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Deep Learning (BEV033DLE)  
Lecture 4. Backpropagation

✦ What should it do 

• Geometric understanding 
✦ How to compute 

• Forward / backward propagation 

• Implementation 

• General DAG, total derivatives 

• Pitfalls



Linear Approximation to a Function
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<latexit sha1_base64="2sDizEZbTafYglrjW08WRC/4Mek="></latexit>

⌅
Function f : Rm æ Rn

⌅
Local linear approximation: f(x+�x) ¥ f(x)+J�x

<latexit sha1_base64="szcosdDjKA2U1Vf15aryfUCVRuQ=">AAAD+3icjVLbbhMxEHUaLmW5tfDIi0WD1NISJW25SohKpQhxkQKlF6kbIq8zSaz4prW3JFj7H7zzhnjlY/gLvgBhZ9PQpBJitNIenTlzxh5Pojkztlb7WZornzt/4eL8pejylavXri8s3tg3Kksp7FHFVXqYEAOcSdizzHI41CkQkXA4SPrbIX9wDKlhSn6wQw1NQbqSdRgl1lOthS9xAl0mHbMg2GfIozgg/CKTNAhwpYPj0E </latexit>

✦ Linear approximation is good for finding descent directions 

• (Steepest) Gradient Descent, Mirror-Descent 
✦ For a sum of functions their linear approximations add up 

• SGD, Stochastic MD 
✦ For a composition of functions their linear approximations compose

Remark: partial derivatives should be continuous in a neighborhood. If not (e.g. with ReLU) 
usually not a problem, but we will see a pitfall later.

R2 æ R
<latexit sha1_base64="Qq+TusW2+GMZRVRHNw73NhjVH6s="></latexit>



Compositions
 3

y
<latexit sha1_base64="7qlB1cd+RMamcJy6GRkNQ6yHQYY="></latexit>

z = log(y)
<latexit sha1_base64="X0ke9X2BL7ezyZAB5bhRrAfyZME="></latexit>

y = x

2
<latexit sha1_base64="F0A0TxLsIULTQUmg1vyv6Yma0s0="></latexit>

x

<latexit sha1_base64="I1SWQxoRiESQhjNhyxQQjDWxqr4="></latexit>

z
<latexit sha1_base64="fqKkvNuufgSUb5Q8aBbKOxxIx98="></latexit>

f =
Ô

z
<latexit sha1_base64="XwgyPqB5/XYONgU9ZPlLMw7KIUI="></latexit>

Composition:

Ô
¶ log¶pow

2

<latexit sha1_base64="R9n5yDrneHVugaS2KXHC8RXDIHs="></latexit>

Example f =


log(x

2
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<latexit sha1_base64="D8+qEhEL0/FCnb8JqENL/v2vTTo="></latexit>
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<latexit sha1_base64="K7NM7z96eTS114JqAf4s9iOUwDI="></latexit>

Jf =
!
z

≠1/2
"!

y

≠1
"!
2x

"
<latexit sha1_base64="QvtVPi5FgyfjJZyy3lDt0oLLaxo="></latexit>

⌅
Linear function: f(x) = Ax,

Jf = A

⌅
Composition of linear functions: f(x) = (A¶B)x,

Jf = AB

⌅
Composition of non-linear functions: f = g ¶h,

Jf = JgJh

⌅ Chain Rule: approximate every function in the composition locally around its

argument and compose approximations

<latexit sha1_base64="fl0zfadWjdGFBhgeuhvktipHtTU=">AAAFrnicjVTtbtMwFM0KhVG+NvjJH4sNaZtK1Y7xNWliWzUJpiEVxj6kpaoc9yax6thW7IyWKO/E0yDxCx6BR8Bu2q7tRpmVKFfH55x7Y1/bk4wqXa3+nCvcuFm8dXv+TunuvfsPHi4sPjpWIokJHBHBRHzqYQWMcjjSVDM4lTHgyGNw4nXqdv7kHGJFBf+iexKaEQ449SnB2kCtxcIHV4FR8UCHqYs9cQ5tqiTDPdWhMktrUm </latexit>



