization (l2, weight decay):

R(! ) = ! ! ! 2

! In linear regression:

¥ Known as ridge regression, Tikhonov regularization

¥ Equivalent to usingmultiplicative noiseN (1, " 2) on the input

¥ Smoothing e! ect (reduces the variance of̂! )

! In linear classiÞcation:

¥ Small ! " large margin

¥ Generalization bounds independent of dimensionality

of the model (roughly):Risk(h) # O!
!

1
N

r 2+" ! " 2

m 2

"
,

where# are slacks
<latexit sha1_base64="iIhprJlQyqcABywAeI5cdrCEx9I="></latexit>

Background: Linear Models
 9

r
<latexit sha1_base64="DuViMqrbck87z66RNobPbEofm4s="></latexit>

⌅
Sigmoid NNs:

• Small ◊ æ small activations

æ sigmoid outputs are close to linear

<latexit sha1_base64="1CcGyDDw4vOpa4dCg3LkfCHDyio="></latexit>



Example
 10

Hastie, Tibshirani and Friedman: The Elements of Statistical Learning 

Springer Series in Statistics

Trevor Hastie
Robert Tibshirani
Jerome Friedman

Springer Series in Statistics

The Elements of
Statistical Learning
Data Mining, Inference, and Prediction

T
he E

lem
ents of S

tatistical Learning

During the past decade there has been an explosion in computation and information tech-
nology. With it have come vast amounts of data in a variety of fields such as medicine, biolo-
gy, finance, and marketing. The challenge of understanding these data has led to the devel-
opment of new tools in the field of statistics, and spawned new areas such as data mining,
machine learning, and bioinformatics. Many of these tools have common underpinnings but
are often expressed with different terminology. This book describes the important ideas in
these areas in a common conceptual framework. While the approach is statistical, the
emphasis is on concepts rather than mathematics. Many examples are given, with a liberal
use of color graphics. It should be a valuable resource for statisticians and anyone interested
in data mining in science or industry. The bookÕs coverage is broad, from supervised learning
(prediction) to unsupervised learning. The many topics include neural networks, support
vector machines, classification trees and boostingÑthe first comprehensive treatment of this
topic in any book.

This major new edition features many topics not covered in the original, including graphical
models, random forests, ensemble methods, least angle regression & path algorithms for the
lasso, non-negative matrix factorization, and spectral clustering. There is also a chapter on
methods for ÒwideÓ data (p bigger than n), including multiple testing and false discovery rates.

Trevor Hastie, Robert Tibshirani,and Jerome Friedmanare professors of statistics at
Stanford University. They are prominent researchers in this area: Hastie and Tibshirani
developed generalized additive models and wrote a popular book of that title. Hastie co-
developed much of the statistical modeling software and environment in R/S-PLUS and
invented principal curves and surfaces. Tibshirani proposed the lasso and is co-author of the
very successful An Introduction to the Bootstrap. Friedman is the co-inventor of many data-
mining tools including CART, MARS, projection pursuit and gradient boosting.

Ýspringer.com

S TAT I S T I C S

!"#$ %&'-( -)'&-'*'+& -(

Trevor Hastie • Robert Tibshirani • Jerome Friedman
The Elements of Statictical Learning

Hastie • Tibshirani • Friedm
an

Second Edition

https://web.stanford.edu/~hastie/ElemStatLearn/
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Training Error: 0.100
Test Error:       0.259
Bayes Error:    0.210

Neural Network - 10 Units, Weight Decay=0.02 

. .. .. .. .. . .. . .. . .. . .. . . .. . . .. . . .. . . .. . . . .. . . . .. . . . .. . . . . .. . . . . .. . . . . .. . . . . . .. . . . . . .. . . . . . .. . . . . . . .. . . . . . . .. . . . . . . .. . . . . . . . .. . . . . . . . .. . . . . . . . .. . . . . . . . . .. . . . . . . . . .. . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .

o
o

oo
o

o

o

o

o

o

o

o

o

o
o

o

o o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o
o o

oo

o
o

o

oo

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

oo

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o oo
o

o

o

o
oo o

o

o

o

o

o

o

o

oo

o

o

o
o

oo
o

o

o

oo
o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o
o

o
oo

o

o

o

o

o

o

oo

o
o

o
o

o

o

o

o

o

o

o

o

o

o

o

Training Error: 0.160
Test Error:       0.223
Bayes Error:    0.210

FIGURE 11.4. A neural network on the mixture example of Chapter 2. The
upper panel uses no weight decay, and overfits the training data. The lower panel
uses weight decay, and achieves close to the Bayes error rate (broken purple
boundary). Both use the softmax activation function and cross-entropy error.

