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- Morphology deals with form
and structure

- Mathematical morphology is a
tool for extracting image
components useful in:

— representation and
description of region
shape (e.g.
boundaries)

— pre- or post-processing
(filtering, thinning,
etc.)

- Based on set theory

A:

B:
S

Definitions: Let 2 and B be binary
Images, p and g two pixels with
indices [i,3] Yy [k, 1] respectively,

and Q the universal binary image.

Union:

AUB={plpe AVvpe B}
Intersection:

ANnB={plpe AAp € B}
Complement: L}
A={plpeQ2Arp g A}
Difference: q

A—B=ANB
Translation:

Apz{a+p|a€A}

— Vectorial sum: P

p4qg=1li+kj+1] 3

— Vectorial difference:
p—q=1[i—k,j—1]
Reflex:

A= ;f—plp € A} v
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Morphological Image Processing

A biE
de

FIGURE 9.1

(a) Two sets A

A and B. (b) The
AUBRB ANB union of A and B.
(c) The
intersection of A
and B. (d) The
complement of A.
(e) The difference
between A and B.

(A)
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FIGURE 9.2
(a) Translation of
A by z.
X (b) Reflection of
B B.The sets A and
B are from
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™ Dilation & Erosion

— The value of the output pixel is the maximum value of all the pixels
in the input pixel's neighborhood.

- Dilation: A®B = {x|[(B). N A]C 4}

eB is the structuring element in dilation.

— The value of the output pixel is the minimum value of all the pixels
in the input pixel's neighborhood.

— Erosion: A B _ {)C ‘ (B)x g A}

Structuring Element Structuring Eement
O -~ -
! @ ! T T~ N\ // 7 X
: R \116 14| /17 19 15 21 16 16
] @ 0 0 0 1 1 53 57 61 62 64 60 68 57
1 126 128 124 122 125 125 127 128
0 1 0 0 0 132 130 133 132 131 132 130 132
0 0 1 0 0 0 140 138 137 143 138 137 134 140 v A
0 0 0 1 0 0 143 141 138 142 140 134 144 143 r/
0 0 0 0 1 0 138 142 137 139 138 132 136 142
Input Image Output Image

Input Image Dutputlomenye



"~ Dilation & Erosion

N

A@B= U Abz'

Dilation: union of translations of
an image A by each pixel of
image B, called structural

element:

b,eB
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FIGURE 9.6 (a) Set A. (b) Square structuring element. (¢) Erosion of A by B, shown Gerstlpr"
s shaded. (d) Elongated structuring element. (e) Erosion of A using this element.
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Morphological Image Processing
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FIGURE 9.4 d /4
(a) Set A.
(b) Square
structuring B=8B
element (dot is
the center). e ‘| AeB
(¢) Dilation of A A
by B.shown d/s d/8
shaded.

(d) Elongated
structuring
element.

(e) Dilation of A
using this a2
element. d/4
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Object connection
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Original Dilated twice

d

Eroded twice Dilated and eroded four times
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Object separation

a. Original
b. Eroded twice
d. Eroded 7 times

[-%

e. Dilated four times with XOR
f. Dilated seven times with XOR

g. Dilated nine times with XOR
h. AND with original image
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Morphological Image Processing

Historicaliy, certain computer
programs were written using
oniy two digits rather than
four to define the applicable
year. Accordingly, the
company's software may
recognize a date using "00"
as 1900 rather than the y

Historically, certain computer
programs were written using
onily two digits rather than
four to define the applicable
year. Accordingly, the
company's software may
recognize a date using "00°
as 1900 rather than the

ik

2000,

b

FIGURE 9.5

(a) Sample text of
poor resolution
with broken
characters
(magnified view).
(b) Structuring
element.

(¢) Dilation of (a)
by (b). Broken

segments were

joined.
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FIGURE 9.7 (a) Image of squares of size 1.3,5,7.9,and 15 pixels on the side. (b) Erosion of (a) with a square
structuring element of 1°s, 13 pixels on the side. (¢) Dilation of (b) with the same structuring element.
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Contour extraction _I

B(A) = A—- (A6 B)

4 Bl I+ Al L 2208 AH

Ae B

AeB| [ 2208 AH

B(A)

Bla) | 7 2208 AH
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%O ening & Closin

e In essence, dilation expands an image and erosion shrinks it.

e Opening:
e generally smoothes the contour of an image, breaks isthmuses,
eliminates protrusions.

e Closing:
e smoothes sections of contours, but it generally fuses breaks,
holes, gaps, etc.

