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Prediction problem: the definition @
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X a set of input observations/features

Y a finite set of hidden states

(x,y) € X x Y samples randomly drawn from r.v. with p.d.f. p(z,y)
h: X — ) a prediction strategy

: )Y xY — R aloss function

Task is to find a strategy with the minimal expected risk
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Example of a prediction problem @
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® The statistical model:

0 if y=1
1L if y#y

- 1 ()
* p(z,y) —p(y)me 2o ye b

e X =R, Y ={+1, -1} l(y,y) = {

0.2 - I R(h) |

01M%y=—n *
' p(r,y =+1)
O ; | | 1 | I 1 |
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Solving the prediction problem from examples @
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Assumption: we have an access to examples

{@y), (=% y%),.. .}

drawn from i.i.d. r.v. distributed according to unknown p(z,y).

1) Testing: a given h: X — ) estimate its R(h) using test set
S'={(a'y) e (X x V) [i=1,....1}

drawn i.i.d. from p(z,y).
2) Learning: find h: X — ) with small R(h) using training set

T ={(&'y) € (X x V) i=1,...,m)

drawn i.i.d. from p(x,y).
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Testing: estimation of the expected risk @
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Given a predictor h: X — ) and a test set S' draw i.i.d. from
distribution p(z,y), compute the empirical risk

Rgi(h) = %(g(yla h(zh)) + -+ 0y, h(xl)) =

1
and use it as an estimate of R(h) = E; ,)p(L(y, h(x))).
The empirical risk Rgi(h) is a random variable.
We will show how to compute an interval such that
R(h) € (Rsipy — €, Rsipy +€)
holds with a prescribed probability (confidence) § € (0, 1).

We show how the interval width € depends on [ and ¢.
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Law of large numbers

@

¢ Arithmetic mean of the results of random trials gets closer to the
expected value as more trials are performed.

¢ Example: The expected value of a single roll of a fair die is

1+24+3+4+5+6

6 3.5
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CAm ¢
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Hoeffding inequality

Theorem 1. Let {21,...,2'} € [a,b]' be realizations of independent
random variables with the same expected value 1. Then for any € > 0 it

holds that

21 82

[
P(Z 1Z—/j|28>§26 (b—a)

¢ Example (rolling a die): u = 3.5, z; € [1,6], € = 0.5.

10 experiments > | |
—2exp(-2l €2/ (b-a) 2)
) ] 15| —empirical
T4 1
+ 3
=0 /\/ 0-5
1 0
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Confidence intervals
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Let 1; = %Zizl 2* be the arithmetic average computed from
{z1,...,2'} € ]a,b]' sampled from r.v. with expected value .

Find € such that u € (u; — €, u; + €) with probability at least ~.

Using the Hoeffding inequality we can write

2l62

P(\Ml—u\ <€) = 1—P(\ul—u\ 25) >1—2 (0-0)? =~

and solving the last equation for € yields

log(2) — log(1 —
8_|b_a‘\/og og 7)



http://cmp.felk.cvut.cz

Confidence intervals
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Let 1; = %Zizl 2* be the arithmetic average computed from
21 .. 28 € a, bt sampled from r.v. with expected value wu.
P o

Given a fixed € > 0 and v € (0, 1), what is the minimal number of
examples [ such that u € (u; — €, u; + €) with probability v at least ?

Starting from

2l€2

P(‘Ml_ﬂ‘ <5) = 1—P(\ul—u\ 25) >1—2 (-0 =~

and solving for [ yields

;_ log(2) —zl;g(l ) (b — a)’
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Testing: estimation of the expected risk @
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Given h: X' — ) estimate the expected risk R(h) = E(; ,)p(£(y, h(2)))
by the empirical risk Rgi(h) = %22:1 {(yt, h(x")) using the test set S
drawn i.i.d from p(x,y).

The incurred losses 2* = £(y*, h(z")) € [lmin, fmax), ¢ € {1,...,1}, are
realizations of i.i.d. r.v. with the expected value u = R(h).

