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Why transformation among coordinate frames are important?
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• Robot consist of many 
distributed components 
(sensors, actuators, joints) 

• Each component operates 
in its own coordinate 
frame 

• Robot moves => each 
coordinate frames 
changes in time.
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• Each coordinate frame define 3D Euclidean space.



\world

• Each coordinate frame define 3D Euclidean space. 
• It is uniquely determined by its name.
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\head

\camera

\lidar

\gripper

\world

• Each coordinate frame define 3D Euclidean space. 
• It is uniquely determined by its name.
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In arbitrary time we would like to answer questions like that: 
• What is the pose of the \head in the \world? 
• What color from \camera corresponds to 3D points 

measured by \lidar? 
• What is the pose of the object in the \gripper relative to 

\head? \head

\camera

\lidar

\gripper

\world
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The topic of this lecture is to summarize: 
• Lecture: mathematic definition of this transformations 
• Labs: the way how ROS handles these transformations

\head

\camera

\lidar

\gripper

\world



Lidar is device which measure depth of some points in its 
field-of view by time-of-flight principle.
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Lidar

\lidar_p

world

laser beam



Lidar is device which measure depth of some points in its 
field-of view by time-of-flight principle.

10

Lidar

\lidar_p

world

Record reflected beam

Estimate distance from time-of-flight.



Lidar is device which measure depth of some points in its 
field-of view by time-of-flight principle.
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Lidar

\lidar_p

world

result in 3D point cloud in  
\lidar_p coordinate frame  



Let us now work only with two coordinate frames: 
• \lidar_p in which points are denoted as 
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\lidar_p

p 2 R3
<latexit sha1_base64="2i7lvnKIiir8aV7rMxkgGnKp70I="></latexit>

p
<latexit sha1_base64="2hBF3DfW4/5rXvCpzKdM5I+bqYc="></latexit>

    Euclidean transformation of a rigid body

world



Let us now work only with two coordinate frames: 
• \lidar_p in which points are denoted as  
• \lidar_q in which points are denoted as 
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\lidar_p

p 2 R3
<latexit sha1_base64="2i7lvnKIiir8aV7rMxkgGnKp70I="></latexit>

\lidar_q

q 2 R3
<latexit sha1_base64="hu3Gu8HeSJ80wCMyJbt1GtW7Jvc="></latexit>

q
<latexit sha1_base64="WNu78XHlq8x8IZQO2+XIrTASjFU="></latexit>p

<latexit sha1_base64="2hBF3DfW4/5rXvCpzKdM5I+bqYc="></latexit>

R, t
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

    Euclidean transformation of a rigid body

world



Let us now work only with two coordinate frames: 
• \lidar_p in which points are denoted as  
• \lidar_q in which points are denoted as 
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\lidar_p

p 2 R3
<latexit sha1_base64="2i7lvnKIiir8aV7rMxkgGnKp70I="></latexit>

\lidar_q

q 2 R3
<latexit sha1_base64="hu3Gu8HeSJ80wCMyJbt1GtW7Jvc="></latexit>

q
<latexit sha1_base64="WNu78XHlq8x8IZQO2+XIrTASjFU="></latexit>p

<latexit sha1_base64="2hBF3DfW4/5rXvCpzKdM5I+bqYc="></latexit>

R, t
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

q = Rp+ t
<latexit sha1_base64="QIjCOI5dIMRmvMrbYV+YPNk3qM4=">AAACF3icbZBLS8NAEMc3Pmt9RT16WSyCIJREBb0IRS8eq9gHtKFstpt26ebh7kQoId/Ci1/FiwdFvOrNb+OmTUVbBxZ++58ZZubvRoIrsKwvY25+YXFpubBSXF1b39g0t7brKowlZTUailA2XaKY4AGrAQfBmpFkxHcFa7iDyyzfuGdS8TC4hWHEHJ/0Au5xSkBLHbOM2z6Bvusldyk+//ncpBOK0sMJQoo7ZskqW6PAs2DnUEJ5VDvmZ7sb0thnAVBBlGrZVgROQiRwKlhabMeKRYQOSI+1NAbEZ8pJRneleF8rXeyFUr8A8Ej93ZEQX6mh7+rKbEU1ncvE/3KtGLwzJ+FBFAML6HiQFwsMIc5Mwl0uGQUx1ECo5HpXTPtEEgrayqI2wZ4+eRbqR2X7uGxdn5QqF7kdBbSL9tABstEpqqArVEU1RNEDekIv6NV4NJ6NN+N9XDpn5D076E8YH9938qAg</latexit>

    Euclidean transformation of a rigid body



• where                    is rotation and               is translation.  R 2 SO(3)
<latexit sha1_base64="FKBMSAxtFdoqgddJxrQjpoZVn1A=">AAACB3icbVDLSgMxFL3js9bXqEtBgkWomzJjBV0W3bizPvqATimZNNOGZjJDkhHKMDs3/oobF4q49Rfc+Temj4W2HgicnHMv997jx5wp7Tjf1sLi0vLKam4tv76xubVt7+zWVZRIQmsk4pFs+lhRzgStaaY5bcaS4tDntOEPLkd+44FKxSJxr4cxbYe4J1jACNZG6tgHyAux7vtBept5TEx+BPP07jorlo87dsEpOWOgeeJOSQGmqHbsL68bkSSkQhOOlWq5TqzbKZaaEU6zvJcoGmMywD3aMlTgkKp2Or4jQ0dG6aIgkuYJjcbq744Uh0oNQ99UjtZUs95I/M9rJTo4b6dMxImmgkwGBQlHOkKjUFCXSUo0HxqCiWRmV0T6WGKiTXR5E4I7e/I8qZ+U3HLJuTktVC6mceRgHw6hCC6cQQWuoAo1IPAIz/AKb9aT9WK9Wx+T0gVr2rMHf2B9/gD5vZi4</latexit>

t 2 R3
<latexit sha1_base64="zRWSXdqTHB6dd3M8H/ZU3ZWT3NU="></latexit><latexit sha1_base64="zRWSXdqTHB6dd3M8H/ZU3ZWT3NU="></latexit><latexit sha1_base64="zRWSXdqTHB6dd3M8H/ZU3ZWT3NU="></latexit><latexit sha1_base64="zRWSXdqTHB6dd3M8H/ZU3ZWT3NU="></latexit>

• Assuming Euclidean motion (no squeezing)

    Euclidean transformation of a rigid body

15

q = Rp+ t
<latexit sha1_base64="QIjCOI5dIMRmvMrbYV+YPNk3qM4=">AAACF3icbZBLS8NAEMc3Pmt9RT16WSyCIJREBb0IRS8eq9gHtKFstpt26ebh7kQoId/Ci1/FiwdFvOrNb+OmTUVbBxZ++58ZZubvRoIrsKwvY25+YXFpubBSXF1b39g0t7brKowlZTUailA2XaKY4AGrAQfBmpFkxHcFa7iDyyzfuGdS8TC4hWHEHJ/0Au5xSkBLHbOM2z6Bvusldyk+//ncpBOK0sMJQoo7ZskqW6PAs2DnUEJ5VDvmZ7sb0thnAVBBlGrZVgROQiRwKlhabMeKRYQOSI+1NAbEZ8pJRneleF8rXeyFUr8A8Ej93ZEQX6mh7+rKbEU1ncvE/3KtGLwzJ+FBFAML6HiQFwsMIc5Mwl0uGQUx1ECo5HpXTPtEEgrayqI2wZ4+eRbqR2X7uGxdn5QqF7kdBbSL9tABstEpqqArVEU1RNEDekIv6NV4NJ6NN+N9XDpn5D076E8YH9938qAg</latexit>



• where                    is rotation and               is translation.  R 2 SO(3)
<latexit sha1_base64="FKBMSAxtFdoqgddJxrQjpoZVn1A=">AAACB3icbVDLSgMxFL3js9bXqEtBgkWomzJjBV0W3bizPvqATimZNNOGZjJDkhHKMDs3/oobF4q49Rfc+Temj4W2HgicnHMv997jx5wp7Tjf1sLi0vLKam4tv76xubVt7+zWVZRIQmsk4pFs+lhRzgStaaY5bcaS4tDntOEPLkd+44FKxSJxr4cxbYe4J1jACNZG6tgHyAux7vtBept5TEx+BPP07jorlo87dsEpOWOgeeJOSQGmqHbsL68bkSSkQhOOlWq5TqzbKZaaEU6zvJcoGmMywD3aMlTgkKp2Or4jQ0dG6aIgkuYJjcbq744Uh0oNQ99UjtZUs95I/M9rJTo4b6dMxImmgkwGBQlHOkKjUFCXSUo0HxqCiWRmV0T6WGKiTXR5E4I7e/I8qZ+U3HLJuTktVC6mceRgHw6hCC6cQQWuoAo1IPAIz/AKb9aT9WK9Wx+T0gVr2rMHf2B9/gD5vZi4</latexit>

t 2 R3
<latexit sha1_base64="zRWSXdqTHB6dd3M8H/ZU3ZWT3NU="></latexit><latexit sha1_base64="zRWSXdqTHB6dd3M8H/ZU3ZWT3NU="></latexit><latexit sha1_base64="zRWSXdqTHB6dd3M8H/ZU3ZWT3NU="></latexit><latexit sha1_base64="zRWSXdqTHB6dd3M8H/ZU3ZWT3NU="></latexit>

