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pProblém splněńı omezuj́ıćıch podḿınek

Constraint satisfaction problems (CSPs)

Mějme standardńı prohledávaćı problém:

� stav je “black box” – libovolná datová struktura, která podporuje funkce goal test, eval,

successor
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Constraint satisfaction problems (CSPs)

Mějme standardńı prohledávaćı problém:

� stav je “black box” – libovolná datová struktura, která podporuje funkce goal test, eval,

successor

V problému splněńı omezuj́ıćıch podḿınek je pak

� stav definován pomoćı proměnných Xi nabývaj́ıćıch hodnot ze specifické domény Di (oboru

hodnot)

� goal test je definován jako množina omezeńı, které specifikuj́ı možné kombinace hodnot pro

podmnožiny proměnných
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pProblém splněńı omezuj́ıćıch podḿınek

Constraint satisfaction problems (CSPs)

Mějme standardńı prohledávaćı problém:

� stav je “black box” – libovolná datová struktura, která podporuje funkce goal test, eval,

successor

V problému splněńı omezuj́ıćıch podḿınek je pak

� stav definován pomoćı proměnných Xi nabývaj́ıćıch hodnot ze specifické domény Di (oboru

hodnot)

� goal test je definován jako množina omezeńı, které specifikuj́ı možné kombinace hodnot pro

podmnožiny proměnných

jedná se o jednoduchý p̌ŕıklad popisu problému pomoćı formálńıho jazyka

Umožňuje použit́ı obecného (general-purpose) algoritmu s věťśımi výpočetńımi možnostmi než

standardńı prohledávaćı algoritmy
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pPř́ıklad: SUDOKU

� http://www.websudoku.com/

� Každá Sudoku má jedno unikátńı logické řešseńı, kterého lze dosáhnout logicky, bez hádáńı.

� Každý řádek, každý sloupec i každá buňka 3x3 muśı obsahovat všech 9 č́ıslicPuzzle
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Proměnné X1,1, ...X9,9

Domény Di = {1, .., 9}
Omezeńı: X1,1 6= X1,2, ..., X1,1 6= X1,9, .... ve sloupćıch, řádćıch a bloćıch
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Řešeńı: úplné p̌rǐrazeńı hodnot všem proměnným za splněńı omezeńı
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pPř́ıklad: Obarveńı mapy
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pPř́ıklad: Obarveńı mapy

Western
Australia

Northern
Territory

South
Australia

Queensland

New South Wales

Victoria

Tasmania
Proměnné WA, NT , Q, NSW , V , SA, T

Domény Di = {red, green, blue}
Omezeńı: sousedńı oblasti se musej́ı odlǐsovat barvami e.g., WA 6= NT (pokud to reprezentace
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umožňuje), nebo (WA, NT ) ∈ {(red, green), (red, blue), (green, red), (green, blue), . . .}
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pPř́ıklad: Obarveńı mapy

Example: Map-Coloring contd.

Western
Australia

Northern
Territory

South
Australia

Queensland

New South Wales

Victoria

Tasmania

Solutions are assignments satisfying all constraints, e.g.,
{WA = red,NT = green,Q = red,NSW = green, V = red, SA = blue, T = green}

Chapter 5 5

Řešeńı je p̌rǐrazeńı barev, které splňuj́ı daná omezeńı, nap̌r.,

{WA = red, NT = green, Q = red, NSW = green, V = red, SA = blue, T = green}
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pGraf Omezeńı

Binárńı CSP: každé omezeńı specifikuje vztah mezi maximálně dvěmi proměnnými

Graf Omezeńı: uzly jsou proměnné, hrany jsou omezeńı

Victoria

WA

NT

SA

Q

NSW

V

T

Obecný CSP algoritmus použ́ıvá grafovou strukturu za účelem urychleńı procesu prohledáváńı.

nap̌r. umožńı detekovat, že Tasmania je nezávislý subproblem!
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pVariace CSPs

� Diskrétńı proměnné:

− z konečné domény velikosti d =⇒ O(dn) pro všechna p̌rǐrazeńı

∗ nap̌r., Boolean CSPs, incl. Boolean satisfiability (NP-complete)

− z nekonečné domény (integers, strings, ...)

