Mathematical identities

(Lukas Jelinek, CTU Prague, September 2016)

In the following, the rectangular system is characterized by coordinates (z, y, z) and unit vectors [ To Yo 20 ] .
The cylindrical system is characterized by coordinates (p, ¢, z) and unit vectors [ Po Po 20 ] The
spherical system is characterized by coordinates (r, 8, ¢) and unit vectors [ ro 0o g ]

0.1 Point Transformations

Rectangular - Cylindrical

T = pcosy
y = psing (1)
=z

Cylindrical - Rectangular

Rectangular - Spherical

T = T1cospsinf
y =rsingsinf 3)
z=rcosf

Spherical - Rectangular

r = /22 + y2 + 22
/.%'2 + y2
— (4)

tand = p;
tanp = L4
x
Cylindrical - Spherical
p=rsinf
z=rcosb (5)
p=¢

Spherical - Cylindrical
r = /p2 + 22
tanf = 2 (6)
z
=

0.2 Vector Transformations

Rectangular - Cylindrical

Ty = Py COSY — Py sinp
Yo = PoSinY + ¢, cos ¢ (7)
Zo = 20



Cylindrical - Rectangular

Py = T COS P + Y, sinp
$o = —ToSin g + Yy, cos ¢ (8)
Z0 = 29

Rectangular - Spherical
Ty = rpsinfcosy + Ogcos b cosp — ¢y sinp
Yo = rosindsin g + Oy cosfsin g + ¢ cos ¢ (9)
zg = 1rgcosf — Oysin b

Spherical - Rectangular

70 = %o sin b cos ¢ + Yy, sind sin ¢ + 2z cos d
0o = x cos b cos g + Yy, cosfsinp — zpsin b (10)
Py = —Tosinp + Yy, cos

Cylindrical - Spherical

Py = rosing + O cos

%Yo = %o (11)
zo =rgcosf —Oysinb

Spherical - Cylindrical

0 = posing + zgcos
0o = pycost — zgsinb (12)
¥o = %o

0.3 Differential Operators

Rectangular coordinate system

g, 0, Of

_OF, OF, OF.

V- F or + oy + 0z
0F, OF, 0F, OF, 0F, OF, 13)
F= %y e _ 9y _ (
VX ””O(ay 82) 0(82 8x>+z0<8x 3y>

0%f 0%f O%*f
‘72 =V - (V = — —_— -
I= (V) ox? + Oy? + 022

V2F =V (V-F) -V xV x F =a,V2F, + y,V2F, + 2,VF,



Cylindrical coordinate system

~of 1 aof 8f
19(pF,) 10F, OF,
. F — —Z\Fmp) il 2
v p Op pOp 0z
10F, OF, OF, OF. 19(pF,) 10F,
F— T %
v p0<p8s0 82>+¢<3 8p>+z <p o  p oy
190 [ of 1 0%f  O*f
Vif=V-(V — L 2L
= @n= o (o5 )+ 55t 5
V2F=V(V-F)-VxVxF=
0*F, 10F, F, 10°F, 20F, 0°F,
Po ST 5 T + +
op* pdp p*  p? &p P2 0p | 022
o (OFe [ LOF, F, 10°F, 20F, PF\
YN op> "pdp  ppP 02 p?Op 022
o (F  1OF. | 19°F.  °F
\Nap2 Tpap 2ot T 922
Spherical coordinate system
of 10f 1 af
Vi=r 0874_00 a0 rsin@%
1.0 (r’F,) 1 0 1 OF
F=_ Fysinf) + e
v r2  Or rsinf 89( bsind) + rsinf Op
To 0 8F9 00 1 8Fr 8(TF<P)
F = F, 2o 90 FUTe)
v X rsinf (80( sin6) - 8g0> * T (sin@ Op or +
po (O(rFy) OF;
r or 00
10 (,0f L0 (. ,0f 1 o
2 - . = —_—— — S ——
ViI=V-VI =55, < ar) T 256 00 < ae) T 2sinZ0 097
VZF=V(V-F)-VxVxF=
0°F, 20F, 2 N i@QFT 4 ot cot 6 OF 1 0%F,
o2 T por  r2 T T2 902 T 12 90 r2sin20 0p?
To +
20R 2etd, 2 OF,
r2 00 72 r2sinf dy
0% Fy 20F, 1 ot i@QFg cot § dFy
or2 " por 220 ° ' r2 0602 r2 00
0o +
1 82F9+2@_ 2cot98&
r2sin®0 0p? 12 90  r2sinf Oy
0°F, 20F, 1 L LPF, | cotfOF,
or? p Or r2sin’0" 2 392 r2 00
®o
1 0%F, 2 OF,  2cotf 0F,
r2sin?0 d¢?  r2sinf dp = r?sind Op