• Special orthogonal group

• Assuming Euclidean motion (no squeezing)

    Euclidean transformation of a rigid body
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q = Rp+ t
<latexit sha1_base64="QIjCOI5dIMRmvMrbYV+YPNk3qM4=">AAACF3icbZBLS8NAEMc3Pmt9RT16WSyCIJREBb0IRS8eq9gHtKFstpt26ebh7kQoId/Ci1/FiwdFvOrNb+OmTUVbBxZ++58ZZubvRoIrsKwvY25+YXFpubBSXF1b39g0t7brKowlZTUailA2XaKY4AGrAQfBmpFkxHcFa7iDyyzfuGdS8TC4hWHEHJ/0Au5xSkBLHbOM2z6Bvusldyk+//ncpBOK0sMJQoo7ZskqW6PAs2DnUEJ5VDvmZ7sb0thnAVBBlGrZVgROQiRwKlhabMeKRYQOSI+1NAbEZ8pJRneleF8rXeyFUr8A8Ej93ZEQX6mh7+rKbEU1ncvE/3KtGLwzJ+FBFAML6HiQFwsMIc5Mwl0uGQUx1ECo5HpXTPtEEgrayqI2wZ4+eRbqR2X7uGxdn5QqF7kdBbSL9tABstEpqqArVEU1RNEDekIv6NV4NJ6NN+N9XDpn5D076E8YH9938qAg</latexit>

SO(3)={R 2 R
3⇥3

| R>R = I, det(R) = +1}
<latexit sha1_base64="h0BaD9TakfIMUP00Wx26pDxC9Y8="></latexit>



• Euclidean transformation is given by matrix    

• This is affine (not linear) transformation       introduce 
homogeneous coordinates

)
<latexit sha1_base64="Dq8OCNIkUeENAH49pTbOTX58468=">AAACPHicdVC7TgJBFJ3FF+ILtbTZSEisyK4x0ZJoY4kPHgkQMjvchQmzj8zcFchmP8zGj7CzsrHQGFtrhwUTBb3JJGfOuffOmeOEgiu0rCcjs7S8srqWXc9tbG5t7+R392oqiCSDKgtEIBsOVSC4D1XkKKARSqCeI6DuDC4mev0OpOKBf4vjENoe7fnc5Yyipjr5m2ILYYTpolhCN4lbHsW+48ajJMn9KzY6w1T+via51jXv9ZFKGQw7+YJVstIyF4E9AwUyq0on/9jqBizywEcmqFJN2wqxHVOJnAnQuyMFIWUD2oOmhj71QLXj1FZiFjXTNd1A6uOjmbI/J2LqKTX2HN05cavmtQn5l9aM0D1rx9wPIwSfTR9yI2FiYE6SNLtcAkMx1oAyybVXk/WppAx13jkdgj3/5UVQOy7ZVsm+OimUz2dxZMkBOSRHxCanpEwuSYVUCSP35Jm8kjfjwXgx3o2PaWvGmM3sk19lfH4BV5KxIQ==</latexit><latexit sha1_base64="Dq8OCNIkUeENAH49pTbOTX58468=">AAACPHicdVC7TgJBFJ3FF+ILtbTZSEisyK4x0ZJoY4kPHgkQMjvchQmzj8zcFchmP8zGj7CzsrHQGFtrhwUTBb3JJGfOuffOmeOEgiu0rCcjs7S8srqWXc9tbG5t7+R392oqiCSDKgtEIBsOVSC4D1XkKKARSqCeI6DuDC4mev0OpOKBf4vjENoe7fnc5Yyipjr5m2ILYYTpolhCN4lbHsW+48ajJMn9KzY6w1T+via51jXv9ZFKGQw7+YJVstIyF4E9AwUyq0on/9jqBizywEcmqFJN2wqxHVOJnAnQuyMFIWUD2oOmhj71QLXj1FZiFjXTNd1A6uOjmbI/J2LqKTX2HN05cavmtQn5l9aM0D1rx9wPIwSfTR9yI2FiYE6SNLtcAkMx1oAyybVXk/WppAx13jkdgj3/5UVQOy7ZVsm+OimUz2dxZMkBOSRHxCanpEwuSYVUCSP35Jm8kjfjwXgx3o2PaWvGmM3sk19lfH4BV5KxIQ==</latexit><latexit sha1_base64="Dq8OCNIkUeENAH49pTbOTX58468=">AAACPHicdVC7TgJBFJ3FF+ILtbTZSEisyK4x0ZJoY4kPHgkQMjvchQmzj8zcFchmP8zGj7CzsrHQGFtrhwUTBb3JJGfOuffOmeOEgiu0rCcjs7S8srqWXc9tbG5t7+R392oqiCSDKgtEIBsOVSC4D1XkKKARSqCeI6DuDC4mev0OpOKBf4vjENoe7fnc5Yyipjr5m2ILYYTpolhCN4lbHsW+48ajJMn9KzY6w1T+via51jXv9ZFKGQw7+YJVstIyF4E9AwUyq0on/9jqBizywEcmqFJN2wqxHVOJnAnQuyMFIWUD2oOmhj71QLXj1FZiFjXTNd1A6uOjmbI/J2LqKTX2HN05cavmtQn5l9aM0D1rx9wPIwSfTR9yI2FiYE6SNLtcAkMx1oAyybVXk/WppAx13jkdgj3/5UVQOy7ZVsm+OimUz2dxZMkBOSRHxCanpEwuSYVUCSP35Jm8kjfjwXgx3o2PaWvGmM3sk19lfH4BV5KxIQ==</latexit><latexit sha1_base64="Dq8OCNIkUeENAH49pTbOTX58468=">AAACPHicdVC7TgJBFJ3FF+ILtbTZSEisyK4x0ZJoY4kPHgkQMjvchQmzj8zcFchmP8zGj7CzsrHQGFtrhwUTBb3JJGfOuffOmeOEgiu0rCcjs7S8srqWXc9tbG5t7+R392oqiCSDKgtEIBsOVSC4D1XkKKARSqCeI6DuDC4mev0OpOKBf4vjENoe7fnc5Yyipjr5m2ILYYTpolhCN4lbHsW+48ajJMn9KzY6w1T+via51jXv9ZFKGQw7+YJVstIyF4E9AwUyq0on/9jqBizywEcmqFJN2wqxHVOJnAnQuyMFIWUD2oOmhj71QLXj1FZiFjXTNd1A6uOjmbI/J2LqKTX2HN05cavmtQn5l9aM0D1rx9wPIwSfTR9yI2FiYE6SNLtcAkMx1oAyybVXk/WppAx13jkdgj3/5UVQOy7ZVsm+OimUz2dxZMkBOSRHxCanpEwuSYVUCSP35Jm8kjfjwXgx3o2PaWvGmM3sk19lfH4BV5KxIQ==</latexit>

• where                    is rotation and               is translation.  R 2 SO(3)
<latexit sha1_base64="FKBMSAxtFdoqgddJxrQjpoZVn1A=">AAACB3icbVDLSgMxFL3js9bXqEtBgkWomzJjBV0W3bizPvqATimZNNOGZjJDkhHKMDs3/oobF4q49Rfc+Temj4W2HgicnHMv997jx5wp7Tjf1sLi0vLKam4tv76xubVt7+zWVZRIQmsk4pFs+lhRzgStaaY5bcaS4tDntOEPLkd+44FKxSJxr4cxbYe4J1jACNZG6tgHyAux7vtBept5TEx+BPP07jorlo87dsEpOWOgeeJOSQGmqHbsL68bkSSkQhOOlWq5TqzbKZaaEU6zvJcoGmMywD3aMlTgkKp2Or4jQ0dG6aIgkuYJjcbq744Uh0oNQ99UjtZUs95I/M9rJTo4b6dMxImmgkwGBQlHOkKjUFCXSUo0HxqCiWRmV0T6WGKiTXR5E4I7e/I8qZ+U3HLJuTktVC6mceRgHw6hCC6cQQWuoAo1IPAIz/AKb9aT9WK9Wx+T0gVr2rMHf2B9/gD5vZi4</latexit>

t 2 R3
<latexit sha1_base64="zRWSXdqTHB6dd3M8H/ZU3ZWT3NU="></latexit><latexit sha1_base64="zRWSXdqTHB6dd3M8H/ZU3ZWT3NU="></latexit><latexit sha1_base64="zRWSXdqTHB6dd3M8H/ZU3ZWT3NU="></latexit><latexit sha1_base64="zRWSXdqTHB6dd3M8H/ZU3ZWT3NU="></latexit>