11.5 Some Issues in Training Neural Networks 399

Neural Network - 10 Units, No Weight Decay
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Training Error: 0.100
Test Error:       0.259
Bayes Error:    0.210

Neural Network - 10 Units, Weight Decay=0.02 
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Training Error: 0.160
Test Error:       0.223
Bayes Error:    0.210

FIGURE 11.4. A neural network on the mixture example of Chapter 2. The
upper panel uses no weight decay, and overfits the training data. The lower panel
uses weight decay, and achieves close to the Bayes error rate (broken purple
boundary). Both use the softmax activation function and cross-entropy error.
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FIGURE 11.5. Heat maps of the estimated weights from the training of neural
networks from Figure 11.4. The display ranges from bright green (negative) to
bright red (positive).

solution. At the outset it is best to standardize all inputs t o have mean zero
and standard deviation one. This ensures all inputs are treated equally in
the regularization process, and allows one to choose a meaningful range for
the random starting weights. With standardized inputs, it i s typical to take
random uniform weights over the range [! 0.7,+0 .7].

11.5.4 Number of Hidden Units and Layers

Generally speaking it is better to have too many hidden unitsthan too few.
With too few hidden units, the model might not have enough ßexibility to
capture the nonlinearities in the data; with too many hidden units, the
extra weights can be shrunk toward zero if appropriate regularization is
used. Typically the number of hidden units is somewhere in the range of
5 to 100, with the number increasing with the number of inputs and num-
ber of training cases. It is most common to put down a reasonably large
number of units and train them with regularization. Some researchers use
cross-validation to estimate the optimal number, but this seems unneces-
sary if cross-validation is used to estimate the regularization parameter.
Choice of the number of hidden layers is guided by backgroundknowledge
and experimentation. Each layer extracts features of the input for regres-
sion or classiÞcation. Use of multiple hidden layers allowsconstruction of
hierarchical features at different levels of resolution. An example of the
effective use of multiple layers is given in Section 11.6.

11.5.5 Multiple Minima

The error function R(! ) is nonconvex, possessing many local minima. As a
result, the Þnal solution obtained is quite dependent on thechoice of start-
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solution. At the outset it is best to standardize all inputs t o have mean zero
and standard deviation one. This ensures all inputs are treated equally in
the regularization process, and allows one to choose a meaningful range for
the random starting weights. With standardized inputs, it i s typical to take
random uniform weights over the range [! 0.7, +0 .7].

11.5.4 Number of Hidden Units and Layers

Generally speaking it is better to have too many hidden unitsthan too few.
With too few hidden units, the model might not have enough ßexibility to
capture the nonlinearities in the data; with too many hidden units, the
extra weights can be shrunk toward zero if appropriate regularization is
used. Typically the number of hidden units is somewhere in the range of
5 to 100, with the number increasing with the number of inputs and num-
ber of training cases. It is most common to put down a reasonably large
number of units and train them with regularization. Some researchers use
cross-validation to estimate the optimal number, but this seems unneces-
sary if cross-validation is used to estimate the regularization parameter.
Choice of the number of hidden layers is guided by backgroundknowledge
and experimentation. Each layer extracts features of the input for regres-
sion or classiÞcation. Use of multiple hidden layers allowsconstruction of
hierarchical features at different levels of resolution. An example of the
effective use of multiple layers is given in Section 11.6.

11.5.5 Multiple Minima

The error function R(θ) is nonconvex, possessing many local minima. As a
result, the Þnal solution obtained is quite dependent on thechoice of start-

weights weights

https://web.stanford.edu/~hastie/ElemStatLearn/
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Simple Idea
 12

Srivastava, Hinton, Krizhevsky, Sutskever and Salakhutdinov

(a) Standard Neural Net (b) After applying dropout.

Figure 1: Dropout Neural Net Model. Left: A standard neural net with 2 hidden layers. Right:
An example of a thinned net produced by applying dropout to the network on the left.
Crossed units have been dropped.

its posterior probability given the training data. This can sometimes be approximated quite
well for simple or small models (Xiong et al., 2011; Salakhutdinov and Mnih, 2008), but we
would like to approach the performance of the Bayesian gold standard using considerably
less computation. We propose to do this by approximating an equally weighted geometric
mean of the predictions of an exponential number of learned models that share parameters.

