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Deep Learning (BEV033DLE)  
Lecture 9  

Adaptive SGD Methods

✦ Geometry of Neural Network Loss Surfaces 

• Local Minima and Saddle Points in nD 

• Parameter redundancy helps optimization 
✦ Adaptive Methods 

• Change of Coordinates, Preconditioning, Trust Region 

• Equivalent reparameterizations 

• Adam 
✦ Handling simple constraints - Mirror Descent



Loss Landscape



Local Minima
 3✦ There are several reasons for local minima 

• Permutation invariances (symmetries) 

- fully connected with n hidden units: n! permutations 
- convolutional with c channels: c! permutations 
- total number of local minima is the product of these 

• But all these are equally good for us - not a problem 

• Loss function is a sum of many terms:
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l(yi,f(xi;◊))
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often convex non-linear



Local Minima in High Dimension
 4

local min

local max
saddle point

1D 2D nD

local min in one dimension 
still can descent

✦ Gaussian Random Fields [Ray & Dean 2007]: 

• local minima are exponentially more rare than saddle points 

• they become likely at lower energies (loss values) 

f(x+�x) ¥ f(x)+J�x+�xTH�x
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average energy of st. point

fraction of  negative  
eigenvalues at st. point

E
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Eigenvalues of H: ⁄1, . . .⁄2

Stationary point: gradient is zero
Saddle point: st. point and a fraction –

of eigenvalues is negative
Local min: st. point and all eigenvalues
are positive (– = 0)
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Local Minima in High Dimension
 5✦ Experiments for neural networks are in a good agreement with the above theory

Geometry of Neural Networks
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(a) Index of critical points versus energy (b) Energy of minimizers versus parameters/data points

Figure 6. Empirical observations of the distribution of critical points in single-hidden-layer tanh networks with varying ratios of param-
eters to data points, �. (a) Each point represents the mean energy of critical points with index ↵, averaged over ⇠200 training runs. Solid
lines are best fit curves for small ↵ ⇡ ↵0|✏� ✏c|3/2. The good agreement (emphasized in the inset, which shows the behavior for small
↵) provides support for our theoretical prediction of the 3/2 scaling. (b) The best fit value of ✏c from (a) versus �. A surprisingly good fit
is obtained with ✏c = 1

2 (1� �)2. Linear networks obey ✏c = 1
2 (1� �). The difference between the curves shows the benefit obtained

from using a nonlinear activation function.

We discard any run for which the final Jg > 10

�6;
otherwise we record the final energy and index.

We consider relatively small networks and datasets in
order to run a large number of experiments. We train
single-hidden-layer tanh networks of size n = 16, which
also equals the input and output dimensionality. For each
training run, the data and targets are randomly sampled
from standard normal distributions, which makes this
a kind of memorization task. The results are summa-
rized in fig. 6. We observe that for small ↵, the scaling
↵ ⇡ |✏ � ✏c|3/2 is a good approximation, especially for
smaller �. This agreement with our theoretical predictions
provides support for our analytical framework and for the
validity of our assumptions.

As a byproduct of our experiments, we observe that the
energy of minimizers is well described by a simple func-
tion, ✏c = 1

2 (1� �)2. Curiously, a similar functional form
was derived for linear networks (Advani & Ganguli, 2016),
✏c =

1
2 (1 � �). In both cases, the value at � = 0 and

� = 1 is understood simply: at � = 0, the network has
zero effective capacity and the variance of the target distri-
bution determines the loss; at � = 1, the matrix of hidden
units is no longer rank constrained and can store the entire
input-output map. For intermediate values of �, the fact
that the exponent of (1 � �) is larger for tanh networks
than for linear networks is the mathematical manifestation
of the nonlinear network’s better performance for the same
number of parameters. Inspired by these observations and
by the analysis of Zhang et al. (2016), we speculate that
this result may have a simple information-theoretic expla-
nation, but we leave a quantitative analysis to future work.

7. Conclusions
We introduced a new analytical framework for studying
the Hessian matrix of neural networks based on free
probability and random matrix theory. By decomposing
the Hessian into two pieces H = H0 + H1 one can
systematically study the behavior of the spectrum and
associated quantities as a function of the energy ✏ of a
critical point. The approximations invoked are on H0 and
H1 separately, which enables the analysis to move beyond
the simple representation of the Hessian as a member of
the Gaussian Orthogonal Ensemble of random matrices.