• Special orthogonal group

• Assuming Euclidean motion (no squeezing)

    Euclidean transformation of a rigid body
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q = Rp+ t
<latexit sha1_base64="QIjCOI5dIMRmvMrbYV+YPNk3qM4=">AAACF3icbZBLS8NAEMc3Pmt9RT16WSyCIJREBb0IRS8eq9gHtKFstpt26ebh7kQoId/Ci1/FiwdFvOrNb+OmTUVbBxZ++58ZZubvRoIrsKwvY25+YXFpubBSXF1b39g0t7brKowlZTUailA2XaKY4AGrAQfBmpFkxHcFa7iDyyzfuGdS8TC4hWHEHJ/0Au5xSkBLHbOM2z6Bvusldyk+//ncpBOK0sMJQoo7ZskqW6PAs2DnUEJ5VDvmZ7sb0thnAVBBlGrZVgROQiRwKlhabMeKRYQOSI+1NAbEZ8pJRneleF8rXeyFUr8A8Ej93ZEQX6mh7+rKbEU1ncvE/3KtGLwzJ+FBFAML6HiQFwsMIc5Mwl0uGQUx1ECo5HpXTPtEEgrayqI2wZ4+eRbqR2X7uGxdn5QqF7kdBbSL9tABstEpqqArVEU1RNEDekIv6NV4NJ6NN+N9XDpn5D076E8YH9938qAg</latexit>

SO(3)={R 2 R
3⇥3

| R>R = I, det(R) = +1}
<latexit sha1_base64="h0BaD9TakfIMUP00Wx26pDxC9Y8="></latexit>

p =


p
1

�

<latexit sha1_base64="wQhrcXirnxBJYsDLygM3Zmx3JkM="></latexit>

g =


R t
0> 1

�

<latexit sha1_base64="3A74RTP5yD9k7cz/Cuwy3yp9e0c="></latexit>

q = gp
<latexit sha1_base64="Hf96UKYwjKXUOKMQBwf3mguCs/0="></latexit>



• Set of all transformations forms Special Euclidean group

where

g 2 SE(3)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

SE(3) = {g =


R t
0 1

�
| R 2 SO(3), t 2 R

3
}

<latexit sha1_base64="e0pX2v5Ra+RZsguQyTDbwnj3dr4="></latexit>

SO(3)={R 2 R
3⇥3

| R>R = I, det(R) = +1}
<latexit sha1_base64="h0BaD9TakfIMUP00Wx26pDxC9Y8="></latexit>

\lidar_p

\lidar_q

q
<latexit sha1_base64="WNu78XHlq8x8IZQO2+XIrTASjFU="></latexit>p

<latexit sha1_base64="2hBF3DfW4/5rXvCpzKdM5I+bqYc="></latexit>
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    Euclidean transformation of a rigid body



Example:
Given transformation from \lidar1 to \lidar2       , what is inverse 
transformation

g12 =


R12 t12
0 1

�
, g21 =?

<latexit sha1_base64="oj1qPdNOtqOlYErN8W2wEAt/6JU="></latexit><latexit sha1_base64="oj1qPdNOtqOlYErN8W2wEAt/6JU="></latexit><latexit sha1_base64="oj1qPdNOtqOlYErN8W2wEAt/6JU="></latexit><latexit sha1_base64="oj1qPdNOtqOlYErN8W2wEAt/6JU="></latexit>

19

g21
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

g12
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

    Euclidean transformation of a rigid body



Summary

is set of transformations, which model spatio-temporal 
change of coordinate systems among sensors, actuators 
and world.
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SE(3) = {g =


R t
0 1

�
| R 2 SO(3), t 2 R

3
}

<latexit sha1_base64="e0pX2v5Ra+RZsguQyTDbwnj3dr4="></latexit>



Mutual calibration of two coordinate frames

21

• Let us consider two lidars mounted on robot body. 
• Each measures pointcloud in its own c.f. 
• How can we estimate transformation between them?



Mutual calibration of two coordinate frames
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\lidar_p

world



world

Mutual calibration of two coordinate frames
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\lidar_q \lidar_p



Mutual calibration of two coordinate frames
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\lidar_q \lidar_p



Mutual calibration of two coordinate frames

25

\lidar_q \lidar_p

p1
<latexit sha1_base64="9+oIXGNRhQD41k07sm4VAb534lw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5cV7AM6Q8mkmTY0kwlJRhiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmVtfWNzq7pd29nd2z+oHx51dZIqQjsk4Ynqh1hTzgTtGGY47UtFcRxy2gund4Xfe6JKs0Q8mkzSIMZjwSJGsLGS78fYTMIol7OhN6w33KY7B1olXkkaUKI9rH/5o4SkMRWGcKz1wHOlCXKsDCOczmp+qqnEZIrHdGCpwDHVQT7PPENnVhmhKFH2CYPm6u+NHMdaZ3FoJ4uMetkrxP+8QWqimyBnQqaGCrI4FKUcmQQVBaARU5QYnlmCiWI2KyITrDAxtqaaLcFb/vIq6V40vcum+3DVaN2WdVThBE7hHDy4hhbcQxs6QEDCM7zCm5M6L86787EYrTjlzjH8gfP5Ax7Skbo=</latexit>

q1
<latexit sha1_base64="+uoEXodBjHWZsM3OQUhChINTne0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00oWy2m3bpZhN3X4QS+je8eFDEq3/Gm//GbZuDtg4sDDPv8WYnTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKvh9THIZR/jjpeb1qza27M5Bl4hWkBgWaveqX309YFnOFTFJjup6bYpBTjYJJPqn4meEpZSM64F1LFY25CfJZ5gk5sUqfRIm2TyGZqb83chobM45DOznNaBa9qfif180wugpyodIMuWLzQ1EmCSZkWgDpC80ZyrEllGlhsxI2pJoytDVVbAne4peXSfus7p3X3buLWuO6qKMMR3AMp+DBJTTgFprQAgYpPMMrvDmZ8+K8Ox/z0ZJT7BzCHzifPyBZkbs=</latexit>

3D-3D correspondences
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\lidar_q \lidar_p

p1
<latexit sha1_base64="9+oIXGNRhQD41k07sm4VAb534lw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5cV7AM6Q8mkmTY0kwlJRhiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmVtfWNzq7pd29nd2z+oHx51dZIqQjsk4Ynqh1hTzgTtGGY47UtFcRxy2gund4Xfe6JKs0Q8mkzSIMZjwSJGsLGS78fYTMIol7OhN6w33KY7B1olXkkaUKI9rH/5o4SkMRWGcKz1wHOlCXKsDCOczmp+qqnEZIrHdGCpwDHVQT7PPENnVhmhKFH2CYPm6u+NHMdaZ3FoJ4uMetkrxP+8QWqimyBnQqaGCrI4FKUcmQQVBaARU5QYnlmCiWI2KyITrDAxtqaaLcFb/vIq6V40vcum+3DVaN2WdVThBE7hHDy4hhbcQxs6QEDCM7zCm5M6L86787EYrTjlzjH8gfP5Ax7Skbo=</latexit>

q1
<latexit sha1_base64="+uoEXodBjHWZsM3OQUhChINTne0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00oWy2m3bpZhN3X4QS+je8eFDEq3/Gm//GbZuDtg4sDDPv8WYnTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKvh9THIZR/jjpeb1qza27M5Bl4hWkBgWaveqX309YFnOFTFJjup6bYpBTjYJJPqn4meEpZSM64F1LFY25CfJZ5gk5sUqfRIm2TyGZqb83chobM45DOznNaBa9qfif180wugpyodIMuWLzQ1EmCSZkWgDpC80ZyrEllGlhsxI2pJoytDVVbAne4peXSfus7p3X3buLWuO6qKMMR3AMp+DBJTTgFprQAgYpPMMrvDmZ8+K8Ox/z0ZJT7BzCHzifPyBZkbs=</latexit>