According to the Hoeffding inequality, for any € > 0 the probability of
seeing a "bad test set” can be bound by

21 82
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Testing: confidence intervals @
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Given h: X' — ) estimate the expected risk R(h) = E(; ,)p(£(y, R(T]) T

by the empirical risk Rgi(h) = %Zézl {(yt, h(x*)) using the test set S
drawn i.i.d from p(x,y).

Confidence interval: the expected risk is
R(h) € (Rsz(h) —e,Rqi(h) + 5)

with the probability (confidence) v € (0,1) at least.

Interval width: For fixed [ and v € (0,1) compute

=l gmm)\/log@) —;;g(l -7

Number of examples: For fixed € and v € (0,1) compute

; _ log(2) — log(1 — 7)

9 62 (gmax — gmin)z
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Example: confidence intervals

@
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¢ The width of R(h) € (Rgi(h) — €, Rgi(h) +¢) is for L(y,y) = [y # V]

given by £ = \/log(2)—10g(1_,y)

0.2

21

0.15 -

~v=0.95

—~=0.90

—~=0.99 |

102 10° 104
for v = 0.95
[ 100 | 1,000 | 10,000 | 18,445
e |l 0.135 | 0.043 0.014 0.01

10°
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Learning @
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The goal: Find a strategy h: X — ) minimizing R(h) using the
training set of examples

Tm:{(xi,yi)e(?(xy)\izl,...,m}

drawn from i.i.d. according to unknown p(x,y).

Hypothesis space: he have to use our knowledge to select
HCYY ={h: X =V}

Learning algorithm: a function
A: U (X xY)"™ —H

which returns a strategy h,, = A(7T"™) for a training set 7™
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Learning: Empirical Risk Minimization approach @
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The expected risk R(h), i.e. the true but unknown objective, is replaced
by the empirical risk computed from the training examples

Ryn(h) = =" U(y', h(e)

1=1

The ERM based algorithm returns h,,, such that

hopn € Argmin Rym(h) (1)
heH
Depending on the choince of H and ¢ and algorithm solving (1) we get
individual instances e.g. Support Vector Machines, Linear Regression,

Logistic Regression, Neural Networks learned by back-propagation,
AdaBoost, Gradient Boosted Trees, ...
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Errors to minimize when learning
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The characters of the play:
R* = inf) cyx R(h) best attainable (Bayes) risk

R(hy) best risk in H where hy, € Argmin, 4, R(h)

R(hy,) risk of h,, = A(T,) learned from T™

Excess error: the quantity we want to minimize

\(R(hm) - R*)/ - \(R(hm) _ R(hH)>J+ \(R(hﬂ) - R*)

J/

-~

€XCess error estimation error approximation error

Questions:
Which of the quantities are random and which are not ?

What causes individual errors ?

How do the errors depend on H and m?
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Statistically consistent learning algorithm @
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The statistically consistent algorithm can make the estimation error
arbitrarily small if it has enough examples.

Is the ERM algorithm statistically consistent ?

Definition 1. The algorithm A: U_; (X x V)™ — H is statistically
consistent in H C Y if for any p(x,y) and € > 0 it holds that

mM—r 00

lim P(R(hm) ~ R(hy) > 5) ~ 0

where h,, = A(T™) is the hypothesis returned by the algorithm A for
training set T™ generated from p(x,y).
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Example: ERM does not work if H is unconstrained @
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Let X = [a,0] CR, ¥ = {+1,—1}, (y,¢/) = [y # ¥/], plz | y = +1)
and p(x | y = —1) be uniform distributions on X and p(y = +1) = 0.8.

The optimal strategy is h(x) = 41 with the Bayes risk R* = 0.2.

Consider learning algorithm which for a given training set
Tm = {(2Yy1),..., (™, y™)} returns strategy

b () = y) if x =127 forsome j€{l,...,m}
Sl =1 otherwise

The empirical risk is Rym(h,,) = 0 with probability 1 for any m.

The expected risk is R(h,,) = 0.8 for any m.
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Uniform Law of Large Numbers @
18/25

Definition 2. The hypothesis space H C Y satisfies the uniform law of
large numbers if for all € > 0 it holds that

lim IP’(sup R(h) —RTm(h)| ze> _

ULLN says that the probability of seeing a “bad training set” can be
made arbitrarily low if we have enough examples.