∗ nap̌r., rozvrhováńı, proměnné pro každý start/end den pro každou úlohu

∗ poťreba zavedeńı jazyka omezeńı, nap̌r., StartJob1 + 5 ≤ StartJob3

∗ lineárńı omezeńı jsou řešitelná, nelineárńı omezeńı jsou nerozhodnutelná

� Spojité proměnné

− nap̌r.: start/end čas pro práci Hubblova Teleskopu

− lineárńı omezeńı jsou řešitelná v polynomiáńım čase pomoćı LP metod
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pVariace CSPs

� Unárńı omezeńı pracuje výhradně s jednou proměnnou,

e.g., SA 6= green

� Binárńı omezeńı pracuje s dvojićı proměnných,

nap̌r., SA 6= WA

� Omezeńı vyš̌śıho řádu zahrnuje 3 a v́ıce proměnných,

nap̌r., cryptaritmetika, sudoku, omezeńı relace mezi sloupci

� Preference (soft constraints), nap̌r., red je lepš́ı než green

často reprezentované pomoćı ceny za každé p̌rǐrazeńı hodnoty proměnné

→ vede na problémy optimalizace za omezuj́ıćıch podḿınek

(constrained optimization problems)
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pPř́ıklad: Cryptarithmetic

(a)

OWTF U R

+
OWT
OWT

F O U R

X2 X1X3

(b)

Proměnné: F T U W R O X1 X2 X3

Domény: {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}
Omezeńı

alldiff(F, T, U,W, R, O)

O + O = R + 10 ·X1, etc.
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pProblémy CSP v reálném světě

� Přǐrazovaćı (assignment) problémy

nap̌r., kdo uč́ı jaký p̌redmět

� Rozvrhovaćı (timetabling) problémy

nap̌r., jaký p̌redmět se uč́ı kdy a kde?

� Rozvrhovaćı (Factory scheduling) problém

jak narozvrhovat vhodné operace na vhodné stroje ve vhodný čas

p̌ri zachováńı vzájemné provázanosti stroj̊u i operaćı

� Konfiguračńı problém

problém sestaveńı hardwaru, problém konfigurace śıtě

� Transportńı problém

problém rozvrhováńı pr̊uběžných logistických operaćı

� Problém prostorového uspǒrádáńı (Floorplanning)

Mnohé reálné problémy obsahuj́ı proměnné s oborem reálných č́ısel
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pSpecifikace prohledávaćıho algoritmu pro CSP

Začněme s nejjednoduš́ım algoritmem a postupně ho zlepš́ıme

Stavy jsou definovány pomoćı dosud p̌rǐrazených hodnot proměnným

� Počátečńı stav: prázdné p̌rǐrazeńı, ∅
� Operátor expanze: p̌rǐrad́ı hodnotu jedné nep̌rǐrazené proměnné

tak, aby nedošlo ke konfliktu se současným p̌rǐrazeńım.

=⇒ vrát́ı FAIL když nelze expandovat

� Goal test: aktuálńı p̌rǐrazeńı je úplné
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pSpecifikace prohledávaćıho algoritmu pro CSP

Začněme s nejjednoduš́ım algoritmem a postupně ho zlepš́ıme

Stavy jsou definovány pomoćı dosud p̌rǐrazených hodnot proměnným

� Počátečńı stav: prázdné p̌rǐrazeńı, ∅
� Operátor expanze: p̌rǐrad́ı hodnotu jedné nep̌rǐrazené proměnné

tak, aby nedošlo ke konfliktu se současným p̌rǐrazeńım.

=⇒ vrát́ı FAIL když nelze expandovat

� Goal test: aktuálńı p̌rǐrazeńı je úplné

Vlastnosti:

– tento algoritmus funguje pro všechny CSP

– každé řešeńı se nacháźı v hloubce n s n proměnnými

=⇒ lze použ́ıt depth-first search

– cesta neńı důležitá

– faktor větveńı v hloubce l je b = (n− l)d, tedy n!dn uzl̊u!!!!
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pBacktracking search (zpětné prohledáváńı)

� Backtracking search – prohledáváńı založené na zpětném vyhledáváńı, nebo na inteligentńım

navraceńı se

Přǐrazeńı proměnných je komutativńı, t.j.,

[nejprve WA = red pak NT = green]

je stejné jako

[nejprve NT = green pak WA = red]

Je ťreba p̌rǐradit právě jednu proměnnou v každém uzlu

=⇒ b = d a existuje dn uzl̊u kde n je velikost domény

Prohledáváńı do hloubky pro CSPs s p̌rǐrazováńım jedné proměnné se nazývá

backtracking search

Backtracking search je základńı neinformovaný algoritmus pro řešeńı CSPs

Může řešit problém n-královen s p̌ribližně n ≈ 25
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pZpětné prohledáváńı