Scalar Loss
 4g

<latexit sha1_base64="KWpij/UznI0inT9tyHd3KEA4zhw="></latexit>

h
<latexit sha1_base64="g/wTWEocPiiCDvtRiNzmJu+ralE="></latexit>

(Notice the order is the same)
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<latexit sha1_base64="KduY+3BH+yBS2pMmPzkm2Iezo3I="></latexit>

f : Rn æ R
<latexit sha1_base64="7wI+ovgVCUEI+A42w93HFBuhueI="></latexit>

⌅
Let f be a scalar loss: f : Rn æ R, then

<latexit sha1_base64="ePGoWgIcFUsHgj97SUd4ewQyA1w="></latexit>

⌅
Consider composition of functions: F = f ¶g ¶h

<latexit sha1_base64="U2nK41VRf17XbyJKM2kLsG31aG4="></latexit>

Compose linear approximations: JF = JfJgJh
<latexit sha1_base64="gqY14IVvIrQZw7LTHvLMRDZUjBo="></latexit>

• Matrix product is associative, we can compute it in any order

• Going left-to-right is cheaper: O(Ln2) vs. O((L≠1)n3+n2)
<latexit sha1_base64="zghM7AtahUQP43UktG/ybfs69Qk="></latexit>



Gradient
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f(x+�x) ¥ f(x)+J�x

<latexit sha1_base64="tK9nNrGgAzW+fDlSPUPJeVrWoTA="></latexit>

�x

<latexit sha1_base64="nzU+VGe7gJstddLdTnMgQte2Gko="></latexit>1
<latexit sha1_base64="7AMeqIgMi+8eyEvDmE5qP3dlALU="></latexit> Rn

<latexit sha1_base64="VV6nY0YBbqVgoLBRWWElbxnqo3A="></latexit>

ÎJÎ = ÎÒ
x

fÎ
<latexit sha1_base64="4sso2SA5DGcqttzcDvDa/xSFPGk="></latexit>

⌅
Consider scalar-valued function: f : Rn æ R

<latexit sha1_base64="ObeBBnK55Yg3MaZ4DMZGHHC4K/Y="></latexit>

⌅
Jacobian J is a row vector
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What is the steepest descent direction on the linear approximation?
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<latexit sha1_base64="RME7rmqBh+SOehA/hpdVEi5f2xA="></latexit>



Backpropagation on a Higher Level
 6✦ Summary so far: 

• Composition of functions — forward

• Linear approximation 

• Compose linear approximations:  

• Transposed for the gradient: 

• Go in the backward order multiplying one matrix-vector at a time  
(reverse mode automatic differentiation)

Variables x

<latexit sha1_base64="RZfnF0kLbDEV7oSEbvmZrwlq1kA="></latexit>

f1
<latexit sha1_base64="0XphwrJ6tj9DZy2D+7TC9wbJ3lk="></latexit>

f2
<latexit sha1_base64="SXs3fno2pRGVBTOSBgYIuUXfNwc="></latexit>

f3
<latexit sha1_base64="eI+/SqYsaa3luS0NlYkATx14OTc="></latexit>

L(x+�x) ¥ L(x)+JL�x

<latexit sha1_base64="yuk8MhcWI7fQFZKpS87zsy/8u8c="></latexit>

JL = J3 ¶J2 ¶J1
<latexit sha1_base64="/JmH8xC+6q13k//r8PyB9QpDF9A="></latexit>

Ò
x

L = JT
L

= JT
1 ¶JT

2 ¶JT
3

<latexit sha1_base64="21VXFLlFbdRz7Ap9BbtahFomkN8="></latexit>

L = f3(f2(f1(x))) œ R
<latexit sha1_base64="To2O87mzwPptOlr0B7l8iUbNBI0="></latexit>

When L is implicit function of x, e.g . defined as composition L = f(y), y = y(x),