— Opening of A by structuring element B:

AoB=(ACB)® B
e Closing:

A*B=(A®B)OB Gersther )
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* Opening: erosion + dilation with  » Closing: dilation + erosion with
the same element the same element

Ao K = (AeK)@K Ao K (A@K)@K

* Eliminates all regions too smallto . Fj|is 4]l holes and cavities smaller
contain the structural element than the structural element

MCPA UG VI WY WUGTIGLUIL), VaGull I SuUlival vinves a1




I Morphological Image Processing
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FIGURE 9.10
Morphological
opening and
closing. The
structuring
element is the -
small circle shown ASB
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positions in (b).
The dark dot is
the center of the

structuring
element.
A-B=(ASB)®B
S ) ) I )
: . i r———-
1 J | 1
e e
1 I 1 1
| n_= B
L__________J_[l ... i J_l
AGB
s i e
- S | ) o
! . ey S laboratory A
! B : Gerstner
! o |
] R ittt S Nmmmmmmm e A-B=(A®B)SB

U RO U 111 Y/=1 /=11 4V



e Template matching

objects in the real
hject models. This 1
cognition effortlessl
ask for implement:
r we will discuss d
echniques that hav

We will discuss dif]
Ao B

B

Original

Thresholded

Closing




T Morphologi

cal Image Processing

.. A ~ 1 1 ] B

FIGURE 9.11

(a) Noisy image.
(¢) Eroded image.
(d) Opening of A.
(d) Dilation of the
opening.

(e) Closing of the
opening. (Original
image for this
example courtesy
of the National
[nstitute of
Standards and
Technology.)
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- Skeletons, axis of symmetry S*:
geometric place of the centers of all
at least bi-tangent circles.

+ S*is a compact representation of S;

it represents the shape of the region.

* Highly sensitive to noise.

The frontier is also a compact
representation of shape.



A@Bl2

Thinning
B4 B B
= W e

AOB'=A—-(AQ BY)

A%Bl

H’W

A ® B 1 ,2,3,4,5

A
X

. @B{l""’n} H » Fmal result

A
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[ 6/6. Euclidean distance maps )
(EDM)

* Image representing the smallest
distance of e/pixel to the
background.

D(3d)

There are several possible definitions
for distance

wry A

I
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Distance measurements

. . Discs: pixels at
Eu_ndamen}al properties: . distance <= k.

1.d(p,q) >0,

- d(p,g)=0&p=gq
2.d(p,q) = d(q,p)

3. d(p,f) < c_i(p, q)_ + d(_q,r)i 1. \H

3
V8+/5 2548
V5\2 14245
3210123
V572 14245
V815 gxlsxla

d([ilvjl]’[i2>j2]) . H

1. Euclidean:

\/(il —i2)2 4+ (j1 —j2)* 2.

2. Manhattan: H
i1 — iz| + |51 — J2l J 3733 33 33
: 3222223
3. Chess: ' . . . sttt als
max(|iy — iz, |71 — 72|) 3210123
. . 3 3211123
Euclidean is closest to the real case; : 322212273
Mosr costly to compute H 3333333

— ’Gerstlyr"
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Obtaining distance maps

O3, 41
F™, 41

_|_

Bli, j]
£Oli, 4]
min (fm_l[u, v])

V[u,v] : d([u,v],[7,7]) = 1

Iteration 0: original image.

Iteration 1: All pixels not
adyacent to background change

to 2.

Next iterations: pixels farther
from background change.

No pixels changes when the
distances to all have been

computed.

1711111 111111
1711111 1222 2 1
1711111 1222 2 1
1711111 1222 2 1
17171111 122 2 2 1
17171111 111111
111111
12 2 2 2 1
123 3 2 1
123 3 2 1
122 2 2 1
111111

A

-~ \-Luuy i
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“~Post-processing ' \3&%

—Reduces the width of the ridges to one pixel
- Skeletons , spikes

—Filling holes, removing small breaks, eliminating
bridges between ridges etc.

- cleanskeleton: removespur, linkbreak,
removebridge

Figure 3.35. The result of eliminating small holes from both the ridges and valleys of the binary
image; input image is shown on the left and the output is shown on the right. The filtering is
performed by computing the connected components of the image and by removing the compo- :ech Technical University
nents whose area (number of pixels) is smaller than a given threshold.



Thinning

— enhance2ridgevalley.m

— imOutput =
bwmorph(imcomplement(imReconstruct),'thin’, 'Inf");
%othins the reconstructed image

Department of Cybernetics, Czech Technical University
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Singularity and Core Detection

- Poincare Method o e

P(;.(‘ =- 2630

B ool 7 ik
bl in || | N Y R AL Py

Pg, (i) = 360° Pg (i) = 180° Pg c(ij) =-180°

Figure 3.15. Example of computation of the Poincaré index in the 8-neighborhood of points be-
longing (from the left to the right) to a whorl, loop, and delta singularity, respectively. Note that
for the loop and delta examples (center and right), the direction of do is first chosen upward (to
compute the angle between do and d1) and then successively downward (when computing the

angle between d; and do).

