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Formulation of the Least-Squares Clustering Problem 

Given: T = fx l gL
l=1

, the set of observations

K the number of desired cluster prototyp es

Output: (ck )K
k=1

, the set of cluster prototyp es (etalons)

fT k gK
k=1

the clustering (partitioning) of the data

[K
k=1

Tk = fx l gL
l=1

, T i \ T j = ; for i 6= j

The resu lt is obtained by solving the fo llow ing optim ization problem :

(c1 , c2 , ..., cK ; T1 , T 2 , ..., TK ) = argm in
all c 0

k
,T 0

k

J (c
0
1 , c

0
2 , ..., c

0
K ; T 0

1 , T 0
2 , ..., T 0

K ) ,

where

J (c
0
1 , c

0
2 , ..., c

0
K ; T 0

1 , T 0
2 , ..., T 0

K ) =

KX

k=1

X

x2T 0
k

kx ¡ c
0
k k

2

over all 
clusters 

over data in 
cluster k 

Squared Euclidean 
distance of data point 
from its etalon 
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K-means:  Algorithm for the LS clustering problem 

Given: T = fx l gL
l=1

, the set of observations

K the number of desired cluster prototyp es

Output: (ck )K
k=1

, the set of cluster prototyp es (etalons)

fT k gK
k=1

the clustering (partitioning) of the data

[K
k=1

Tk = fx l gL
l=1

, T i \ T j = ; for i 6= j

1. In itia lize ck (e.g. by assigning random x l to ck )

2. Assignment optim ization:

T k = fx 2 T : 8 j , jjx ¡ ck jj22 · jjx ¡ c j jj22g

3. Prototyp e optim ization:

ck =
1

jT k j

P
x2T k

x

4. Term inate if T t+1

k
= T t

k
, 8k ; e lse go to 2



Number of clusters K=3 

 

 

 

 

Initialization: 

  𝐜𝑘 = random 𝐱𝑙, 
         without replacement 
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K-means: an Example                                   (1/1) 



Optimizing partitions: 
 

Euclidean Distances 
          A      B    C     D     E     F 

c1 

c2 

c3 

Sum of squares = J1(.) = 9.0 

Optimizing prototypes: 
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K-means: an Example                                   (2/4) 



Optimizing partitions: 
 

Euclidean Distances 
         A      B    C     D      E       F 

c1 

c2 

c3 

Sum of squares = J2(.) = 1.78 

Optimizing prototypes: 
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K-means: an Example                                   (3/4) 
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K-means: an Example                                   (4/4) 

Optimizing partitions: 
 

Euclidean Distances 
        A      B    C     D     E     F 

c1 

c2 

c3 

 

Sum of squares = J3(.) = 0.31 

 

Assignment unchanged ) 

  terminate 
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K-means:  Convergence Properties 

² If neither Step 3 nor Step 2 changes J (¢), the algorithm term i-

nates.

² Step 3 (cluster centre optim ization) reduces J (¢), b ecause for a

¯xed assignment T k , the mean over the data points in T k is the

optim al so lution for the squared error.

² Step 2 (assignment optim ization) reduces J (¢) b ecause for every

x l , the contribution to the cost function either stays the same,

or gets lower.

² The fact that J (¢) is reduced implies that no assignment is re-

p eated during the run of the algorithm .

² Since there is a ¯nite number of assignmens (how many?) the

k-m eans algorithm converges, in a ¯nite number of steps, to

a lo cal m inimum .
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K-means:  Notes 

² A lternatively, T k is in itia lised, and steps 2. and 3. are swapped

² The k-means algorithm is not a guaranteed global m inimum

optim izer. This is easily proved by a counter-example.

² E±ciency. The complexity of Step 2. (assignment optim iza-

tion) dom inates, as for every observation the nearest prototyp e

is sought. Trivia lly implem ented, this requires L £ K operations.

Any idea for a sp eed-up?
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K-means Generalization 

In: T = fxlgLl=1, the set of observations

d(., .) "distance function" (may not be a metric)

Out: (ck)
K
k=1, the set of cluster prototypes (etalons)

fTkgKk=1 the clustering (partitioning) of the data

1. Initialize ck (e.g. by assigning random xl to ck)

2. Assignment optimization:

Tk = fx 2 T : 8j , d(x, ck) · d(x, cj)g

3. Prototype optimization:

ck = arg minc

P
x2Tk

d(x, c)

4. Terminate If T t+1
k = T t

k ,8k ; else go to 2
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K-means Generalization: K-medians 

In : T = fx l gL
l=1

, the set of observations

d (., .) jjc ¡ x jj1 , ie. d (., .) is the L1-metric

Out: (ck )K
k=1

, the set of cluster prototyp es (etalons)

fT k gK
k=1

the clustering (partition ing) of the data

1. In itia lize ck (e.g. by assign ing random x l to ck )

2. Assignment optim ization:

T k = fx 2 T : 8 j , d (x , ck ) · d (x , c j )g

3. Prototyp e optim ization:

ck = medianfT k g

4. Term inate If T t+1

k
= T t

k
, 8k ; e lse go to 2

M edian is the m inim izer of the L1-norm in a cluster, ie.

m edianfT k g = c?
k

= arg m in c

P
x2T k

jjx ¡ ck jj1
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K-means Generalization: Clustering Strings 

In : T = fx l gL
l=1

, observations x l are strings

d (s1 , s2 ) is the Levenshtein distance, ie. the number of

ed it operations to transform s1 into s2

Out: (ck )K
k=1

, the set of cluster prototyp es, ck are strings

fT k gK
k=1

the clustering (partition ing) of the data

1. In itia lize ck

2. Assignment optim ization:

T k = fx 2 T : 8 j , d (x , ck ) · d (x , c j )g

3. Prototyp e optim ization:

ck = arg m in c

P
x2T k

d (x , c)

4. Term inate If T t+1

k
= T t

k
, 8k ; e lse go to 2

.
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K-means Generalization: Clustering Strings: Notes 

² the calculation of d (., .) m ight be non-trivia l

² It m ight b e very hard to m inim ize
P

x2T k
d (x , c) over the space

of all strings.

The m inim ization can be restricted to c 2 T .

² Is the algorithm guaranteed to term inate if Step 2. (Step 3.) is

only improving J (¢), not ¯nding the m inim imum (given ¯xed T
or ck resp ectively)?
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K-means Generalization: Euclidean Clustering 

G iven: T = fx l gL
l=1

, the set of observations

K the number of desired cluster prototyp es

Output: (ck )K
k=1

, the set of cluster prototyp es (etalons)

fT k gK
k=1

the clustering (partitioning) of the data

[K
k=1

T k = fx l gL
l=1

, T i \ T j = ; for i 6= j

1. In itia lize ck (e.g. by assign ing random x l to ck )

2. Assignment optim ization:

T k = fx 2 T : 8 j , jjx ¡ ck jj2 · jjx ¡ c j jj2g

3. Prototyp e optim ization: no closed-form solution for geometric

m edian . U se e.g. iterative Weiszfeld's algorithm .

ck = argm in c

P
x2T k

kx ¡ ck2

4. Term inate if T t+1

k
= T t

k
, 8k ; e lse go to 2
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Thank you for your attention. 
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