We derived explicit predictions for the spectrum and
the index under a set of simplifying assumptions. We
found empirical evidence in support of our prediction
that that small ↵ ⇡ |✏ � ✏c|3/2, raising the question of
how universal the 3/2 scaling may be, especially given the
results of (Bray & Dean, 2007). We also showed how
some of our assumptions can be relaxed at the expense of
reduced generality of network architecture and increased
technical calculations. An interesting result of our numeri-
cal simulations of a memorization task is that the energy of
minimizers appears to be well-approximated by a simple
function of �. We leave the explanation of this observation
as an open problem for future work.
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„ = #parameters
#samples
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[Pennington & Bahri 2017]

(1 hidden layer, good agreement for small alpha) [Dauphin et. al. 2017]



High Dimensionality Helps Optimization
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[Choromanska et al. (2015)]

• =

Network Size as Capacity Control?

In Search of the Real Inductive Bias: On the Role of Implicit Regularization in Deep Learning
Behnam Neyshabur, Ryota Tomioka, Nathan Srebro. 

TTI-Chicago

Implicit Regularization

Matrix Factorization Analogy

Network Size as Inductive Bias?

• Computationally intractable even for small networks: Even if target can be 
exactly represented by a network with a single hidden layer and log(𝑑) units, 
no poly-time for learning even using much larger networks (or any other 

representation)./

• Being representable by NN is not enough as an inductive bias: In fact, any 
𝑂 𝑇 time computable function can be represented by 𝑂 𝑇2 size network 
(Sipser, 2006)..

Without any regularization, even with zero training error (and zero 
approximation error), increasing the number of hidden units reduces
estimation error.

a) Reducing #samples: Reducing the size of training set to 2000.
b) Censoring Labels: Switching the labels to the predictions of a network with a small number 
𝑯𝟎 of hidden units that is trained on the entire dataset (training+validation+test).

c) Label Noise: Adding 5 percent noise to the labels.

What is happening here? A possible explanation:
Implicit regularization introduced by the optimization.
Converging to a global optima with “low complexity”, perhaps  low norm.

Insights from a simpler model: linear activations

Trace-norm as an inductive  bias:   𝑊 𝑡𝑟 = min𝑊=𝑈𝑉
1
2
( 𝑈 𝐹2 + 𝑉 𝐹2)

Infinite Size, Bounded Norm Networks

A simple experiment: Learning a feed-forward network with a single 
hidden layer without any regularization.

We expect: Network Size↑⟹ Approximation error ↓, Estimation Error↑

How can we explain this phenomenon?

𝑧 𝑖 = ∑𝑣 𝑖, 𝑘 𝑥 𝑖

𝑥[1]

𝑥[2]

𝑥[3]

𝑥[𝑑]

⋯

𝑦 𝑗 = ∑𝑢 𝑘, 𝑗 𝑧 𝑘 𝑦 = 𝑈 ⋅ 𝑉𝑥 = 𝑊𝑥
𝑧
𝑊 = 𝑈𝑉

𝑟 hidden units ⇔ 𝑟𝑎𝑛𝑘 𝑊 ≤ 𝑟

Matrix Factorization Low 𝒓: intractable Trace-norm Higher rank  lower trace-norm better generalization

Feed-forward Networks Low 𝒓:   intractable Some norm? More hidden units lower norm better generalization?

Minimum norm: Infinite-sized networks?

Theorem 1. For a feed-forward network with a single hidden layer, weight 
decay (i.e. regularizing ∑𝑒∈𝐸 𝑤(𝑒)2) is equivalent to bounding the L2 norm of 
the incoming weights to each hidden unit and regularizing the L1  norm of the 
incoming weights to the output unit.

Corollary. As long as 𝑟 > #𝑠𝑎𝑚𝑝𝑙𝑒𝑠, weight decay regularized network is 
equivalent to convex NN (Bengio et al., 2005)

The fact that we can present data with a small network is 
NOT enough to ensure that we can learn it efficiently. 

Why do we succeed in learning using neural networks?
What property (inductive bias) makes them possible to learn?