Backtracking search

function Backtracking-Search(csp) returns solution/failure

return Recursive-Backtracking({ }, csp)

function Recursive-Backtracking(assignment, csp) returns soln/failure

if assignment is complete then return assignment

var←Select-Unassigned-Variable(Variables[csp],assignment, csp)

for each value in Order-Domain-Values(var,assignment, csp) do

if value is consistent with assignment given Constraints[csp] then

add {var = value} to assignment

result←Recursive-Backtracking(assignment, csp)

if result 6= failure then return result

remove {var = value} from assignment

return failure

Chapter 5 13
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pZpětné prohledáváńı

Backtracking example
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pZpětné prohledáváńı

Backtracking example
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pZpětné prohledáváńı

Backtracking example
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pZpětné prohledáváńı

Backtracking example
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pZlepšeńı efektivity zpětného prohledáváńı

Obecné metody lze zlepšit, bude-li se algoritmus schopen správně rozhodnout:

1. kterou proměnnou p̌rǐradit v p̌ŕı̌st́ım kole?

2. v jakém pǒrad́ı bychom měli zkoušet hodnoty?

3. můžeme dop̌redu p̌redv́ıdat nevyhnutelné selháńı p̌rǐrazeńı (failures)?

4. lze využ́ıt p̌redem známá struktura problému?
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pMinimálńı zbývaj́ıćı hodnota (MRV)

Minimálńı zbývaj́ıćı hodnota (Minimum remaining values):

� vyber proměnnou s nejmenš́ım množstv́ım p̌ŕıpustných hodnot,

� nazývána rovněž most constrained variable nebo fail-first heuristika.
Minimum remaining values

Minimum remaining values (MRV):
choose the variable with the fewest legal values

Chapter 5 19

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � �



pHeuristika podle stupně omezeńı

Alternativa k MRP je heuristika podle stupně omezeńı (degree heuristic:)

1. vyber proměnnou s nejv́ıce omezeńımi na zbývaj́ıćıch proměnných.

2. Omezuje faktor větveńı na budoućıch proměnných.

Degree heuristic

Tie-breaker among MRV variables

Degree heuristic:
choose the variable with the most constraints on remaining variables

Chapter 5 20
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pNejméně omezuj́ıćı hodnota

pro danou proměnnou vyber hodnotu, která ji nejméně omezuje (least-constraining value):

� tato hodnota vy̌rad́ı nejméně hodnot pro ostatńı proměnné
Least constraining value

Given a variable, choose the least constraining value:
the one that rules out the fewest values in the remaining variables

Allows 1 value for SA

Allows 0 values for SA

Combining these heuristics makes 1000 queens feasible

Chapter 5 21

Za kombinace těchto heuristik lze řešit až 1000 královen
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pDop̌redná kontrola (Forward checking)

Hlavńı myšlenka: Pamatovat si p̌ŕıpustné zbývaj́ıćı hodnoty pro nep̌rǐrazené proměnné

Ukončit prohledáváńı, když už žádná proměnná nemá žádnou legálńı hodnotu.

Forward checking

Idea: Keep track of remaining legal values for unassigned variables
Terminate search when any variable has no legal values

WA NT Q NSW V SA T

Chapter 5 22
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pDop̌redná kontrola (Forward checking)

Hlavńı myšlenka: Pamatovat si p̌ŕıpustné zbývaj́ıćı hodnoty pro nep̌rǐrazené proměnné

Ukončit prohledáváńı, když už žádná proměnná nemá žádnou legálńı hodnotu.

Forward checking

Idea: Keep track of remaining legal values for unassigned variables
Terminate search when any variable has no legal values
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pDop̌redná kontrola (Forward checking)

Hlavńı myšlenka: Pamatovat si p̌ŕıpustné zbývaj́ıćı hodnoty pro nep̌rǐrazené proměnné

Ukončit prohledáváńı, když už žádná proměnná nemá žádnou legálńı hodnotu.

Forward checking

Idea: Keep track of remaining legal values for unassigned variables
Terminate search when any variable has no legal values
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pDop̌redná kontrola (Forward checking)

Hlavńı myšlenka: Pamatovat si p̌ŕıpustné zbývaj́ıćı hodnoty pro nep̌rǐrazené proměnné

Ukončit prohledáváńı, když už žádná proměnná nemá žádnou legálńı hodnotu.

Forward checking

Idea: Keep track of remaining legal values for unassigned variables
Terminate search when any variable has no legal values
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p̌Śı̌reńı omezeńı (Constrain propagation)

Dop̌redná kontrola š́ı̌ŕı informace od p̌rǐrazených k nep̌rǐrazeným proměnným, ale nedetekuje

všechna budoućı selháńı:

Forward checking

Idea: Keep track of remaining legal values for unassigned variables
Terminate search when any variable has no legal values

WA NT Q NSW V SA T
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NT and SA nemohou být zároveň modré!