Model combination nearly always improves the performance of machine learning meth-
ods. With large neural networks, however, the obvious idea of averaging the outputs of
many separately trained nets is prohibitively expensive. Combining several models is most
helpful when the individual models are di↵erent from each other and in order to make
neural net models di↵erent, they should either have di↵erent architectures or be trained
on di↵erent data. Training many di↵erent architectures is hard because finding optimal
hyperparameters for each architecture is a daunting task and training each large network
requires a lot of computation. Moreover, large networks normally require large amounts of
training data and there may not be enough data available to train di↵erent networks on
di↵erent subsets of the data. Even if one was able to train many di↵erent large networks,
using them all at test time is infeasible in applications where it is important to respond
quickly.

Dropout is a technique that addresses both these issues. It prevents overfitting and
provides a way of approximately combining exponentially many di↵erent neural network
architectures e�ciently. The term “dropout” refers to dropping out units (hidden and
visible) in a neural network. By dropping a unit out, we mean temporarily removing it from
the network, along with all its incoming and outgoing connections, as shown in Figure 1.
The choice of which units to drop is random. In the simplest case, each unit is retained with
a fixed probability p independent of other units, where p can be chosen using a validation
set or can simply be set at 0.5, which seems to be close to optimal for a wide range of
networks and tasks. For the input units, however, the optimal probability of retention is
usually closer to 1 than to 0.5.

1930

✦ During training: 

• Randomly, make some units inactive by setting their outputs to zero 

• This results in the associated weights not being used and we obtain a (random) 
subnetwork 

• The network develops robustness to units being dropped 

✦ During testing: 

• Use all units

[Srivastava et al. (2014) Dropout: A Simple Way to Prevent Neural Networks from Overfitting]



! Prediction is random now?

¥ Denote the network output asf (x,Z ;◊)

¥ We have two choices how to make predictions:

- Randomized predictor: p(y|x,Z ) = f (x,Z ;◊)

- Ensemble: p(y|x) = EZ[f (x,Z ;◊)] =
!

Z
p(z)f (x,Z ;◊)

<latexit sha1_base64="MDs3qPtVkh2lAyLP/sHltcd6tCg="></latexit>

Mathematical Model
 13

✦ We randomized predictor for training (easier and other reasons) 

✦ We will use ensemble (or its approximation) for testing

! How we can model this:

¥ Introduce random Bernoulli variablesZi =

!
"#

"$

1, with probability p,

0, with probability 1! p,
multiplying outputs of the preceding layer

¥ Can interpret outputs multiplied with0 as dropped

¥ Drop probabilityq = 1 ! p

¥ Next layer activations:a = W (x " Z )
<latexit sha1_base64="4wvOCh0sLhv+fkQAfrXs4Jg4iiA="></latexit>

NN

Zi ! Bernoulli(0.3)
<latexit sha1_base64="CzymcXtqlL6LhHLvhr09V4F0BHU="></latexit>

x1
<latexit sha1_base64="SAPw5vQilyRTtCFmxbfh6Et3GWs="></latexit>

x2
<latexit sha1_base64="aCZ9Mqk8wIApDwx6oh5RY8IPZlU="></latexit>

x3
<latexit sha1_base64="g87u3Ks91UuHB3L5ICHbVTy0/IY="></latexit>

◊Z1
<latexit sha1_base64="lpUGhZMCafD0QBPakyNq/BoRFtE="></latexit>

◊Z2
<latexit sha1_base64="MqZWVA1VF/lK64GOJaSbuNZ08cI="></latexit>

◊Z3
<latexit sha1_base64="i0M8r57tahmZVQJQVqJ2IllHxgk="></latexit>

W
<latexit sha1_base64="5Is1J4nAvHxutRVgyGN8hRLzdU8="></latexit>

Note: Gaussian multiplicative N (1,‡2) noises work as well (Gaussian Dropout)

<latexit sha1_base64="ywP4ZHF9+1rKCIPIrCRD2DXPKqw="></latexit>



Training
 14

! Loss of randomized predictor:

• Double expectation in noises and date:E
Z

Ë
E(x,y)≥data

Ë
l(y,f(x,Z;◊))

ÈÈ

• Same as:E
Z≥Bernoulli(q), (x,y)≥data

Ë
l(y,f(x,Z;◊))