Could we bound the capacity of a bounded-norm network 
with infinite number of hidden units?

Group-norm regularization. For any directed graph 𝐺, consider the following 
norm:

𝐿𝑝,𝑞 𝐺 =  
𝑣∈𝑉

 
𝑢→𝑣 ∈𝐸

𝑤 𝑢 → 𝑣 𝑝
𝑞
𝑝
1/𝑞

Theorem 2. For any 1 ≤ 𝑝 ≤ 2, if 1
𝑝
+ 1
𝑞
≥ 1, can bound the sample complexity 

required for learning, even if unbounded (infinite) number of units, as long as 
𝐿𝑝,𝑞 bounded, as:

sample complexity ∝ 𝟐𝑳𝒑,𝒒
𝒅

𝟐𝒅

and this is tight up to multiplicative factors multiplying 𝑑 (i.e. up to replacing 𝑑
with C𝑑 for some constant 𝐶).

Examples:
• 𝑝 = 𝑞 = 2 weight decay
• 𝑝 = 𝑞 = 1 overall sum of absolute weights
• 𝑝 = 1, 𝑞 = ∞ per unit ℓ1 norm

• If 
1
𝑝
+ 1
𝑞
< 1, class of NN of depth ≥ 3 with unbounded #units and bounded 

𝐿𝑝,𝑞 has infinite capacity. 
--------------------------------------------------------------------------------------------------------
Norm-Based Capacity Control in Neural Networks.
Behnam Neyshabur, Ryota Tomioka, Nati Srebro.
The 28th Conference on Learning Theory (COLT), 2015 (to appear).
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Reducing #Samples Reducing #Samples
+ Censoring Labels

Reducing #Samples
+ Censoring Labels
+ Label Noise
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𝐻0 = 4 𝐻0 = 4

𝐻0 = 16 𝐻0 = 16

[Neyshabur (2015)]

Hist of SGD trials

✦ Summary: 

• Local minima are rare and appear to be good enough  
(note, we just waved an NP-hard non-convex optimization problem) 

• But we need (highly) overparametrized models to have this easy training 
(and hope that they will still generalize well) 

• Maybe, optimization should worry a bit about efficiency around saddle points

Achieve 0 training error  
with sufficiently large networks



Adaptive Methods



Need for Adaptive Methods
 8✦ In a deep model we have: 

- different kinds of parameters: weights, biases, normalization parameters 

- located in different layers 

• Some parameters may be more sensitive than other  

• Some directions in the parameter space may be more sensitive (e.g. due to high 
curvature) 

✦ Gradient Step Depends on the Choice of Coordinates 

• It is not necessarily the best direction for a step 

RMSProp 
Adagrad 
AdaDelta 
Adam 
BAdam 

VAdam 
PAdam 
Nadam 
AdamW 
AdamX 

Adamax 
AmsGrad 
Yogi 
…

✦ Many adaptive methods have emerged:



Common Adaptive Methods
 9

✦ While they do work better for functions with valleys, 
explaining them as second order methods (dealing with 
curvature) has quite some gaps 

✦ This lecture:  

• consider some general useful optimization ideas 

• that (hopefully) will provide insights for this design as well

⌅
RMSProp:

◊t+1,i = ◊t,i ≠Á
g̃t,iÚ

EWA
!

g̃2
1:t,i

"
<latexit sha1_base64="hbhBBfWGgMnDCMtBCl+yoFmg7wE="></latexit>

⌅ Adam:

◊t+1,i = ◊t,i ≠Á
EWA—1

!
g̃1:t,i

"
Ú

EWA—2

!
g̃2
1:t,i

"
<latexit sha1_base64="ZjyUZf1uduEi51vw4G7BoqOtKko="></latexit>

⌅ Adagrad:

◊t+1,i = ◊t,i ≠ ÁÔ
t

g̃t,iÚ
Mean

!
g̃2
1:t,i

"
<latexit sha1_base64="scmh/IA/wNW9rk5Jar37SHeL1P8=">AAAEL3icjVNbaxNBFN40Xup6S/XRl8VWqBhDNq23QrFSCoIUIrUX6NQwO3uyGTIzu+6c1MZhfpT/w3fxRXz1zZ/gTJKmTQviYWG++c73ndk9eyYpBNfYbP6ozFWvXL12ff5GePPW7Tt3awv39nQ+KBnsslzk5UFCNQiuYBc5CjgoSqAyEbCf9Dd9fv8YSs1z9QGHBRxJmine5Yyiozq1b4+IBtRYArKeiRvPbEgSyLgyHEHyL+ </latexit>