Š́ı̌reńı omezeńı opakovaně vynucuje omezeńı lokálně
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pKonzistence hran

Nejjednoduš́ı forma š́ı̌reńı umožňuje konzisetnci hran

X → Y je konzistentńı právě když

pro každou hodnotu x z X existuješ nějaké p̌ŕıpustné y

Arc consistency

Simplest form of propagation makes each arc consistent

X → Y is consistent iff
for every value x of X there is some allowed y

WA NT Q NSW V SA T

Chapter 5 27
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � �



pKonzistence hran

Nejjednoduš́ı forma š́ı̌reńı umožňuje konzisetnci hran

X → Y je konzistentńı právě když

pro každou hodnotu x z X existuje nějaké p̌ŕıpustné y

Arc consistency

Simplest form of propagation makes each arc consistent

X → Y is consistent iff
for every value x of X there is some allowed y
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pKonzistence hran

Nejjednoduš́ı forma š́ı̌reńı umožňuje konzisetnci hran

X → Y je konzistentńı právě když

pro každou hodnotu x z X existuje nějaké p̌ŕıpustné y

Arc consistency

Simplest form of propagation makes each arc consistent

X → Y is consistent iff
for every value x of X there is some allowed y
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If X loses a value, neighbors of X need to be rechecked

Chapter 5 29

V p̌ŕıpadě, že X ztrat́ı hodnotu, souseda X je ťreba znovu zkontrolovat
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pKonzistence hran

Nejjednoduš́ı forma š́ı̌reńı umožňuje konzisetnci hran

X → Y je konzistentńı právě když

pro každou hodnotu x z X existuješ nějaké p̌ŕıpusné y

Arc consistency

Simplest form of propagation makes each arc consistent

X → Y is consistent iff
for every value x of X there is some allowed y

WA NT Q NSW V SA T

If X loses a value, neighbors of X need to be rechecked

Arc consistency detects failure earlier than forward checking

Can be run as a preprocessor or after each assignment
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V p̌ŕıpadě, že X ztrat́ı hodnotu, souseda X je ťreba znovu zkontrolovat

Konzistence hran detekuje selháńı ďŕıve než dop̌redná kontrola

Může běžet jako preprocessor or nebo po každém p̌rǐrazeńı
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pAlgoritmus konzistence hran
Arc consistency algorithm

function AC-3( csp) returns the CSP, possibly with reduced domains

inputs: csp, a binary CSP with variables {X1, X2, . . . , Xn}

local variables: queue, a queue of arcs, initially all the arcs in csp

while queue is not empty do

(Xi, Xj)←Remove-First(queue)

if Remove-Inconsistent-Values(Xi, Xj) then

for each Xk in Neighbors[Xi] do

add (Xk, Xi) to queue

function Remove-Inconsistent-Values(Xi, Xj) returns true iff succeeds

removed← false

for each x in Domain[Xi] do

if no value y in Domain[Xj] allows (x,y) to satisfy the constraint Xi ↔ Xj

then delete x from Domain[Xi]; removed← true

return removed

O(n2d3), can be reduced to O(n2d2) (but detecting all is NP-hard)

Chapter 5 31

O(n2d3), lze redukovat do O(n2d2) (ale detekce všech je NP-hard)

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � �



pPoužit́ı algoritmů lokálńıho prohledáváńı pro CSP

� Gradientńı metody pracuj́ı zpravidla s množinou úplných konfiguraćı, t.j., všechny proměnné

jsou p̌rǐrazeny

� Aplikace na problém CSPs:

− umožnit práci se stavy s nesplněnými omezeńımi

− zavést operátory znovup̌rǐrazeńı (změny) hodnot proměných

� Výběr proměnných: náhodně vybrat konfliktńı proměnou

� Výběr hodnoty: nap̌ŕıklad pomoćı min-conflicts heuristiky:

− vyber takovou hodnotu, která bude porušovat minimálńı počet omezeńı

t.j., gradientńı prohledáváńı s h(n) = počet nesplněných omezeńı
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pAlgoritmus min-conflict