È

• Unbiased loss estimate using a batch of sizeM :
1

M

Mq
i=1

l(y
i

,f(x
i

,z

i

;◊))

! What it means practically:

• Draw a batch of data

• For each data pointi independently sample noisesz

• Compute forward and backward pass as usual

• Will have increased variance of the stochastic gradient
<latexit sha1_base64="8jzuBU9ATUziA//zILh0MBmazhI="></latexit>



Testing
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NN

Zi ! Bernoulli(0.3)
<latexit sha1_base64="CzymcXtqlL6LhHLvhr09V4F0BHU="></latexit>

x1
<latexit sha1_base64="SAPw5vQilyRTtCFmxbfh6Et3GWs="></latexit>

x2
<latexit sha1_base64="aCZ9Mqk8wIApDwx6oh5RY8IPZlU="></latexit>

x3
<latexit sha1_base64="g87u3Ks91UuHB3L5ICHbVTy0/IY="></latexit>

◊Z1
<latexit sha1_base64="lpUGhZMCafD0QBPakyNq/BoRFtE="></latexit>

◊Z2
<latexit sha1_base64="MqZWVA1VF/lK64GOJaSbuNZ08cI="></latexit>

◊Z3
<latexit sha1_base64="i0M8r57tahmZVQJQVqJ2IllHxgk="></latexit>

E[Z] = p
<latexit sha1_base64="29Mj46uLMFk6Yv/udQ7ug/63zJo="></latexit>

W
<latexit sha1_base64="5Is1J4nAvHxutRVgyGN8hRLzdU8="></latexit>

averaging of many well fitting models:

⌅
Use sampling:

• EZ

Ë
f(x,Z;◊)

È
¥ 1

M

qM
i=1f(xi,zi;◊)

• Generalizes slightly better than the above

• Can be used to also estimate model uncertainty

<latexit sha1_base64="pPl2aNuvVcF5DEi+/xgjnQDoIhc="></latexit>

⌅
Both variants achieve a "comity"

or "ensembling" e�ect

<latexit sha1_base64="x7P8vlYficeTSIQFciHQGCcrJ6A=">AAAEWnicjVNLb9NAEHbSAK3LowVuXFapKvVQoqQtrwOiUFUgoUpBpQ+pjqL1emyvsg/LO2kbLJ+4wg9E4kdw48pu3JQklRAjS/vtNzPf7OyOw0xwg+32j1p9oXHr9p3FJX/57r37D1ZWHx4bPcwZHDEtdH4aUgOCKzhCjgJOsxyoDAWchIM95z85h9xwrT7jKIOepIniMWcULdVf+R0YQIM5IEuLTutZ6QchJFwVHEHyL2D3Dp </latexit>

⌅
More accurate analytic approximations than the first option are possible

<latexit sha1_base64="3Sis+IcYgH3OhAQAWBYlum8dZdE=">AAAEwHicjVPbbhMxEN2UACXcWnjkxUpVqQ8lStpye0CUVhVIqFJQ6UVqqsjrnc1a8Q3baZuu9uv4Cj6BNwQ/wDiblCSVENZq9/jMzJmxZzY2gjvfbH6vLNyq3r5zd/Fe7f6Dh48eLy0/OXJ6YBkcMi20PYmpA8EVHHruBZwYC1TGAo7j/m6wH5+DdVyrL35o4EzSnuIpZ9Qj1V2udDoOvPMWPMvyVuNFUevE0OMq5x4kvwLcB0 </latexit>

⌅
Use approximation (common default):

• EZ

Ë
f(x,Z;◊)

È
¥ f(x,EZ[Z];◊)

• Since EZ[Z] = p, we have

a = W (x§E[Z]) = (pW )x

• i.e. need to scale down the weights

<latexit sha1_base64="y9qbU9bXfntTL0UCw95P3kcLZO4=">AAAEnnicjVPbbtNAELVLgGJuLTzysqJBSqQoStpyK6qoqIKQUEVQCamajaK1PYlX8V7kXbcJlj+Gr+EVHvkLPoHdOClJKxAjSzt79pwz9s7YlzFVutH46a5dK12/cXP9lnf7zt179zc2H3xWIk0C6AQiFsmJTxTElENHUx3DiUyAMD+Grj8+tOfdM0gUFfyTnkroMzLidEgDog002HT3sAKtdAI6iLJm/WnuYR9GlGdUA6NfwO </latexit>



Example: Applying Dropout
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Training Loss

Validation Accuracy

✦ Here it looks like it did not help with the validation accuracy, but see next slide



Example: Applying Dropout
 17

✦ Change the learning setup: 

• train longer with a slower learning rate 
decay 

✦ Now it works! 