0°
360°
180°
-180°

if [Z, j]1does not belong to any singular region
if [7, j] belongs to a whorl type singular region
if [7, j]belongs to a loop type singular region

if [7, j] belongs to a delta type singular region.

NRlEw | [ sEe ] R 5
NaEE R e R PG.C (11]): Za”gle(dk’d(kﬂ)mod8)'

k=0..7

laboratory
‘GerSiner)

erstner
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—Poincare Method

c
o
”""“
O
0
i)
v
o
v
e
o
O
o
c
S
=
L
=
o
=

PSP
PSSP SIS PP PP
O
R
e ~
LIS S - ———nNas
Rttt LI « VR LN
vrsssrr e Bl NSNS S
=

PN R
ce A ANNNA Y

coglllr e,
MM~
N
ANSSSNS~ew L e S PPl
R e LT Y

N | e T
DT N
B e
,,,,, I e e e o o et N NN

T s e
R

R T i

\
\
RN
R T e N
R T T St N
SANANN S S S AR R R AR R RS s s s s sy

NANRANN S S s s s R e e s e s s

R T e e TR

Figure 3.16. Singularity detection by using the Poincaré index method. The elements whose

Poincare index is 180° (loop) or -180° (delta) are enclosed by small boxes. Usually, more than

one poin

hence, the center of

t (four points in these examples) is found for each singular region
each singular region can be defined as the barycenter of the corresponding points.
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— has been regularized and the Poincaré method no longer provides false alarms.

ﬂ'Singularity and Core Detection

— Poincare Method
If we know the type of the finﬂerprint beforehand, false singularities can be
eliminated by iteratively smoothing the image with the help of the following
observation:

— Arch fingerprints do not contain singularities

- Id_elft loop, right loop and tented arch fingerprints contain one loop and one
elta

— Whorl fingerprints contain two loops and two deltas

Figure 3.17. a) A poor quality fingerprint; b) the singularities of the fingerprint in a) are extracted (ﬁ)tt)ll-;tory A
through the Poincaré method (circles highlight the false singularities); c) the orientation image €rs 9

S | (o~ | I U 14 T1Y/=1 /=114



Singularity and Core Detection

—Methods based on local features
— Orientation histograms at local level (3x3)
— Irregularity
— Fpl = findsingularitypoint(Fp1);
— d; = [r;.c0s206;, risin2 6;]

U/
I 20 D sl

h=—1..1k=—1..1

Z ZH di+/t J+k ||

h==11k==1..1

irregularity(i, j) =1~

:?:""-3-1255:2«_,-:::E::::;::rfﬁ @E’Rteo? N
/

Figure 3.18. An orientation image and the corresponding irregularity map that clearly identifies -
the regions (dark cells) containing the singularities. ipartment of Cybernetics, Czech Technical University




—Partitioning based methods
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™ Feature Extraction

Fingerprint image Fingerprint area, frequency Ridge pattern and
image, and orientation image minutiae points

Boratory A

ucL aﬁy
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™ Feature Extraction Errors

e The feature extraction algorithms are imperfect and
often introduce measurement errors

e Errors may be made during any of the feature
extraction stages, e.g., estimation of orientation and
frequency images, detection of the number, type,
and position of the singularities and minutiae,
segmentation of the fingerprint area from
bacground, etc.

e Aggressive enhancement algorithms may introduce
inconsistent biases that perturb the location and
orientation of the reported minutiae from their gray-
scale counterparts

¢ |n low-quality fingerprint images, the minutiae
extraction process may introduce a large number of
spurious minutiae and may not be able to detect all

the true minutiae .
rato: A
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™ Non-linear distortion
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™ Intra-variability

e Matching fingerprint images is an extremely difficult
problem, mainly due to the large variability in different
impressions of the same finger (intra-variability). The
main factors are:

— Displacement (global translation of the fingerprint area)
— Rotation
— Partial overlap

— Non-linear distortion:

= the act of sensing maps the three-dimensional shape of a finger
onto the two-dimensional surface of the sensor

= Skin elasticity
— Pressure and skin condition
— Noise: introduced by the fingerprint sensing system
— Feature extraction errors

ory
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™ Fingerprint matching

Test
fingerprint

Reference
fingerprint

* Comes the test- and the reference fingerprint from the same finger?
the two fingerprints can be fransiated and rotated relative to each other.

* Minutiae based matching: by direct use of the local structure of the
fingerprints extract common minutiae points.