Ò
x

L is the vector of total derivatives

<latexit sha1_base64="S2mvYEei0PmeQ54lNude/daF/wo="></latexit>



Examples
 7⌅

Consider one layer:

• L = L(y), y = y(x)

• We compute Ò
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<latexit sha1_base64="iC7ScmqoKObTPnqCgdrv0/EjPeA="></latexit>

⌅
y = x+ z

• Ò
x

:= Ò
y

, Ò
z

:= Ò
y

<latexit sha1_base64="Bfs0QKsmIFh+EfyMP50bDgwj8eY="></latexit>

⌅
y = Wx

• Ò
x

:= W

TÒ
y

<latexit sha1_base64="baLfNkJ0cxlf7425aaKMReQizbc="></latexit>
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<latexit sha1_base64="gpW/Jfcu15NW47lHDCrUfJeg7NY=">AAAEtXicjVNbb9MwGHVGgVEu2+CRl4gNCbFRtWMwQJqYNE1CSEiFsYu0VJHtfG3d2k4UO1uDlR/GT+GJV3jjJ2An3ehFA6xIPj4+53y+hSScKd1sfvMWrtWu37i5eKt++87de0vLK/ePVJylFA5pzOP0hGAFnEk41ExzOElSwIJwOCbDPTd/fAapYrH8rPMEOgL3JOsyirWlwhXvU0Cgx6RhGgT7AkU9cMhfy0MzKPwdP1CZCM </latexit>

Various special cases of linear dependencies can be handled in O(n) instead of O(n2)

w
<latexit sha1_base64="i/m0SQES971gR/0HduNql5XCckY="></latexit>

x

<latexit sha1_base64="I1SWQxoRiESQhjNhyxQQjDWxqr4="></latexit>

x

<latexit sha1_base64="I1SWQxoRiESQhjNhyxQQjDWxqr4="></latexit>

z
<latexit sha1_base64="fqKkvNuufgSUb5Q8aBbKOxxIx98="></latexit>

J
<latexit sha1_base64="vd7c/tmZuNJrzI509nyLZIpber0="></latexit>

A detailed complete example will follow



Computation Graph, Forward Propagation
 8✦ Approach 1: 

• Declare

Linear ReLU Linear SoftmaxInput

import torch 
import torch.nn as nn 

net = nn.Sequential( 
    nn.Linear(748, 200), 
    nn.ReLU(), 
    nn.Linear(200, 10), 
    nn.Softmax(), 
)

x = torch.randn(748) 
y = net.forward(x)

Software already knows the graph (here sequence), 
what inputs and parameters each operation has and how 
to apply it, 
saves the output of each operation, 
may optimize the computation.

• Execute it with some input (forward propagation)

Nothing is computed yet



Computation Graph, Forward Propagation
 9✦ Approach 2: 

• Compute what we need

Input Linear Softmax
from torch.nn import Parameter 
import torch.nn.functional as F 

W = Parameter(torch.randn(10, 748)) 
b = Parameter(torch.randn(10))

loss

a = W.matmul(x) + b 
y = F.softmax(a) 
loss = -(t * y.log()).sum()

Declare and initialize variables

Perform some operations

W

x

b

matmul + softmax log * sum

t
Computation graph defined by the operations performed

y

Tensor (array)
size [10]  
grad_fn=<AddBackward0>

a

Higher level model graph

✦ Wow! Any computation can be made a part of a neural network

-



Backward Propagation
 10

W

x

b

matmul + softmax log * sum

t

ya -

y = softmax(a)
<latexit sha1_base64="nA7Ljd5bkBMmd1RezGuDO49mjZ8="></latexit>

a = linear(x,W,b)
<latexit sha1_base64="xKtG0w/5DLaKOpuEWDEQlFp1X5s="></latexit>

L = ≠tT log(y)
<latexit sha1_base64="MRNIaKuAnrbuhbopNFOT2ZsF7Io="></latexit>

✦ For the purpose of example we will propagate somewhat larger blocks

a = F.linear(x,W,b) y = F.softmax(a)