• There are (advanced) techniques to 
approximate it analytically:  
Fast Dropout, Analytic Dropout

Training Loss Validation Loss

Validation Accuracy



Effect on Features
 18✦ Experiment: 

• MNIST auto encoder with 1 fully-connected hidden layer of 256 units

Dropout

Method Test ClassiÞcation error %

L2 1.62
L2 + L1 applied towards the end of training 1.60
L2 + KL-sparsity 1.55
Max-norm 1.35
Dropout + L2 1.25
Dropout + Max-norm 1.05

Table 9: Comparison of di↵erent regularization methods on MNIST.

also see how the advantages obtained from dropout vary with the probability of retaining
units, size of the network and the size of the training set. These observations give some
insight into why dropout works so well.

7.1 E ! ect on Features

(a) Without dropout (b) Dropout with p = 0 .5.

Figure 7: Features learned on MNIST with one hidden layer autoencoders having 256 rectiÞed
linear units.

In a standard neural network, the derivative received by each parameter tells it how it
should change so the Þnal loss function is reduced,given what all other units are doing.
Therefore, units may change in a way that they Þx up the mistakes of the other units.
This may lead to complex co-adaptations. This in turn leads to overÞtting because these
co-adaptations do not generalize to unseen data. We hypothesize that for each hidden unit,
dropout prevents co-adaptation by making the presence of other hidden units unreliable.
Therefore, a hidden unit cannot rely on other speciÞc units to correct its mistakes. It must
perform well in a wide variety of di↵erent contexts provided by the other hidden units. To
observe this e↵ect directly, we look at the Þrst level features learned by neural networks
trained on visual tasks with and without dropout.

1943

[Srivastava et al. (2014)]

✦ Hypothehis: dropout prevents co-adaptation of features and instead learns simpler 
features

✦ More interesting studies in the paper: effect on activation sparsity, connection to 
ridge regression, etc.



Model Uncertainty with Dropout
 19

[Louizos and Welling 2017]

Output y = f (x,Z ; ! )
<latexit sha1_base64="USUu6e0ejGTlYaxuM8uw9DJzjDc="></latexit>

Input x
<latexit sha1_base64="Rf72xZ7YRHK10+3iKde1r4vo2Oc="></latexit>

Mean of the ensemble

Scatter of the ensemble



Beyond L2 and Dropout



L2 Regularization and Batch Normalization
 21

! Consider BN-normalized layer:

a = W x + b! µ
! ! + "

¥ µ = 1
M

!
i (W xi + b) #2 = 1

M

!
i (W xi + b≠µ)2

¥ Exercise: the value ofa does not depend depend on the biasb and the scale of the

weightsW æ sW

! What will happen if we try to solvemin
W

L(a(W )) + ÎWÎ2 ,

whereL(a(W )) is invariant w.r.t. ÎWÎ?
<latexit sha1_base64="GxiuVp0/JHrz+GMKxi8Qjz/epaA="></latexit>



L2 Regularization and Batch Normalization
 21

• Make no sense, optimum value is approached with ÎWÎ æ 0
<latexit sha1_base64="39zpxm1lvWaAemMTORL1/Lo0ufE="></latexit>

! Consider BN-normalized layer:

a = W x + b! µ
! ! + "

¥ µ = 1
M

!
i (W xi + b) #2 = 1

M

!
i (W xi + b≠µ)2

¥ Exercise: the value ofa does not depend depend on the biasb and the scale of the

weightsW æ sW

! What will happen if we try to solvemin
W

L(a(W )) + ÎWÎ2 ,

whereL(a(W )) is invariant w.r.t. ÎWÎ?
<latexit sha1_base64="GxiuVp0/JHrz+GMKxi8Qjz/epaA="></latexit>



L2 Regularization and Batch Normalization
 21

ÎWÎ = const

<latexit sha1_base64="Ec6veWQ/1WXp+mWsYUixLJlw+hw="></latexit>

≠ÒW ÎWÎ2
<latexit sha1_base64="9hY4f/X+Ef4h+3tGjU9zX+xU4Eg="></latexit>

≠ÒW L(a(W ))
<latexit sha1_base64="6Lh8z+SwEpj9gUliKV9SUY4UElU="></latexit>

• Make no sense, optimum value is approached with ÎWÎ æ 0
<latexit sha1_base64="39zpxm1lvWaAemMTORL1/Lo0ufE="></latexit>