3D-3D correspondences
q2

<latexit sha1_base64="AUs1WH7BxHXkz4rXHORtlLE/m6k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRV0GXRjcsK9gFNKJPppB06mcR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkNve7T1QqlogHPU1pEOORYBEjWFvJ92Osx2GUPc4GjUG15tbdOdAq8QpSgwKtQfXLHybExFRowrFSfc9NdZBhqRnhdFbxjaIpJhM8on1LBY6pCrJ55hk6s8oQRYm0T2g0V39vZDhWahqHdjLPqJa9XPzP6xsdXQcZE6nRVJDFochwpBOUF4CGTFKi+dQSTCSzWREZY4mJtjVVbAne8pdXSadR9y7q7v1lrXlT1FGGEziFc/DgCppwBy1oA4EUnuEV3hzjvDjvzsditOQUO8fwB87nDyHdkbw=</latexit>

p2
<latexit sha1_base64="hiqk3EAkTzMJ/fdEz5f1+bZWBT8=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA/oDCWTZtrQTCYkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OKDnTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6iRVhHZIwhPVD7GmnAnaMcxw2peK4jjktBdO73K/90SVZol4NDNJgxiPBYsYwcZKvh9jMwmjTM6HjWG15tbdBdA68QpSgwLtYfXLHyUkjakwhGOtB54rTZBhZRjhdF7xU00lJlM8pgNLBY6pDrJF5jm6sMoIRYmyTxi0UH9vZDjWehaHdjLPqFe9XPzPG6QmugkyJmRqqCDLQ1HKkUlQXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ91G3buquw/NWuu2qKMMZ3AOl+DBNbTgHtrQAQISnuEV3pzUeXHenY/laMkpdk7hD5zPHyBWkbs=</latexit>
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\lidar_q \lidar_p

p1
<latexit sha1_base64="9+oIXGNRhQD41k07sm4VAb534lw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5cV7AM6Q8mkmTY0kwlJRhiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmVtfWNzq7pd29nd2z+oHx51dZIqQjsk4Ynqh1hTzgTtGGY47UtFcRxy2gund4Xfe6JKs0Q8mkzSIMZjwSJGsLGS78fYTMIol7OhN6w33KY7B1olXkkaUKI9rH/5o4SkMRWGcKz1wHOlCXKsDCOczmp+qqnEZIrHdGCpwDHVQT7PPENnVhmhKFH2CYPm6u+NHMdaZ3FoJ4uMetkrxP+8QWqimyBnQqaGCrI4FKUcmQQVBaARU5QYnlmCiWI2KyITrDAxtqaaLcFb/vIq6V40vcum+3DVaN2WdVThBE7hHDy4hhbcQxs6QEDCM7zCm5M6L86787EYrTjlzjH8gfP5Ax7Skbo=</latexit>

q1
<latexit sha1_base64="+uoEXodBjHWZsM3OQUhChINTne0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00oWy2m3bpZhN3X4QS+je8eFDEq3/Gm//GbZuDtg4sDDPv8WYnTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKvh9THIZR/jjpeb1qza27M5Bl4hWkBgWaveqX309YFnOFTFJjup6bYpBTjYJJPqn4meEpZSM64F1LFY25CfJZ5gk5sUqfRIm2TyGZqb83chobM45DOznNaBa9qfif180wugpyodIMuWLzQ1EmCSZkWgDpC80ZyrEllGlhsxI2pJoytDVVbAne4peXSfus7p3X3buLWuO6qKMMR3AMp+DBJTTgFprQAgYpPMMrvDmZ8+K8Ox/z0ZJT7BzCHzifPyBZkbs=</latexit>

q2
<latexit sha1_base64="AUs1WH7BxHXkz4rXHORtlLE/m6k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRV0GXRjcsK9gFNKJPppB06mcR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkNve7T1QqlogHPU1pEOORYBEjWFvJ92Osx2GUPc4GjUG15tbdOdAq8QpSgwKtQfXLHybExFRowrFSfc9NdZBhqRnhdFbxjaIpJhM8on1LBY6pCrJ55hk6s8oQRYm0T2g0V39vZDhWahqHdjLPqJa9XPzP6xsdXQcZE6nRVJDFochwpBOUF4CGTFKi+dQSTCSzWREZY4mJtjVVbAne8pdXSadR9y7q7v1lrXlT1FGGEziFc/DgCppwBy1oA4EUnuEV3hzjvDjvzsditOQUO8fwB87nDyHdkbw=</latexit>

p2
<latexit sha1_base64="hiqk3EAkTzMJ/fdEz5f1+bZWBT8=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA/oDCWTZtrQTCYkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OKDnTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6iRVhHZIwhPVD7GmnAnaMcxw2peK4jjktBdO73K/90SVZol4NDNJgxiPBYsYwcZKvh9jMwmjTM6HjWG15tbdBdA68QpSgwLtYfXLHyUkjakwhGOtB54rTZBhZRjhdF7xU00lJlM8pgNLBY6pDrJF5jm6sMoIRYmyTxi0UH9vZDjWehaHdjLPqFe9XPzPG6QmugkyJmRqqCDLQ1HKkUlQXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ91G3buquw/NWuu2qKMMZ3AOl+DBNbTgHtrQAQISnuEV3pzUeXHenY/laMkpdk7hD5zPHyBWkbs=</latexit>

R, t =?
<latexit sha1_base64="1X7pDhd9DXYvTyyszGpmwFvjNxI=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwISVRQTdi0Y3LKvYBbSyT6aQdOpmEmRulhP6HGxeKuPVf3Pk3TtoutPXAwOGce7lnjh8LrtFxvq3cwuLS8kp+tbC2vrG5VdzeqesoUZTVaCQi1fSJZoJLVkOOgjVjxUjoC9bwB9eZ33hkSvNI3uMwZl5IepIHnBI00kM7JNj3g/TuCC8uR51iySk7Y9jzxJ2SEkxR7RS/2t2IJiGTSAXRuuU6MXopUcipYKNCO9EsJnRAeqxlqCQh0146Tj2yD4zStYNImSfRHqu/N1ISaj0MfTOZpdSzXib+57USDM69lMs4QSbp5FCQCBsjO6vA7nLFKIqhIYQqbrLatE8UoWiKKpgS3Nkvz5P6cdk9KTu3p6XK1bSOPOzBPhyCC2dQgRuoQg0oKHiGV3iznqwX6936mIzmrOnOLvyB9fkDF9eSPA==</latexit>
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\lidar_q \lidar_p

q1 = Rp1 + t
<latexit sha1_base64="7wPpnVCYO8rUndptSIQt0wMsmxQ=">AAACDnicbVDLSsNAFL3xWesr6tJNsBQEoSQq6EYounFZxT6gDWEynbRDJ5M4MxFK6Be48VfcuFDErWt3/o2TNgVtPTBwzrn3MvceP2ZUKtv+NhYWl5ZXVgtrxfWNza1tc2e3IaNEYFLHEYtEy0eSMMpJXVHFSCsWBIU+I01/cJXVmw9ESBrxOzWMiRuiHqcBxUhpyzPLnRCpvh+k9yPPuZiK21iro6lSI88s2RV7DGueODkpQY6aZ351uhFOQsIVZkjKtmPHyk2RUBQzMip2EklihAeoR9qachQS6abjc0ZWWTtdK4iEflxZY/f3RIpCKYehrzuzDeVsLTP/q7UTFZy7KeVxogjHk4+ChFkqsrJsrC4VBCs21ARhQfWuFu4jgbDSCRZ1CM7syfOkcVxxTir2zWmpepnHUYB9OIBDcOAMqnANNagDhkd4hld4M56MF+Pd+Ji0Lhj5zB78gfH5A+ESnKA=</latexit>

q2 = Rp2 + t
<latexit sha1_base64="caRy3GzxniySzkwWaywan1tI7BU=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6UgCCWpgm6EohuXVewD2hAm00k7dDKJMxOhhHyBG3/FjQtF3Lp25984aVPQ1gMD55x7L3Pv8SJGpbKsb6OwtLyyulZcL21sbm3vmLt7LRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl7o6us3n4gQtKQ36lxRJwADTj1KUZKW65Z6QVIDT0/uU/d2sVM3EZaHc+USl2zbFWtCeAisXNSBjkarvnV64c4DghXmCEpu7YVKSdBQlHMSFrqxZJECI/QgHQ15Sgg0kkm56Swop0+9EOhH1dw4v6eSFAg5TjwdGe2oZyvZeZ/tW6s/HMnoTyKFeF4+pEfM6hCmGUD+1QQrNhYE4QF1btCPEQCYaUTLOkQ7PmTF0mrVrVPqtbNabl+mcdRBAfgEBwBG5yBOrgGDdAEGDyCZ/AK3own48V4Nz6mrQUjn9kHf2B8/gDkPpyi</latexit>