• All updates work per coordinate i independently

• g̃1:t,i denotes the sequence of all past gradients

• They are adaptive because each coordinate is rescaled di�erently

• Mostly di�er by running averages used

<latexit sha1_base64="WZxMlTUKXpUn65L+OTv2KOxuydc="></latexit>



Proximal Problem and Trust Region
 10

x1
<latexit sha1_base64="NwyuOJNSp5rzXa0rU6w2Mr17TXE="></latexit>

x2
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�x

<latexit sha1_base64="nzU+VGe7gJstddLdTnMgQte2Gko="></latexit>1
<latexit sha1_base64="7AMeqIgMi+8eyEvDmE5qP3dlALU="></latexit> Rn
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Trust region ÎxÎ Æ Á

<latexit sha1_base64="FGYZrwd8PUoNqWPlyACVO2QodnI="></latexit>

✦ Generates two kinds of algorithms: 

• using only step direction 

• using the normalized trust region step ✦ We can choose trust regions differently

⌅ How did we find the steepest descent direction?
Recall from backprop lecture:
• Linearize: f(x

0

+�x) ¥ f(x

0

)+J�x

• Find the best improvement per length Î�xÎ

⌅ Solve the step proximal problem:
• min

Î�xÎÆÁ

!
f(x

0

)+J�x

"
for given Á

Equivalent to:
max

⁄

min

�x

1
J�x+⁄(Î�xÎ2 ≠Á

2

)

2

2⁄�x

T
= ≠J

Step direction: �x = ≠ 1

2⁄

Òf(x)

Î�x

TÎ2 = Á

2 æ ⁄ =

1

2Á

ÎÒf(x)Î

Trust region step: �x = ≠Á

Òf(x)

ÎÒf(x)Î
<latexit sha1_base64="TVEOBXyxsDqZDSGXNmgn6QewXQM=">AAAIU3icrVXfbxtFEL6GmBhDaQOPvKyIkWwltWynQIkUtaIEVQUkQ360Uja19u7G9ip7t9fd9Y+wvkf4D3ngr4B3Xpg925c7p5GCxOqkm/t2Zr5v52Z3/URwbdrtP+9tvLdZeX+r+kHtw4/uf/zg4fYnZ1qOVQCngRRSvfaZBsFjODXcCHidKGCRL+CVf/nczb+agNJcxifmKoGLiA1jPuABMwj1tzf/ohowKh6akaXMlxMIuU </latexit>



Differences of Convex vs. Non-Convex
 11Step size proportional to the gradient?

Convex

accelerate here
be careful here

Non-Convex

⌅ No other stationary points (saddle points,
local minima) than the global minimum

⌅ The further we are from the optimum, the
larger is the gradient:
• ÎÒf(x)Î2 Ø µ(f(x)≠f

ú)

• ÎÒf(x)Î Ø µ|x≠x

ú|
• Makes sense so step proportional to

gradient!
⌅ Minus gradient points towards the optimum:

• È≠Òf(x),xú ≠xÍ Ø f ≠f

ú+ µ̃Îx≠x

úÎ2

• Optimization need not be monotone in f

<latexit sha1_base64="NJSr/BWXNAxiJo+tiv7TZ484UsQ="></latexit>

⌅
Gradient carries no global information

• Need bigger steps where both gradient

and curvature are low

• Need smaller steps when both gradient

and curvature are high

⌅
Makes sense to use trust region steps:

• �x = ≠Á

Òf(x)
ÎÒf(x)Î

• If the trust region is ok, should guarantee

a steady progress

<latexit sha1_base64="IyR2WP/ldeHgQbDqCzyWulbSx3o="></latexit>



Box Trust Regions
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x1
<latexit sha1_base64="NwyuOJNSp5rzXa0rU6w2Mr17TXE="></latexit>

x2
<latexit sha1_base64="Tnyr5lm/SNp8y7IYsMcKn6fPgL4="></latexit>

Trust region ÎxÎŒ Æ Á

<latexit sha1_base64="OgPEtcro0F/uYob0EmvM8o1XkV0="></latexit>

⌅
This time solve for step as:

• min

Î�x

i

ÎÆÁ ’i

!
f(x

0

)+J�x

"

• In overparametrized models expect many

parameters to have independent e�ect

Equivalent to:

max

⁄

min

�x

1
J�x+

q
i

⁄

i

(Î�x

i

Î2 ≠Á

2

)

2

2⁄

i

�x

i

= ≠J

i

Step direction: �x

i

= ≠ 1

2⁄

i

(Òf(x))

i

Trust region step: �x

i

= ≠Á

(Òf(x))

i

Î(Òf(x))

i

Î
<latexit sha1_base64="OOEtW77/ty3EuUEeSdmUSm9ipZA="></latexit>



Non-Convex Stochastic
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Slope -3 Slope 1
Slope 1

If we normalize stochastic gradients, 
will move in the wrong direction! 

�
x

= 1
<latexit sha1_base64="lmEEGNM10LwMfA1bqGadDb7R+14="></latexit>

⌅
Example

f(x) = (≠3x)+(x)+(x+1), chose 1 summand at a time with equal probability

<latexit sha1_base64="FqPtx4ZKP0QKZnQo4zNX4Dx0UM8="></latexit>

�
x

= ≠1
<latexit sha1_base64="kE5O44C8wbGLHlL1Fy95mh2wsBk="></latexit>

⌅
Trust region steps: �x = ≠ Òf(x)

ÎÒf(x)Î
⌅

Problem: breaks in the stochastic setting

<latexit sha1_base64="89/ynZA6nDTu05Q1NHee/uITnKQ="></latexit>

✦ Want the steps to follow the descent direction on average 

• Cannot change the stochastic gradient “too much nonlinearly”



Non-Convex Stochastic
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⌅
RMSProp:

◊t+1,i = ◊t,i ≠Á
g̃t,iÚ

EWA
!

g̃2
1:t,i

"
<latexit sha1_base64="hbhBBfWGgMnDCMtBCl+yoFmg7wE="></latexit>

⌅ Adam:

◊t+1,i = ◊t,i ≠Á
EWA—1

!
g̃1:t,i

"
Ú

EWA—2

!
g̃2
1:t,i

"
<latexit sha1_base64="ZjyUZf1uduEi51vw4G7BoqOtKko="></latexit>

⌅ Adagrad:

◊t+1,i = ◊t,i ≠ ÁÔ
t

g̃t,iÚ
Mean

!
g̃2
1:t,i

"
<latexit sha1_base64="scmh/IA/wNW9rk5Jar37SHeL1P8=">AAAEL3icjVNbaxNBFN40Xup6S/XRl8VWqBhDNq23QrFSCoIUIrUX6NQwO3uyGTIzu+6c1MZhfpT/w3fxRXz1zZ/gTJKmTQviYWG++c73ndk9eyYpBNfYbP6ozFWvXL12ff5GePPW7Tt3awv39nQ+KBnsslzk5UFCNQiuYBc5CjgoSqAyEbCf9Dd9fv8YSs1z9QGHBRxJmine5Yyiozq1b4+IBtRYArKeiRvPbEgSyLgyHEHyL+ </latexit>

• In Adagrad:
1Ô
t

guarantees convergence
• Other methods would also need this in theory but are typically presented and used

with constant Á

For sparse gradients, tMean(g̃2
1:t,i) could grow much slower than t and achieve a

speed-up compared to SGD
• In Adam:

EWA with —1 = 0.9 works as common momentum ( 20 batches averaging)
EWA with —2 = 0.999 ( 2000 batches averaging) makes the non-linear e�ect smooth
enough

<latexit sha1_base64="IcpXhPJtPcay1aWbZN8pbxdW3SA="></latexit>

⌅
Solution: use running averages to approximate the expectation form:

�x = ≠Á

E[Òf ]
ÎE[Òf ]Î

Also note that ÎE[Òf ]Î =


(E[Òf ])2 Æ

(E[(Òf)2]) may be

interpreted as a more robust setting

<latexit sha1_base64="EORCtuRv2lxaAPEuiin2w9rNGQ8=">AAAG93icjVTdbltFED5Nginmpw1ccjMiQbIhtWynQKlU0VIsoSAkQ5K2ktex9hyP7VXO7p7urhOb9XkKHoA7xC2Pw1twzRWz/j8NFV1Z8p5v5/tmZndm4iwV1tXrf93a2d17q/T27XfK7773/gd37u5/+MzqsUnwPNGpNi9ibjEVCs+dcCm+yAxyGaf4PL58Gs6fX6GxQqszN82wK/lQiYFIuCOot7/7K7NILDV0I894rK+wL2 </latexit>



Change of Coordinates



⌅ Consider the simple gradient descent for a function f : Rn æ R:
• min

xœRn

f(x)

• x

t+1 = x

t

≠–J

T
f

(x)

⌅ Make a substitution: x = Ay (change of coordinate) and write GD in y:
• min

yœRn

f(Ay)

• y

t+1 = y

t

≠–A

T
J

T
f

(Ay

t

)

⌅ Substitute back y = A

≠1
x:

• A

≠1
x

t+1 = A

≠1
x

t

≠–A

T
J

T
f

(x
t

)

• Obtained preconditioned GD: x

t+1 = x

t

≠–(AA

T)JT
f

(x
t

)

• P = AA

T – positive semidefinite
• PÒf(x) – is a descent direction

<latexit sha1_base64="nGM1Z4DWKvxaeI5ipd01RiGa3hA="></latexit>

Gradient Depends on the Choice of Coordinates
 16

x1
<latexit sha1_base64="NwyuOJNSp5rzXa0rU6w2Mr17TXE="></latexit>

x2
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y2
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y1
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⌅
Similar for non-linear change of coordinates, e.g. normalization (ı)
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⌅
Adjust the trust region for sensitivity in di�erent parameters:

• min

Î�xÎ
M

ÆÁ

!
f(x

0

)+J�x

"
for given Á

• Î�xÎ
M

= (�x

T
M�x)

1

2

– Mahalanobis distance

Equivalent to:

max

⁄

min

�x

1
J�x+⁄(Î�xÎ2

M

≠Á

2

)

2

Step direction: �x = ≠ 1

2⁄

M

≠1Òf(x)
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Proximal Problem View
 17

✦ Intuitive way to understand preconditioners 

• Can associate sensitivity with curvature → Second Order (Newton) Methods 

• Can associate sensitivity with some statistics of gradient oscillations, 
e.g.  

• Can use other metrics → Path SGD, Mirror Descent

x2
<latexit sha1_base64="Tnyr5lm/SNp8y7IYsMcKn6fPgL4="></latexit>

x1
<latexit sha1_base64="NwyuOJNSp5rzXa0rU6w2Mr17TXE="></latexit>

Adjusted trust region
ÎxÎM Æ Á
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Adagrad: M =Diag
1

Mean(g2
1:t)

2
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Equivalent Reparametrizations
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(b) Weight Explosion in an unbalanced network
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(c) Poor updates in an unbalanced network

Figure 1: (a): Evolution of the cross-entropy error function when training a feed-forward network on MNIST with
two hidden layers, each containing 4000 hidden units. The unbalanced initialization (blue curve) is generated by
applying a sequence of rescaling functions on the balanced initializations (red curve). (b): Updates for a simple case
where the input is x = 1, thresholds are set to zero (constant), the stepsize is 1, and the gradient with respect to output
is � = �1. (c): Updated network for the case where the input is x = (1, 1), thresholds are set to zero (constant), the
stepsize is 1, and the gradient with respect to output is � = (�1,�1).

Unfortunately, gradient descent is not rescaling invariant. The main problem with the gradient updates
is that scaling down the weights of an edge will also scale up the gradient which, as we see later, is exactly
the opposite of what is expected from a rescaling invariant update.