Backward Propagation
 11

W

x

b

matmul + softmax log * sum

t

ya

don’t need grad

Òy
<latexit sha1_base64="tEWhr69phrvRFQw/2iBy+xcK1lI="></latexit>

L = ≠tT log(y)
<latexit sha1_base64="Y3Y7v2UlR1GFSJElFr9snQVzhMg="></latexit>

Òyi =
ˆL
ˆyi

= ≠ ˆ
ˆyi

q
j tj log(yj) = ≠ 1

yi
ti

<latexit sha1_base64="EQCPdo5opa7WomRiHLEmj0A1la4="></latexit>

-



Backward Propagation
 12

W

x

b

matmul + softmax log *

t

ya

don’t need grad

Òa = (Diag(y)≠yyT)Òy = y §Òy ≠y(yTÒy)
<latexit sha1_base64="tJMfm08/wtwgEcmaJyglnIXF24Q="></latexit>

Recall: yj =
e

ajq
i eai

<latexit sha1_base64="/N7I5sEEpP6h6kc+2Fi7ipcIdYg="></latexit>

Òai =
ÿ
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Òyj

=
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j

(yi[[i=j]]≠yiyj)Òyj = yi

!
Òyi ≠

ÿ

j

yjÒyj

"

<latexit sha1_base64="XZz2TVmeh80O8+9frd8vTO6W1T0="></latexit>

(need to know either input a or directly the output y)

<latexit sha1_base64="GBze8hTzUQNfWkqfLNRSDTeKFOM="></latexit>

Òy
<latexit sha1_base64="tEWhr69phrvRFQw/2iBy+xcK1lI="></latexit>

Òa
<latexit sha1_base64="kc7Gsk3fXoN6wlxDgFN0hEu8AsU="></latexit>

sum -



Backward Propagation
 13
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b
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<latexit sha1_base64="1vL+RIiqzgRSruHCKPT16uBNp30="></latexit>

Òb = Òa
<latexit sha1_base64="vWdddJ6utF5iMwvoL9MDVfNpsI4="></latexit>

Recall: aj =
q

i Wjixi+ b

<latexit sha1_base64="KTaReV1rskCKLlUoSqmoMUWfZSA="></latexit>

Òb
<latexit sha1_base64="cgDCswFE+6pR4lxB4vQ7OjaKqU4="></latexit>

ÒW
<latexit sha1_base64="+0Ce72TGRsT5MgxRXwmLoH+dVEs="></latexit>

Ò
x

<latexit sha1_base64="VygWsI2GwIcpYfZleyHfbeJd91U="></latexit>

Òa
<latexit sha1_base64="kc7Gsk3fXoN6wlxDgFN0hEu8AsU="></latexit>

ÒWji =
q

j
ˆaj

ˆWji
Òaj = xiÒaj

ÒW = (Òa)xT
– outer (column-row) product

<latexit sha1_base64="8olf0P/yemjcfARVh4M4iUTJBys="></latexit>

sum -



Backward Propagation
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W

x

b

matmul + softmax log *

t

ya

don’t need grad

Òy
<latexit sha1_base64="tEWhr69phrvRFQw/2iBy+xcK1lI="></latexit>

Òa
<latexit sha1_base64="kc7Gsk3fXoN6wlxDgFN0hEu8AsU="></latexit>

class MySoftmax(torch.autograd.Function): 
    @staticmethod 
    def forward(ctx, a): 
        y = a.exp() 
        y /= y.sum() 
        ctx.save_for_backward(y) 
        return y 
     
    @staticmethod 
    def backward(ctx, dy): 
        y = ctx.saved_tensors 
        da = y * dy - y * (y * dy).sum() 
        return da