Section 5.4. The Structure of Problems 151

function MIN-CONFLICTS(csp,max steps) returns a solution or failure
inputs: csp, a constraint satisfaction problem

max steps , the number of steps allowed before giving up

current← an initial complete assignment for csp

for i = 1 to max steps do
if current is a solution for csp then return current

var← a randomly chosen, conflicted variable from VARIABLES[csp]
value← the value v for var that minimizes CONFLICTS(var , v , current , csp)
set var = value in current

return failure

Figure 5.8 The MIN-CONFLICTS algorithm for solving CSPs by local search. The initial
state may be chosen randomly or by a greedy assignment process that chooses a minimal-
conflict value for each variable in turn. The CONFLICTS function counts the number of
constraints violated by a particular value, given the rest of the current assignment.
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Figure 5.9 A two-step solution for an 8-queens problem using min-conflicts. At each
stage, a queen is chosen for reassignment in its column. The number of conflicts (in this
case, the number of attacking queens) is shown in each square. The algorithm moves the
queen to the min-conflict square, breaking ties randomly.

constraints usually requires much more time and might find a solution with many changes
from the current schedule.

5.4 THE STRUCTURE OF PROBLEMS

In this section, we examine ways in which the structure of the problem, as represented by the
constraint graph, can be used to find solutions quickly. Most of the approaches here are very
general and are applicable to other problems besides CSPs, for example probabilistic reason-
ing. After all, the only way we can possibly hope to deal with the real world is to decompose
it into many subproblems. Looking again at Figure 5.1(b) with a view to identifying problem
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pPř́ıklad: 8-královen

Section 5.4. The Structure of Problems 151

function MIN-CONFLICTS(csp,max steps) returns a solution or failure
inputs: csp, a constraint satisfaction problem

max steps , the number of steps allowed before giving up

current← an initial complete assignment for csp

for i = 1 to max steps do
if current is a solution for csp then return current

var← a randomly chosen, conflicted variable from VARIABLES[csp]
value← the value v for var that minimizes CONFLICTS(var , v , current , csp)
set var = value in current

return failure

Figure 5.8 The MIN-CONFLICTS algorithm for solving CSPs by local search. The initial
state may be chosen randomly or by a greedy assignment process that chooses a minimal-
conflict value for each variable in turn. The CONFLICTS function counts the number of
constraints violated by a particular value, given the rest of the current assignment.
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Figure 5.9 A two-step solution for an 8-queens problem using min-conflicts. At each
stage, a queen is chosen for reassignment in its column. The number of conflicts (in this
case, the number of attacking queens) is shown in each square. The algorithm moves the
queen to the min-conflict square, breaking ties randomly.

constraints usually requires much more time and might find a solution with many changes
from the current schedule.

5.4 THE STRUCTURE OF PROBLEMS

In this section, we examine ways in which the structure of the problem, as represented by the
constraint graph, can be used to find solutions quickly. Most of the approaches here are very
general and are applicable to other problems besides CSPs, for example probabilistic reason-
ing. After all, the only way we can possibly hope to deal with the real world is to decompose
it into many subproblems. Looking again at Figure 5.1(b) with a view to identifying problem
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pPorovnáńı

� mapa USA: barveńı mapy USA pomoćı 4 barev

� n-královen: řešeńı 2 až 50-královen

� zebra: logická hádanka (viz následuj́ıćı slide)

� random1, random 2: umělé problémy

problém BCK BCK+MRV FCH FCH+MRV MIN-CON

mapa USA (> 1.000K) (> 1.000K) 2K 60 64

n-královen (> 40.000K) 13.500K (> 40.000K) 817K 4K

zebra 3.859K 1K 35K 0.5K 2K

random1 4.15K 3K 26K 2K

random2 942K 27K 77K 15K

mě̌ŕıme medián počtu kontroly konzistence (p̌res 5 test̊u), výraz v závorce znamená, že po tolika

operaćıch nebylo nalezeno řešeńı.
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pPorovnáńı

ZEBRA: Consider the following logic puzzle: In five houses, each with a different color, live 5 persons of different nationalities,
each of whom prefer a different brand of cigarette, a different drink, and a different pet. Given the following facts, the question
to answer is “Where does the zebra live, and in which house do they drink water?”

The Englishman lives in the red house.

The Spaniard owns the dog.

The Norwegian lives in the first house on the left.

Kools are smoked in the yellow house.

The man who smokes Chesterfields lives in the house next to the man with the fox.

The Norwegian lives next to the blue house.

The Winston smoker owns snails.

The Lucky Strike smoker drinks orange juice.

The Ukrainian drinks tea.

The Japanese smokes Parliaments.

Kools are smoked in the house next to the house where the horse is kept.

Coffee is drunk in the green house.

The Green house is immediately to the right (your right) of the ivory house.

Milk is drunk in the middle house.
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