1avuviawuly A

o Gerstner J
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"TMATCHING: Approaches

— Correlation-based matching
— Superimpose images — compare pixels
— Minutiae-based matching
— Classical Technique — Most popular
— Compare extracted minutiae
— Ridge Feature-based matching
— Compare the structures of the ridges
— Everything else

‘GerSiner)
/
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ﬂ_Fingerprint Matching

— Compare two given fingerprints 7,1
— Return degree of similarity (0->1)
— Binary Yes/No
- T -> template, acquired during enroliment
— I-> Input
— Either input images, or feature vectors (minutiae) extracted from them

— Pressure and Skin condition

— Pressure, dryness, disease, sweat, dirt, grease, humidity
— Noise

— Dirt on the sensor
— Feature Extraction Errors

— Many algorithms match high quality images
— Challenge is in low-quality and partial matches

- 20% of the problems (low quality) at FVC2000 caused 80% of
the false non-matches /7 Jaboratory

- Many were correctly identified at FVC2002 though BNt/
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“Correlation-based Techniques

- T and I are images
— Sum of squared Differences
- SSD(T.D = IT-1IF = (T-D*(T-D = IITIF + IIIIF - 2T"1
— Difference between pixels
— |I'TlI> + IlTlI> are constant under transformation
— Try to maximize correlation — Minimizes difference
- CC(T.D=T"
— Can't be used because of displacement / rotation

— [AxAy6) Maximizing Correlation

— Transformation of I
— Rotation around the origin by 6

— Translation by x,y ] L - Av
— S(T.D) = max CC(T,I(AxAy.6)) S (T, I) = max (C (T,I(A\’A)ﬂ))

Ax,Ay,0
- T'ry them all - take max Copemos

erst@
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1
“Correlation Results

Department of Cybernetics, Czech Technical University
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“Minutiae-based Methods

— Classical Technique
- T, I are feature vectors of minutiae T={m1,mz,---m',,, o m, ={xi,yiﬁ,~ :

LT = (X y e) I={m) m), m} m’; = x; 1;6’;} j=Ll.n,
177
— Two minutiae match if
— Euclidean distance < r,
— Difference between angles < 6,
— Tolerance Boxes
| m]'
~ Ty N .
- 9, =
' ' 2 ' 2 E"/mS
sd (m J-,m,;): \/ (,\ 7 x,-)‘ + (1 i }-',-)‘ <1y and f m? e

dd (m 'J-,m,- )z m in( ‘0} — 0, ) <6,. m ™ m\

,360°—|6; -6,

Departm m4




|
“Formulation

_ M”j — map(m'j)
— Map applies a geometrical transformation mj" M2
- mm(m"j, m.) returns 1 if they match mf\"‘\ "
- Matching can be formulated as My g S
n ln-i . .‘

maximize Z mm (map Ay Av O (mlp(, ) ) m, )
Ax,Ay,6,P = - -

- P is an unknown function which pairs the minutiae
— Which minutiae in I corresponds to which in T: allign2

ro_ ) ) o .
mapM,A_‘,ﬂ(mj = {,\j,)j,(?j})—m = {xj,}jﬁj + 9}, where

" . ot
X cos@ —sinf | X j Ax
)‘; sin@ cos@ y;- Ay

( , ) fl sd (m;.,mi) < 1, and dd (m;.,m,.) < 6,
’77’77 mJ ,mz - ar o /I;mratory
0 otherwise. Gerstner 7

L
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Most frequently used features for fingerprint matching:

-Orientation image

-Singular points (loop and delta)

-Ridge line flow

-Gabor filter responses laboratory

]
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Gabor filters

TCLd l&lh
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The fingerprint area of interest is tesselated with
respect to the core point

The local texture information in each sector is
decomposed into separate channels by using a
Gabor filterbank

Feature vector:
— 80 cells (5 bands and 16 sectors)

— Filterbank of 8 Gabor filters (8 orientations, 1 scale =1/10
for 500 dpi fingerprint images)

— Each fingerprint is represented by a 80x8 = 640 fixed-size
feature vector, called the FingerCode

Computation of average absolute deviation (AAD)

tory A

=
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™ Finger code approach

Compute A AD.
Input image Normalize each sector Filtering feature

Locate the reference point Divide image in sectors

Template FingerCode

Calculate Euclidean distance

laboratory
‘GerSiner)

erstner
Matching result /
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™ Texture based representation E \Eﬁ

Compute variance of
each cell

(a) Filtered image (b) Square tessellation (c) Feature values

/Eoratory A

Gerstner
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= The filtered images are examined using a square tessellation
and the variance of pixel intensities in every cell is used as a
feature value

The ridge feature map is a fixed-length feature vector
Ross, et al, “A Hybrid Fingerprint Matcher”, Pattern Recognition, Vol. 36, July 2003 oA
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™ Ridge feature based matching

Responses of directional Gabor filters

10 20 20

( /

[ ]

10 20 30

10 20 30

Fingerprint 1

4
8
10 10
12 12

24681012 24 6281012 2 4681012 2 4881012 2 4681012 24881012 24681012 246281012

L
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o (]

o
o
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w
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Fingerprint 2 (same finger)

o £

w

ratory A

246281012 @

24681012 246281012 24681012
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