Recall: yj =
e

ajq
i eai

<latexit sha1_base64="/N7I5sEEpP6h6kc+2Fi7ipcIdYg="></latexit>

Òa = (Diag(y)≠yyT)Òy = y §Òy ≠y(yTÒy)
<latexit sha1_base64="tJMfm08/wtwgEcmaJyglnIXF24Q="></latexit>

sum -



Backward Propagation
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W

x

b

matmul + softmax log *

t

ya

don’t need grad

Òy
<latexit sha1_base64="tEWhr69phrvRFQw/2iBy+xcK1lI="></latexit>

Òa
<latexit sha1_base64="kc7Gsk3fXoN6wlxDgFN0hEu8AsU="></latexit>

class MySoftmax: 
    def forward(self, a): 
        y = a.exp() 
        y /= y.sum() 
        self.y = y 
        return y 
     
    def backward(self, dy): 
        y = self.y 
        da = y * dy - y * (y * dy).sum() 
        return da 
     
    def cleanup(self): 
        del self.y

Recall: yj =
e

ajq
i eai

<latexit sha1_base64="/N7I5sEEpP6h6kc+2Fi7ipcIdYg="></latexit>

Òa = (Diag(y)≠yyT)Òy = y §Òy ≠y(yTÒy)
<latexit sha1_base64="tJMfm08/wtwgEcmaJyglnIXF24Q="></latexit>

sum -



General DAG
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b

+ softmax ya

Òb
<latexit sha1_base64="cgDCswFE+6pR4lxB4vQ7OjaKqU4="></latexit>

Òb
<latexit sha1_base64="cgDCswFE+6pR4lxB4vQ7OjaKqU4="></latexit>

d

db
f(b,y(b)) =

ˆf

ˆb
+

ˆ

ˆy

dy

db
<latexit sha1_base64="7DHWFPQLwZGUvCkkGaFc66K93Cg="></latexit>

+
<latexit sha1_base64="FmDEUmUCmbSta6BS3kDvWwkeDYg="></latexit>

✦ The total derivative rule emerges:

✦ Consider the case when some of the inputs are used in several places

f
<latexit sha1_base64="r++HgsycbH/DrWyuh3Z9sjy2C3w="></latexit>

✦ Follows from the composition:

b
<latexit sha1_base64="1HOkg2Xpt/GO++Xl4GEiMmSR9+A="></latexit>

=<latexit sha1_base64="KmVUbuspqOvmCPFbCgCgFhXCvME="></latexit>

b̄1
<latexit sha1_base64="gl847HqlpS9uk4Q4WFjN3eACsgU="></latexit>

b̄2
<latexit sha1_base64="t/xowQrWs2h4fzVyd7rySmMqpgM="></latexit>

f(b̄) = f(b̄1,y(b̄2))
<latexit sha1_base64="gd+Ur0QCwpvriA7ZrzWYDw+DFcY="></latexit>

Should we then say: 
• Jacobian of composition = “total Jacobian” 
• Gradient of a composition = “total gradient” Òb = Òb̄1 +Òb̄2

<latexit sha1_base64="0VVXtKKgmsSdnB5OHXGFq0S1QRs="></latexit>



General DAG
 17✦ Need to find the order of processing 

• a node may be processed when all its parents are ready 

• some operations can be executed in parallel 

• reverse the edges for the backward pass



General DAG
 18✦ Any directed acyclic graph can be topologically ordered 

• Equivalent to a layered network with skip connections 

• Equivalent to a layered network with extended layer outputs



General DAG
 19✦ Any directed acyclic graph can be topologically ordered 

• Equivalent to a layered network with skip connections 

• Equivalent to a layered network with extended layer outputs

Can be made a total order, but here we do not see what can be executed in parallel



Pitfalls
 20✦ Discontinuous Gradients Example 

A nice smooth function: y =min(e

x

,1)+max(x+1,1)

Suppose we initialized with x = 0

Why the gradient is zero?

<latexit sha1_base64="5G1equFEsJ1Q2fKBeRrjQyQF3Mc="></latexit>

⌅
Exponents e.g. in the softmax(x) =

e

x

iq
i

e

x

i

will overflow when x

i

> 88.7

• may be cancelled in the numerator and denominator in advance

• Better yet, logsoftmax is a more friendly function with bounded derivatives

<latexit sha1_base64="YvCRgZ+FQqi0uhcfUmkg63nLU00="></latexit>