Furthermore, gradient descent performs very poorly on “unbalanced” networks. We say that a network
is balanced if the norm of incoming weights to different units are roughly the same or within a small range.
For example, Figure 1(a) shows a huge gap in the performance of SGD initialized with a randomly gener-
ated balanced network w

(0), when training on MNIST, compared to a network initialized with unbalanced
weights w̃

(0). Here w̃

(0) is generated by applying a sequence of random rescaling functions on w

(0) (and
therefore w

(0) ⇠ w̃

(0)).
In an unbalanced network, gradient descent updates could blow up the smaller weights, while keeping

the larger weights almost unchanged. This is illustrated in Figure 1(b). If this were the only issue, one could
scale down all the weights after each update. However, in an unbalanced network, the relative changes in the
weights are also very different compared to a balanced network. For example, Figure 1(c) shows how two
rescaling equivalent networks could end up computing a very different function after only a single update.

3

✦ In ReLU networks can rescale the weights without affecting the output:

✦ !Equivalent points but not equivalent SGD updates:

[Neyshabur et al. (2015) Path-SGD: Path-Normalized Optimization in Deep Neural Networks] 

• Normally SGD works ok thanks to random initialization 

• Path SGD uses metric not sensitive to such transformations

X1

X2

X3

◊s
<latexit sha1_base64="9j3u7EHw50Njs2ERIhDlNppBG2k="></latexit>

◊1
s
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• ReLU units are 1-homogenous:

for s > 0: ReLU(sx) = max(0,sx) = smax(0,x)

• Can rescale inputs and outputs of each unit

(channels in conv networks)
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Mirror Descent



⌅ Example: Need a parameter that models variance ‡2

of some distribution inside NN

• Must be ‡2 > 0

• But do not know the scale, e.g. ‡2 œ [10

≠4,104]

Option 1: projected GD

Parametrize as ‡2

= y

Projecting to y = 0 results in invalid variance

Cannot recover small ‡2

more accurately than the step size

May never make enough steps to find big ‡2

Option 2: Parametrize as ‡2

= ey
, y œ R

May overflow for large y

Gradients grow unbounded

If stepped to small values of y accidentally, gradients vanish

Option 3: Parametrize as ‡2

= log(1+ey
), y œ R

Gradients bounded

May vanish if we step to y π 0

May never get to high range values
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How to Handle Simple Constraints?
 20

(All options work to some extend, in particular Option 3 is often used in literature with variational 
Bayesian methods)



Mirror Descent
 21✦ Let us use a proximal problem with an appropriate trust region

⌅
Example: constrained parameter x >= 0

D(x,x

0

) = x log

x

x

0

≠x+x

0

(Generalized KL divergence)

Update: logx

t+1

= logx

t

≠ 1

⁄

Ò
x

f(x

t

)

Note: gradient in x is added to logx

Can implement as:

y

t+1

= y

t

≠ 1

⁄

Ò
x

f(x

t

)

x

t+1

= e

y

t+1
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⌅
Mirror Descent (MD)

• Use step proximal problem: min
x

ÈÒf(x0),x≠x0Í+⁄D(x,x0)

with a suitable divergence D

(recall previous choices D = ||x≠x0||2, D = ||x≠x0||2
M

)

• Very elegant solutions in simple cases
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Mirror Descent
 22✦ Let us use a proximal problem with an appropriate trust region

⌅
Constraint x œ (0,1)

D(x,x

0

) = x log

x

x

0

+ (1≠x) log

1≠x

1≠x

0

(KL divergence)

y

t+1

= y

t

≠ 1

⁄

Ò
x

f(x

t

)

x

t+1

= S(y
t+1

) =

1

1+e

≠y

t+1
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⌅
Mirror Descent (MD)

• Use step proximal problem: min
x

ÈÒf(x0),x≠x0Í+⁄D(x,x0)

with a suitable divergence D

(recall previous choices D = ||x≠x0||2, D = ||x≠x0||2
M

)

• Very elegant solutions in simple cases
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Mirror Descent
 23⌅

Constraint x

i

Ø 0,

q
i

x

i

= 1 – simplex

D(x,x

0

) =

q
i

x

i

log

x

i

x

0

i

(KL divergence)

y

t+1

= y

t

≠ 1

⁄

Ò
x

f(x

t

)

x

t+1

= softmax(y

t

+1)

• Can substitute and get update of x directly æ exponentiated GD (ı)
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Quadratic fidelity

KL fidelity

✦ Convergence in stochastic non-convex setting? 
✦ At least we clearly see it averages gradients in the “mirror” space. Works in practice.