)

(15)



0.4 Differential Identities

a-(bxec)=b-(cxa)=c-(axb)
ax(bxc)=(a-c)b—(a-b)c
(axb)-(cxd) =(ac)(b-d)—(a-d)b-c)
Vx (Vf)=0

V- (VxF)=0

V(f-9)=9Vf+[Vg
V-(Ff)=F-(Vf)+ [(V-F)
Vx(Ffy=(Vf)xF+ f(VxF)

v <f> _ gi;ng
g g

v.(£) - LORF9)

Vx(l;)—f(vxF)f;(Vf)xF

V(F-G)=(F-V)G+(G-V)F+Fx (VxG)+Gx (VxF)

V- (FxG) =G - (VxF)-F - (VxG)

Vx(FxG) =F(V-G)~-G(V-F)+(G-V)F—(F-V)G
V(fog)=(f"o9)Vyg

V- (Fog)=(F'og)-Vyg

Vx(Fog)=—(Fog)xVyg

(16)



0.5 Integration Identities

/(V~F)deF~dS

v

/(Vf)dvszds

S/(VxF)~dS:?{F~dl

(V) xdS=— ¢ fdi
/

A

0.6 3D Fourier’s Transformation

Definition

oo

FT{f (r / 7 7f(r) e R drdydz
FT-! {f(k)} —f(r) = (er)g 7 7 7f(k:)ejk"“dkzdkydkz

—00 —00 —O0

(18)

Convolution and its Fourier’s transformation

50 — 00 —o0 (19)

FT{f(r)*g(r)} = (k) (k)

Differential operators and their Fourier’s transformation

FT{V-F(r)} =jk-F(k)



0.7 Trigonometric identities

1-— 2
sin® () = 70(;8( )

1+ cos (2a
cos? (o) = 7(2025( )

sin (o + ) = sin (a) cos (8) + cos (a) sin (8)
sin (o — ) = sin (a) cos (8) — cos (a) sin (B)
cos (o + ) = cos () cos (B) — sin (a) sin (8)
cos (a — ) = cos () cos (8) + sin (a) sin (8)

) (a B)
6)5111( 5)
S _m(a;ﬁ) (45

Jon(*57)

0.8 Identities involving separation vector

at+p

sin () + sin (8) = 2sin (

(07

sin () — sin (8) = 2 cos (

|+

cos (@) — cos () = —2sin <

R
R=r-7', R=|R|, ROZE

VR =R,

VR" =nR""'VR=nR""'R,

V-R=3

VXxR=0
2

VR():E

v (e_jk'R) = —jkeFER,

v? (;) = —476 (R)

9 9 efij
(V> + k%) = = —475 (R)



0.9 Useful integrals

dx 1 T

o5 = arctan (f)

e +a a a
/dix = arcsin ()

Vi—a2?2

dx _
Viz—1

dz
V2 4+ a?

ln(x—|— x2—1)

zln(a:—i- ac2+a2)

/ dx B T
(22 + a2)3/2 a?vVx? + a?

a xn+1 xn+1 a
/a:”ln (7) dx = 5 + In (f)
T (n+1) n+1 T
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sijfx) =l (1 ;ﬁiigﬂ)

cos (z) dz B sin ()

(1 —a2cos? (2))*? (1 —a?) /1 — a%cos? (x)

sin (z) dz B —cos (z)
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(1 — a?sin’ (a:))3/2 (1 —a?) /1 — a2sin? ()