! GD iterates may still behave well

¥ Actually, depending on! , the norm ! W ! will either

grow or shrink during GD iterates

¥ Possible to Þddle on this balance, but a bad practice
<latexit sha1_base64="cSB+T20GF8jJ+xvfqnaoP/4jZaY="></latexit>

! Consider BN-normalized layer:

a = W x + b! µ
! ! + "

¥ µ = 1
M

!
i (W xi + b) #2 = 1

M

!
i (W xi + b≠µ)2

¥ Exercise: the value ofa does not depend depend on the biasb and the scale of the

weightsW æ sW

! What will happen if we try to solvemin
W

L(a(W )) + ÎWÎ2 ,

whereL(a(W )) is invariant w.r.t. ÎWÎ?
<latexit sha1_base64="GxiuVp0/JHrz+GMKxi8Qjz/epaA="></latexit>



Batch Normalization Regularizes
 22✦ BN has rather strong regularization properties on its own  

(it depends on a randomly formed batch)

Training Loss Validation Loss

Validation Accuracy



! L 1 regularization:R(W ) = ! W ! 1 =
!

ij |Wij |

¥ Promotes sparsity

¥ For better generalization we typically do not want sparsity (= less parameters)

! Constrained optimization form instead of penalty:

minW L(W ) s.t. R(W ) " s

¥ Does not makes weights small, but prevents them from growing high

¥ Can use projected SGD to solve

¥ In particular L 2 norm on each column:R(W ) = max j ! Wj ! 2
2

calledmax-norm appears useful

! Generalizations:

¥ Flat L p norm: R(W ) =
" !

ij W p
ij

# 1
p

¥ Group-norm: R(W ) =
" !

j

" !
i W p

ij

#q
p
# 1

q

¥ Above variants are special cases

¥ Di! erent generalization bounds derived measuring complexity with group norm
<latexit sha1_base64="K/TXCxkBJJnbPw9CrIb1ofqidgE="></latexit>

Other Norms
 23

i
<latexit sha1_base64="mlZWXcpIuT1Q3nJ4p+h7LJl2OPQ="></latexit>

j
<latexit sha1_base64="1DdxzxinlijkIWOhGm9KRqEjn9Y="></latexit>

Wj
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Implicit Regularization by SGD / SMD
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Initial point

Manifold of 
optimal solutions

• Different sparsity and generalization

⌅
Using di�erent p leads to solutions with di�erent properties

<latexit sha1_base64="22IqTT7Y7Wq+mpNS6QxVZZ7Ivxo="></latexit>

¥ Iterates tend toargminw! W ! w " w0! p
p,

the closest point in the respective norm
<latexit sha1_base64="HgtNMiskwpJWbAFl+PbJ08GzDF4="></latexit>

! Consider step proximal problem:min
x

!" f (x0),x # x0$+ ! %x # x0%p
p

¥ i.e., p-norm stochastic mirror descent
<latexit sha1_base64="ybkmdX2mOuLmUvahN2LwJ2GQQq0="></latexit>

p = 1
<latexit sha1_base64="kZ3027Drl03tys899f99bLHpnek="></latexit>

p = 2
<latexit sha1_base64="XNXJ8pSjrDm/p/N9ZXAtUFyw2NY="></latexit>

p = 3
<latexit sha1_base64="2/G2IWVxLfSB3wK8AYL1edC7Rrk="></latexit>

p = 10
<latexit sha1_base64="/Y02PA76ZhEmEIEOnfuB8LHYoUg="></latexit>

[Azizan et al. (2019) Stochastic Mirror Descent on Overparameterized 
Nonlinear Models: Convergence, Implicit Regularization, and Generalization]



Conclusion
 25✦ The most powerful regularization might be the network structure (inductive bias) 

✦ In the overparametrized mode need to regularize  

• norms of the weights 

• data augmentation 

• activation augmentation / norm 

✦ Some practical hints: 

• In convolutional layers BN is preferred to dropout. It also does something random 
that makes it generalize better and training is much faster 

• Do not combine BN with Weight Decay in same layers 

• Do not combine BN with Dropout in same layers 

✦ We touched neural networks with noises 

• Deep topic: ensembles, Bayesian neural networks, expectation problems, stochastic 
and analytic approximations