R, t
<latexit sha1_base64="VFYrbrEHTzNHka7GMZY+diqNtWo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgQkqigi6LblxWsQ9oQplMJ+3QyYOZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn0ih0ba/rdLK6tr6RnmzsrW9s7tX3T9o6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb3O/88SVFnH0iJOEeyEdRiIQjKKRXDekOPKD7OEMp/1qza7bM5Bl4hSkBgWa/eqXO4hZGvIImaRa9xw7QS+jCgWTfFpxU80TysZ0yHuGRjTk2stmmafkxCgDEsTKvAjJTP29kdFQ60nom8k8o170cvE/r5dicO1lIkpS5BGbHwpSSTAmeQFkIBRnKCeGUKaEyUrYiCrK0NRUMSU4i19eJu3zunNRt+8va42boo4yHMExnIIDV9CAO2hCCxgk8Ayv8Gal1ov1bn3MR0tWsXMIf2B9/gAIs5Gs</latexit>
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\lidar_q \lidar_p

q1 = Rp1 + t
<latexit sha1_base64="7wPpnVCYO8rUndptSIQt0wMsmxQ=">AAACDnicbVDLSsNAFL3xWesr6tJNsBQEoSQq6EYounFZxT6gDWEynbRDJ5M4MxFK6Be48VfcuFDErWt3/o2TNgVtPTBwzrn3MvceP2ZUKtv+NhYWl5ZXVgtrxfWNza1tc2e3IaNEYFLHEYtEy0eSMMpJXVHFSCsWBIU+I01/cJXVmw9ESBrxOzWMiRuiHqcBxUhpyzPLnRCpvh+k9yPPuZiK21iro6lSI88s2RV7DGueODkpQY6aZ351uhFOQsIVZkjKtmPHyk2RUBQzMip2EklihAeoR9qachQS6abjc0ZWWTtdK4iEflxZY/f3RIpCKYehrzuzDeVsLTP/q7UTFZy7KeVxogjHk4+ChFkqsrJsrC4VBCs21ARhQfWuFu4jgbDSCRZ1CM7syfOkcVxxTir2zWmpepnHUYB9OIBDcOAMqnANNagDhkd4hld4M56MF+Pd+Ji0Lhj5zB78gfH5A+ESnKA=</latexit>

q2 = Rp2 + t
<latexit sha1_base64="caRy3GzxniySzkwWaywan1tI7BU=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6UgCCWpgm6EohuXVewD2hAm00k7dDKJMxOhhHyBG3/FjQtF3Lp25984aVPQ1gMD55x7L3Pv8SJGpbKsb6OwtLyyulZcL21sbm3vmLt7LRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl7o6us3n4gQtKQ36lxRJwADTj1KUZKW65Z6QVIDT0/uU/d2sVM3EZaHc+USl2zbFWtCeAisXNSBjkarvnV64c4DghXmCEpu7YVKSdBQlHMSFrqxZJECI/QgHQ15Sgg0kkm56Swop0+9EOhH1dw4v6eSFAg5TjwdGe2oZyvZeZ/tW6s/HMnoTyKFeF4+pEfM6hCmGUD+1QQrNhYE4QF1btCPEQCYaUTLOkQ7PmTF0mrVrVPqtbNabl+mcdRBAfgEBwBG5yBOrgGDdAEGDyCZ/AK3own48V4Nz6mrQUjn9kHf2B8/gDkPpyi</latexit>

R, t
<latexit sha1_base64="VFYrbrEHTzNHka7GMZY+diqNtWo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgQkqigi6LblxWsQ9oQplMJ+3QyYOZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn0ih0ba/rdLK6tr6RnmzsrW9s7tX3T9o6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb3O/88SVFnH0iJOEeyEdRiIQjKKRXDekOPKD7OEMp/1qza7bM5Bl4hSkBgWa/eqXO4hZGvIImaRa9xw7QS+jCgWTfFpxU80TysZ0yHuGRjTk2stmmafkxCgDEsTKvAjJTP29kdFQ60nom8k8o170cvE/r5dicO1lIkpS5BGbHwpSSTAmeQFkIBRnKCeGUKaEyUrYiCrK0NRUMSU4i19eJu3zunNRt+8va42boo4yHMExnIIDV9CAO2hCCxgk8Ayv8Gal1ov1bn3MR0tWsXMIf2B9/gAIs5Gs</latexit>

qi = Rpi + t 8i=1...N
<latexit sha1_base64="OZQvdTXbzK/Dv0RJoVp7pXzUQXI="></latexit>

3N equations:
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\lidar_q \lidar_pR, t
<latexit sha1_base64="VFYrbrEHTzNHka7GMZY+diqNtWo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgQkqigi6LblxWsQ9oQplMJ+3QyYOZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn0ih0ba/rdLK6tr6RnmzsrW9s7tX3T9o6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb3O/88SVFnH0iJOEeyEdRiIQjKKRXDekOPKD7OEMp/1qza7bM5Bl4hSkBgWa/eqXO4hZGvIImaRa9xw7QS+jCgWTfFpxU80TysZ0yHuGRjTk2stmmafkxCgDEsTKvAjJTP29kdFQ60nom8k8o170cvE/r5dicO1lIkpS5BGbHwpSSTAmeQFkIBRnKCeGUKaEyUrYiCrK0NRUMSU4i19eJu3zunNRt+8va42boo4yHMExnIIDV9CAO2hCCxgk8Ayv8Gal1ov1bn3MR0tWsXMIf2B9/gAIs5Gs</latexit>

qi = Rpi + t 8i=1...N
<latexit sha1_base64="OZQvdTXbzK/Dv0RJoVp7pXzUQXI="></latexit>

3N equations:
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\lidar_q \lidar_pR, t
<latexit sha1_base64="VFYrbrEHTzNHka7GMZY+diqNtWo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgQkqigi6LblxWsQ9oQplMJ+3QyYOZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn0ih0ba/rdLK6tr6RnmzsrW9s7tX3T9o6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb3O/88SVFnH0iJOEeyEdRiIQjKKRXDekOPKD7OEMp/1qza7bM5Bl4hSkBgWa/eqXO4hZGvIImaRa9xw7QS+jCgWTfFpxU80TysZ0yHuGRjTk2stmmafkxCgDEsTKvAjJTP29kdFQ60nom8k8o170cvE/r5dicO1lIkpS5BGbHwpSSTAmeQFkIBRnKCeGUKaEyUrYiCrK0NRUMSU4i19eJu3zunNRt+8va42boo4yHMExnIIDV9CAO2hCCxgk8Ayv8Gal1ov1bn3MR0tWsXMIf2B9/gAIs5Gs</latexit>

qi = Rpi + t 8i=1...N
<latexit sha1_base64="OZQvdTXbzK/Dv0RJoVp7pXzUQXI="></latexit>

3N equations:

noise => no exact solution
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\lidar_q \lidar_pR, t
<latexit sha1_base64="VFYrbrEHTzNHka7GMZY+diqNtWo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgQkqigi6LblxWsQ9oQplMJ+3QyYOZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn0ih0ba/rdLK6tr6RnmzsrW9s7tX3T9o6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb3O/88SVFnH0iJOEeyEdRiIQjKKRXDekOPKD7OEMp/1qza7bM5Bl4hSkBgWa/eqXO4hZGvIImaRa9xw7QS+jCgWTfFpxU80TysZ0yHuGRjTk2stmmafkxCgDEsTKvAjJTP29kdFQ60nom8k8o170cvE/r5dicO1lIkpS5BGbHwpSSTAmeQFkIBRnKCeGUKaEyUrYiCrK0NRUMSU4i19eJu3zunNRt+8va42boo4yHMExnIIDV9CAO2hCCxgk8Ayv8Gal1ov1bn3MR0tWsXMIf2B9/gAIs5Gs</latexit>

qi = Rpi + t 8i=1...N
<latexit sha1_base64="OZQvdTXbzK/Dv0RJoVp7pXzUQXI="></latexit>

3N equations:

noise => no exact solution

ML estimate wrt:  
 - gaussian noise 
 - i.i.d measurements

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>
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R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>

Solution:

p1
<latexit sha1_base64="9+oIXGNRhQD41k07sm4VAb534lw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5cV7AM6Q8mkmTY0kwlJRhiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmVtfWNzq7pd29nd2z+oHx51dZIqQjsk4Ynqh1hTzgTtGGY47UtFcRxy2gund4Xfe6JKs0Q8mkzSIMZjwSJGsLGS78fYTMIol7OhN6w33KY7B1olXkkaUKI9rH/5o4SkMRWGcKz1wHOlCXKsDCOczmp+qqnEZIrHdGCpwDHVQT7PPENnVhmhKFH2CYPm6u+NHMdaZ3FoJ4uMetkrxP+8QWqimyBnQqaGCrI4FKUcmQQVBaARU5QYnlmCiWI2KyITrDAxtqaaLcFb/vIq6V40vcum+3DVaN2WdVThBE7hHDy4hhbcQxs6QEDCM7zCm5M6L86787EYrTjlzjH8gfP5Ax7Skbo=</latexit>

p2
<latexit sha1_base64="hiqk3EAkTzMJ/fdEz5f1+bZWBT8=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA/oDCWTZtrQTCYkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OKDnTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6iRVhHZIwhPVD7GmnAnaMcxw2peK4jjktBdO73K/90SVZol4NDNJgxiPBYsYwcZKvh9jMwmjTM6HjWG15tbdBdA68QpSgwLtYfXLHyUkjakwhGOtB54rTZBhZRjhdF7xU00lJlM8pgNLBY6pDrJF5jm6sMoIRYmyTxi0UH9vZDjWehaHdjLPqFe9XPzPG6QmugkyJmRqqCDLQ1HKkUlQXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ91G3buquw/NWuu2qKMMZ3AOl+DBNbTgHtrQAQISnuEV3pzUeXHenY/laMkpdk7hD5zPHyBWkbs=</latexit>