Theorem 2. [fH satisfies ULLN then ERM is statistically consistent in H.
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Proof: ULLN implies consistency of ERM @

For fixed 7™ and h,, € Argmin, o, R7m(h) we have: -
Rltn) = R(t0) = (Bltn) = Roen) ) + (Bro(hn) = Rl
< <R(hm) — RTm(hm)> + (RTm(h’H) — R(h’H)>
< 25up [R(1) ~ By (1)
hen
Therefore € < R(hy,) — R(hy) implies 5 < supj,cy ‘R(h) — Rym(h)| and

P(R(hm) ~ R(hy) > e> < ]P( sup ‘R(h) _ RTm(h)' > §>

so if converges the RHS to zero (ULLN) so does the LHS (estimation error).
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ULLN for finite hypothesis space @
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Assume a finite hypothesis space H = {h1,...,hg}.

Define the set of all “bad” training sets for a hypothesis h € ‘H as
B(h) = {T’m (X x y)m|\RTm(h) ~ R(h)| > g}

Use the union bound to upper bound the probability of seeing a bad
training set any hypothesis from h € H

P(Enéa%c [Rym(h) — R(R)| > 5)

— P(Tm e B(hy) \/Tm € B(hs) \/ ce \/Tm S B(hK))
< ) PB(T™ € B(h)

heH
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ULLN for finite hypothesis space @
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¢ Example: the union bound for three hypotheses

3

P(T™ € B(h)\/ T™ € B(ha) \/ T™ € B(hs)) < 3" P(T™ € B(h:))

mutually exclusive not mutually exclusive

1=1
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ULLN for finite hypothesis space @

22/25
Combining the union bound with the Hoeffding inequality yields
_2m€2
P( max [Ryn(h)—R(R)| > & ) < > P(Ryn(h) = R(h)| > ¢) < 2[Mle -7
max |[Rym(h)—R(h)| = € > P([Rym(h) — R(h)| > ¢) < 2[H]e

heH TmeB(h)
Therefore we see that

lim P(max |Rym(h) — R(h)| > 5) =0

m— 00 heH o

Corollary 1. The ULLN is satisfied for a finite hypothesis space.


http://cmp.felk.cvut.cz

% N
Generalization bound for finite hypothesis space @
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Hoeffding inequality generalized for a finite hypothesis space H:

2

2m e
]P( m(h) — R(h)| > )<2  (b—a)?
%ﬂeagmfr (h) — R(h)| > € ) <2[H]e

For which € is R(h) in the interval (Rym(h) — €, Rym(h) + €) with the
probability 1 — 0 at least, regardless what h € H we consider ?

P(r&a% [Rym(h) — R(h)| < 5) — 1 P(%lea% [Rym(h) — R(h)| > 5)

2m 82

> 1—-2|Hle -0 =1-6

and solving the last equality for € yields

log 2|H| + log 5

2m
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Generalization bound for finite hypothesis space @
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Theorem 3. Let H be a finite hypothesis space and

Tm = {(z!,yY),..., (™ y™)} € (X x V)™ a training set draw from i.i.d.
random variables with distribution p(x,y). Then, for any 0 < § < 1, with
probability at least 1 — o the inequality

log 2|H| + log 5
2m

R(h) < Rym(h) + (b— a>\/

holds for any h € ‘H and any loss function £: )Y x Y — |a,b].

The “worst-case” bound in Theorem 3 holds for any h € H, in
particular, for the ERM algorithm which minimizes the first term.

The second term suggests that we have to use H with appropriate
cardinality (complexity); e.g. if m is small and || is high we can overfit.
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Summary @ -
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Topics covered in the lecture:
Prediction problem
Test risk and its justification by the law of large numbers
Empirical Risk Minimization
Excess error = estimation error 4+ approximation error
Statistical consistency of learning algorithm
Uniform law of large numbers

Generalization bound for finite hypothesis space
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