q2
<latexit sha1_base64="AUs1WH7BxHXkz4rXHORtlLE/m6k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRV0GXRjcsK9gFNKJPppB06mcR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkNve7T1QqlogHPU1pEOORYBEjWFvJ92Osx2GUPc4GjUG15tbdOdAq8QpSgwKtQfXLHybExFRowrFSfc9NdZBhqRnhdFbxjaIpJhM8on1LBY6pCrJ55hk6s8oQRYm0T2g0V39vZDhWahqHdjLPqJa9XPzP6xsdXQcZE6nRVJDFochwpBOUF4CGTFKi+dQSTCSzWREZY4mJtjVVbAne8pdXSadR9y7q7v1lrXlT1FGGEziFc/DgCppwBy1oA4EUnuEV3hzjvDjvzsditOQUO8fwB87nDyHdkbw=</latexit>

q1
<latexit sha1_base64="+uoEXodBjHWZsM3OQUhChINTne0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00oWy2m3bpZhN3X4QS+je8eFDEq3/Gm//GbZuDtg4sDDPv8WYnTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKvh9THIZR/jjpeb1qza27M5Bl4hWkBgWaveqX309YFnOFTFJjup6bYpBTjYJJPqn4meEpZSM64F1LFY25CfJZ5gk5sUqfRIm2TyGZqb83chobM45DOznNaBa9qfif180wugpyodIMuWLzQ1EmCSZkWgDpC80ZyrEllGlhsxI2pJoytDVVbAne4peXSfus7p3X3buLWuO6qKMMR3AMp+DBJTTgFprQAgYpPMMrvDmZ8+K8Ox/z0ZJT7BzCHzifPyBZkbs=</latexit>
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R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>

Solution:

p1
<latexit sha1_base64="9+oIXGNRhQD41k07sm4VAb534lw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5cV7AM6Q8mkmTY0kwlJRhiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmVtfWNzq7pd29nd2z+oHx51dZIqQjsk4Ynqh1hTzgTtGGY47UtFcRxy2gund4Xfe6JKs0Q8mkzSIMZjwSJGsLGS78fYTMIol7OhN6w33KY7B1olXkkaUKI9rH/5o4SkMRWGcKz1wHOlCXKsDCOczmp+qqnEZIrHdGCpwDHVQT7PPENnVhmhKFH2CYPm6u+NHMdaZ3FoJ4uMetkrxP+8QWqimyBnQqaGCrI4FKUcmQQVBaARU5QYnlmCiWI2KyITrDAxtqaaLcFb/vIq6V40vcum+3DVaN2WdVThBE7hHDy4hhbcQxs6QEDCM7zCm5M6L86787EYrTjlzjH8gfP5Ax7Skbo=</latexit>

p2
<latexit sha1_base64="hiqk3EAkTzMJ/fdEz5f1+bZWBT8=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA/oDCWTZtrQTCYkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OKDnTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6iRVhHZIwhPVD7GmnAnaMcxw2peK4jjktBdO73K/90SVZol4NDNJgxiPBYsYwcZKvh9jMwmjTM6HjWG15tbdBdA68QpSgwLtYfXLHyUkjakwhGOtB54rTZBhZRjhdF7xU00lJlM8pgNLBY6pDrJF5jm6sMoIRYmyTxi0UH9vZDjWehaHdjLPqFe9XPzPG6QmugkyJmRqqCDLQ1HKkUlQXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ91G3buquw/NWuu2qKMMZ3AOl+DBNbTgHtrQAQISnuEV3pzUeXHenY/laMkpdk7hD5zPHyBWkbs=</latexit>

q2
<latexit sha1_base64="AUs1WH7BxHXkz4rXHORtlLE/m6k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRV0GXRjcsK9gFNKJPppB06mcR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkNve7T1QqlogHPU1pEOORYBEjWFvJ92Osx2GUPc4GjUG15tbdOdAq8QpSgwKtQfXLHybExFRowrFSfc9NdZBhqRnhdFbxjaIpJhM8on1LBY6pCrJ55hk6s8oQRYm0T2g0V39vZDhWahqHdjLPqJa9XPzP6xsdXQcZE6nRVJDFochwpBOUF4CGTFKi+dQSTCSzWREZY4mJtjVVbAne8pdXSadR9y7q7v1lrXlT1FGGEziFc/DgCppwBy1oA4EUnuEV3hzjvDjvzsditOQUO8fwB87nDyHdkbw=</latexit>

q1
<latexit sha1_base64="+uoEXodBjHWZsM3OQUhChINTne0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00oWy2m3bpZhN3X4QS+je8eFDEq3/Gm//GbZuDtg4sDDPv8WYnTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKvh9THIZR/jjpeb1qza27M5Bl4hWkBgWaveqX309YFnOFTFJjup6bYpBTjYJJPqn4meEpZSM64F1LFY25CfJZ5gk5sUqfRIm2TyGZqb83chobM45DOznNaBa9qfif180wugpyodIMuWLzQ1EmCSZkWgDpC80ZyrEllGlhsxI2pJoytDVVbAne4peXSfus7p3X3buLWuO6qKMMR3AMp+DBJTTgFprQAgYpPMMrvDmZ8+K8Ox/z0ZJT7BzCHzifPyBZkbs=</latexit>

p0
i = pi �

1

N

X

i

pi

| {z }
ep

, q0
i = qi �

1

N

X

i

qi

| {z }
eq

<latexit sha1_base64="frDdhYO97R/7OtJJCUIuhBHeZYE="></latexit>
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R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>

Solution: p0
i = pi �

1

N

X

i

pi

| {z }
ep

, q0
i = qi �

1

N

X

i

qi

| {z }
eq

<latexit sha1_base64="frDdhYO97R/7OtJJCUIuhBHeZYE="></latexit>

p0
1

<latexit sha1_base64="3lO2l1Hcc7h7EmLHWY1AHJtdK9A="></latexit>

p0
2

<latexit sha1_base64="DMEuZ3FT9L7pV05PvGnLqG39T58="></latexit>q0
2

<latexit sha1_base64="DFhRu+5cWCY5NfbusJfz7Fv068o="></latexit>

q0
1

<latexit sha1_base64="L18j9plJ9p+l7Y1O/I3FIppM6UA="></latexit>
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R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>

p0
1

<latexit sha1_base64="3lO2l1Hcc7h7EmLHWY1AHJtdK9A="></latexit>

p0
2

<latexit sha1_base64="DMEuZ3FT9L7pV05PvGnLqG39T58="></latexit>q0
2

<latexit sha1_base64="DFhRu+5cWCY5NfbusJfz7Fv068o="></latexit>

q0
1

<latexit sha1_base64="L18j9plJ9p+l7Y1O/I3FIppM6UA="></latexit>

Solution: estimate covariante matrix: H =
X

i

p
0
iq

0>
i

<latexit sha1_base64="koECwbc2xQQKUkUhY05HFTbghr0="></latexit>
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p0
1

<latexit sha1_base64="3lO2l1Hcc7h7EmLHWY1AHJtdK9A="></latexit>

p0
2

<latexit sha1_base64="DMEuZ3FT9L7pV05PvGnLqG39T58="></latexit>q0
2

<latexit sha1_base64="DFhRu+5cWCY5NfbusJfz7Fv068o="></latexit>

q0
1

<latexit sha1_base64="L18j9plJ9p+l7Y1O/I3FIppM6UA="></latexit>

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>

Solution:

H = USV
>

<latexit sha1_base64="smvUT0qhAU82qbwqEqjzcCY2egE=">AAACGXicbZBNS8NAEIY3ftb6FfXoZbEInkqigl6EopceK5q20MSy2W7apZts2N0IJeRvePGvePGgiEc9+W/ctKlo68DCs+/MMDOvHzMqlWV9GQuLS8srq6W18vrG5ta2ubPblDwRmDiYMy7aPpKE0Yg4iipG2rEgKPQZafnDqzzfuidCUh7dqlFMvBD1IxpQjJSWuqblhkgN/CCtZ/ACTj9ONqWbH2pmd67icdesWFVrHHAe7AIqoIhG1/xwexwnIYkUZkjKjm3FykuRUBQzkpXdRJIY4SHqk47GCIVEeun4sgweaqUHAy70ixQcq787UhRKOQp9XZmvKWdzufhfrpOo4NxLaRQnikR4MihIGFQc5jbBHhUEKzbSgLCgeleIB0ggrLSZZW2CPXvyPDSPq/ZJ1bo+rdQuCztKYB8cgCNggzNQA3XQAA7A4AE8gRfwajwaz8ab8T4pXTCKnj3wJ4zPb9UzoXU=</latexit>

find SVD decomposition:

estimate covariante matrix: H =
X

i

p
0
iq

0>
i

<latexit sha1_base64="koECwbc2xQQKUkUhY05HFTbghr0="></latexit>
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Solution:

H = USV
>

<latexit sha1_base64="smvUT0qhAU82qbwqEqjzcCY2egE=">AAACGXicbZBNS8NAEIY3ftb6FfXoZbEInkqigl6EopceK5q20MSy2W7apZts2N0IJeRvePGvePGgiEc9+W/ctKlo68DCs+/MMDOvHzMqlWV9GQuLS8srq6W18vrG5ta2ubPblDwRmDiYMy7aPpKE0Yg4iipG2rEgKPQZafnDqzzfuidCUh7dqlFMvBD1IxpQjJSWuqblhkgN/CCtZ/ACTj9ONqWbH2pmd67icdesWFVrHHAe7AIqoIhG1/xwexwnIYkUZkjKjm3FykuRUBQzkpXdRJIY4SHqk47GCIVEeun4sgweaqUHAy70ixQcq787UhRKOQp9XZmvKWdzufhfrpOo4NxLaRQnikR4MihIGFQc5jbBHhUEKzbSgLCgeleIB0ggrLSZZW2CPXvyPDSPq/ZJ1bo+rdQuCztKYB8cgCNggzNQA3XQAA7A4AE8gRfwajwaz8ab8T4pXTCKnj3wJ4zPb9UzoXU=</latexit>

find SVD decomposition:

estimate covariante matrix: H =
X

i

p
0
iq

0>
i

<latexit sha1_base64="koECwbc2xQQKUkUhY05HFTbghr0="></latexit>

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>

R⇤ = VU>
<latexit sha1_base64="lQbVZKyAHtskKbPweaZSYD65eqA="></latexit>

estimate optimal rotation:
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Solution:

H = USV
>

<latexit sha1_base64="smvUT0qhAU82qbwqEqjzcCY2egE=">AAACGXicbZBNS8NAEIY3ftb6FfXoZbEInkqigl6EopceK5q20MSy2W7apZts2N0IJeRvePGvePGgiEc9+W/ctKlo68DCs+/MMDOvHzMqlWV9GQuLS8srq6W18vrG5ta2ubPblDwRmDiYMy7aPpKE0Yg4iipG2rEgKPQZafnDqzzfuidCUh7dqlFMvBD1IxpQjJSWuqblhkgN/CCtZ/ACTj9ONqWbH2pmd67icdesWFVrHHAe7AIqoIhG1/xwexwnIYkUZkjKjm3FykuRUBQzkpXdRJIY4SHqk47GCIVEeun4sgweaqUHAy70ixQcq787UhRKOQp9XZmvKWdzufhfrpOo4NxLaRQnikR4MihIGFQc5jbBHhUEKzbSgLCgeleIB0ggrLSZZW2CPXvyPDSPq/ZJ1bo+rdQuCztKYB8cgCNggzNQA3XQAA7A4AE8gRfwajwaz8ab8T4pXTCKnj3wJ4zPb9UzoXU=</latexit>

find SVD decomposition:

estimate covariante matrix: H =
X

i

p
0
iq

0>
i

<latexit sha1_base64="koECwbc2xQQKUkUhY05HFTbghr0="></latexit>

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>

R⇤ = VU>
<latexit sha1_base64="lQbVZKyAHtskKbPweaZSYD65eqA="></latexit>

estimate optimal rotation:
t⇤ = eq�R⇤ep

<latexit sha1_base64="MsjMwUhHxZe4FGIqtMXxgMXOnS4="></latexit>
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Solution:

H = USV
>

<latexit sha1_base64="smvUT0qhAU82qbwqEqjzcCY2egE=">AAACGXicbZBNS8NAEIY3ftb6FfXoZbEInkqigl6EopceK5q20MSy2W7apZts2N0IJeRvePGvePGgiEc9+W/ctKlo68DCs+/MMDOvHzMqlWV9GQuLS8srq6W18vrG5ta2ubPblDwRmDiYMy7aPpKE0Yg4iipG2rEgKPQZafnDqzzfuidCUh7dqlFMvBD1IxpQjJSWuqblhkgN/CCtZ/ACTj9ONqWbH2pmd67icdesWFVrHHAe7AIqoIhG1/xwexwnIYkUZkjKjm3FykuRUBQzkpXdRJIY4SHqk47GCIVEeun4sgweaqUHAy70ixQcq787UhRKOQp9XZmvKWdzufhfrpOo4NxLaRQnikR4MihIGFQc5jbBHhUEKzbSgLCgeleIB0ggrLSZZW2CPXvyPDSPq/ZJ1bo+rdQuCztKYB8cgCNggzNQA3XQAA7A4AE8gRfwajwaz8ab8T4pXTCKnj3wJ4zPb9UzoXU=</latexit>

find SVD decomposition:

estimate covariante matrix: H =
X

i

p
0
iq

0>
i

<latexit sha1_base64="koECwbc2xQQKUkUhY05HFTbghr0="></latexit>

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>

R⇤ = VU>
<latexit sha1_base64="lQbVZKyAHtskKbPweaZSYD65eqA="></latexit>

estimate optimal rotation:

q1
<latexit sha1_base64="+uoEXodBjHWZsM3OQUhChINTne0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00oWy2m3bpZhN3X4QS+je8eFDEq3/Gm//GbZuDtg4sDDPv8WYnTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKvh9THIZR/jjpeb1qza27M5Bl4hWkBgWaveqX309YFnOFTFJjup6bYpBTjYJJPqn4meEpZSM64F1LFY25CfJZ5gk5sUqfRIm2TyGZqb83chobM45DOznNaBa9qfif180wugpyodIMuWLzQ1EmCSZkWgDpC80ZyrEllGlhsxI2pJoytDVVbAne4peXSfus7p3X3buLWuO6qKMMR3AMp+DBJTTgFprQAgYpPMMrvDmZ8+K8Ox/z0ZJT7BzCHzifPyBZkbs=</latexit>

q2
<latexit sha1_base64="AUs1WH7BxHXkz4rXHORtlLE/m6k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRV0GXRjcsK9gFNKJPppB06mcR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkNve7T1QqlogHPU1pEOORYBEjWFvJ92Osx2GUPc4GjUG15tbdOdAq8QpSgwKtQfXLHybExFRowrFSfc9NdZBhqRnhdFbxjaIpJhM8on1LBY6pCrJ55hk6s8oQRYm0T2g0V39vZDhWahqHdjLPqJa9XPzP6xsdXQcZE6nRVJDFochwpBOUF4CGTFKi+dQSTCSzWREZY4mJtjVVbAne8pdXSadR9y7q7v1lrXlT1FGGEziFc/DgCppwBy1oA4EUnuEV3hzjvDjvzsditOQUO8fwB87nDyHdkbw=</latexit>

R⇤p1 + t⇤
<latexit sha1_base64="jm6hxfal1hx+NFzhrKK9FDU1Tn4="></latexit>

R⇤p2 + t⇤
<latexit sha1_base64="7v/uhvLUQmh6jxhkxGw7iI/M5wc="></latexit>

t⇤ = eq�R⇤ep
<latexit sha1_base64="MsjMwUhHxZe4FGIqtMXxgMXOnS4="></latexit>
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Solution: R⇤ = VU>
<latexit sha1_base64="lQbVZKyAHtskKbPweaZSYD65eqA="></latexit>

t⇤ = eq�R⇤ep
<latexit sha1_base64="MsjMwUhHxZe4FGIqtMXxgMXOnS4="></latexit>

U, S, V = np.linalg.svd(H, full_matrices=True)
SVD in python:

Broadcasting static transformation between two c.f. in ROS:
broadcaster = tf2_ros.StaticTransformBroadcaster()
transform = geometry_msgs.msg.TransformStamped()
# compute transform from 3D-3D correspondences
broadcaster.sendTransform(transform)

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>

(2) Solve:

(1) Record pointclouds and manually estimate 3D-3D 
correspondences
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\lidar_p

\lidar_q
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\lidar_p

\lidar_q \lidar_r
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• Application in robotics for SLAM. 
• Application in Computer graphics for alignment of 3D models 
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R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22 =
<latexit sha1_base64="NIEYsTQHsmXKR4TJdudntZBknfE="></latexit>
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R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22 =
<latexit sha1_base64="NIEYsTQHsmXKR4TJdudntZBknfE="></latexit>

= argmin
R2SO(3),t2R3

X

i

kR(p0
i
+ ep) + t� q0

i
� eqk22 =

<latexit sha1_base64="k39+H9mppxhNuOgYrXMdmGopdBI="></latexit>
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= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
+Rep+ t� eq| {z }

t0

k22 =

<latexit sha1_base64="S3wgiLLUOSibaIMgAAmKTtlweP0="></latexit>

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22 =
<latexit sha1_base64="NIEYsTQHsmXKR4TJdudntZBknfE="></latexit>

= argmin
R2SO(3),t2R3

X

i

kR(p0
i
+ ep) + t� q0

i
� eqk22 =

<latexit sha1_base64="k39+H9mppxhNuOgYrXMdmGopdBI="></latexit>
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= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
+Rep+ t� eq| {z }

t0

k22 =

<latexit sha1_base64="S3wgiLLUOSibaIMgAAmKTtlweP0="></latexit>

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22 =
<latexit sha1_base64="NIEYsTQHsmXKR4TJdudntZBknfE="></latexit>

= argmin
R2SO(3),t2R3

X

i

kR(p0
i
+ ep) + t� q0

i
� eqk22 =

<latexit sha1_base64="k39+H9mppxhNuOgYrXMdmGopdBI="></latexit>

= argmin
R2SO(3),t2R3

X

i

(Rp0
i
� q0

i
+ t0)>(Rp0

i
� q0

i
+ t0) =

<latexit sha1_base64="TULKix7z0gcxnv9BX0FIHKJKWPQ="></latexit>
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= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
+Rep+ t� eq| {z }

t0

k22 =

<latexit sha1_base64="S3wgiLLUOSibaIMgAAmKTtlweP0="></latexit>

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22 =
<latexit sha1_base64="NIEYsTQHsmXKR4TJdudntZBknfE="></latexit>

= argmin
R2SO(3),t2R3

X

i

kR(p0
i
+ ep) + t� q0

i
� eqk22 =

<latexit sha1_base64="k39+H9mppxhNuOgYrXMdmGopdBI="></latexit>

= argmin
R2SO(3),t2R3

X

i

(Rp0
i
� q0

i
+ t0)>(Rp0

i
� q0

i
+ t0) =

<latexit sha1_base64="TULKix7z0gcxnv9BX0FIHKJKWPQ="></latexit>

= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
k22 +

X

i

2(Rp0
i
� q0

i
)t0

| {z }
=0

+kt0k22 =

<latexit sha1_base64="3aT3CMdRhY+Y5K8e+tphF/xmebQ=">AAADyXiclVJbb9MwGE0TLqPcOnjkxaJCajWYkhYJXipNMCEkHhiDbpPqNnIct7UWO5ntrA1unviHvPHEX8FpQy8ZL3ySpaNzvsv5PjlIIiqV6/6q2c6t23fu7t2r33/w8NHjxv6TMxmnApM+jqNYXARIkohy0ldUReQiEQSxICLnweX7Qj+/JkLSmH9TWUKGDE04HVOMlKH8/dpvyMkMx4whHmp4nGvIkJpiFOnjPK/viLNSDM Z6VtXm2Uac5z59mfm0kpJkc9MhaRllsZO6adqulDCCeD7whmY2DYmiUUh006vOnrLJKik2mxaHWOX0wLJxnGiIxAQyynN/7fE0h5SDr59b3fZ6viq49fqn+aibAyhT5lMAF1uFJUqM9xFMBGXk1V/uasPBhd8ZdeoHMOUhEYFAmOiyW6f1393aG5MlY5bpuTmoH2yZM6Iu1XJ8z2803UN3GeAm8ErQtMo48Rs/YRjjlBGucISkHHhuooYaCUVxRMzpU0kShC/RhAwM5IgROdTLn5iDF4YJwTgW5nEFlux2hUZMyowFJrOwLKtaQf5LG6Rq/HaoKU9SRTheDRqnEVAxKL41CKkgWEWZAQgLarwCPEXm6Mp8/ro5gldd+SY46xx63UP3y+vm0bvyHHvWM+u51bI86411ZH20Tqy+he0PdmSn9rXzybly5s73VapdK2ueWjvh/PgDK7BH+Q==</latexit>
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= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
+Rep+ t� eq| {z }

t0

k22 =

<latexit sha1_base64="S3wgiLLUOSibaIMgAAmKTtlweP0="></latexit>

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22 =
<latexit sha1_base64="NIEYsTQHsmXKR4TJdudntZBknfE="></latexit>

= argmin
R2SO(3),t2R3

X

i

kR(p0
i
+ ep) + t� q0

i
� eqk22 =

<latexit sha1_base64="k39+H9mppxhNuOgYrXMdmGopdBI="></latexit>

= argmin
R2SO(3),t2R3

X

i

(Rp0
i
� q0

i
+ t0)>(Rp0

i
� q0

i
+ t0) =

<latexit sha1_base64="TULKix7z0gcxnv9BX0FIHKJKWPQ="></latexit>

= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
k22 +

X

i

2(Rp0
i
� q0

i
)t0

| {z }
=0

+kt0k22 =

<latexit sha1_base64="3aT3CMdRhY+Y5K8e+tphF/xmebQ=">AAADyXiclVJbb9MwGE0TLqPcOnjkxaJCajWYkhYJXipNMCEkHhiDbpPqNnIct7UWO5ntrA1unviHvPHEX8FpQy8ZL3ySpaNzvsv5PjlIIiqV6/6q2c6t23fu7t2r33/w8NHjxv6TMxmnApM+jqNYXARIkohy0ldUReQiEQSxICLnweX7Qj+/JkLSmH9TWUKGDE04HVOMlKH8/dpvyMkMx4whHmp4nGvIkJpiFOnjPK/viLNSDM Z6VtXm2Uac5z59mfm0kpJkc9MhaRllsZO6adqulDCCeD7whmY2DYmiUUh006vOnrLJKik2mxaHWOX0wLJxnGiIxAQyynN/7fE0h5SDr59b3fZ6viq49fqn+aibAyhT5lMAF1uFJUqM9xFMBGXk1V/uasPBhd8ZdeoHMOUhEYFAmOiyW6f1393aG5MlY5bpuTmoH2yZM6Iu1XJ8z2803UN3GeAm8ErQtMo48Rs/YRjjlBGucISkHHhuooYaCUVxRMzpU0kShC/RhAwM5IgROdTLn5iDF4YJwTgW5nEFlux2hUZMyowFJrOwLKtaQf5LG6Rq/HaoKU9SRTheDRqnEVAxKL41CKkgWEWZAQgLarwCPEXm6Mp8/ro5gldd+SY46xx63UP3y+vm0bvyHHvWM+u51bI86411ZH20Tqy+he0PdmSn9rXzybly5s73VapdK2ueWjvh/PgDK7BH+Q==</latexit>

= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
k22 + kt0k22

<latexit sha1_base64="lb7O9jwkgpRzvuEMOLD4R6tkHNs=">AAADZnicbVJNb9MwGHZTPrYCo9uEOHCxqJA6AVXSIsEFaYIduDEG3SbVbeQ4TmstdkLs0Eap/yQ3zlz4GThN6EfGK1l69DzP+yl7cciksu1fDat55+69+3v7rQcPHx08bh8eXcooTQgdkiiMkmsPSxoyQYeKqZBexwnF3AvplXfzsdCvftBEskh8U1lMxxxPBQsYwcpQ7mFjiQSdk4hzLPwcnekccaxmBIf5mdatHXFeiV6Qz+ vaItuIC+2yV5nLapY4W5gKcdcoyx3rpuhJLYVTLPTIGZvezKeKhT7NO06994xPS1NkNi0OUXrew1XhKM4RTqaIM6Hd9YwXGjEBv37uDk7W/VXBrde/0JOBhkim3GUQLbcSKxSb2ScoThinr/9x3zccWrr9Sb/1citX6UleirpU3XbH7tmrgLeBU4EOqOLcbf9EfkRSToUiIZZy5NixGuc4UYyE1NwllTTG5AZP6chAgTmV43z1TTR8YRgfBlFinlBwxW5n5JhLmXHPOIuBZV0ryP9po1QF78Y5E3GqqCBloyANoYpg8eegzxJKVJgZgEnCzKyQzHCCiTI/s2WO4NRXvg0u+z1n0LO/vOmcfqjOsQeegeegCxzwFpyCT+AcDAFp/Lb2rSPr2PrTPGg+aT4trVajyjkGO9GEfwGHRyAt</latexit>

we can reach second term zero by t = eq�Rep = t⇤
<latexit sha1_base64="D8I9zhfWdsczIVHS1Fe26l4v0Zo="></latexit>
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= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
k22 + kt0k22

<latexit sha1_base64="lb7O9jwkgpRzvuEMOLD4R6tkHNs=">AAADZnicbVJNb9MwGHZTPrYCo9uEOHCxqJA6AVXSIsEFaYIduDEG3SbVbeQ4TmstdkLs0Eap/yQ3zlz4GThN6EfGK1l69DzP+yl7cciksu1fDat55+69+3v7rQcPHx08bh8eXcooTQgdkiiMkmsPSxoyQYeKqZBexwnF3AvplXfzsdCvftBEskh8U1lMxxxPBQsYwcpQ7mFjiQSdk4hzLPwcnekccaxmBIf5mdatHXFeiV6Qz+ vaItuIC+2yV5nLapY4W5gKcdcoyx3rpuhJLYVTLPTIGZvezKeKhT7NO06994xPS1NkNi0OUXrew1XhKM4RTqaIM6Hd9YwXGjEBv37uDk7W/VXBrde/0JOBhkim3GUQLbcSKxSb2ScoThinr/9x3zccWrr9Sb/1citX6UleirpU3XbH7tmrgLeBU4EOqOLcbf9EfkRSToUiIZZy5NixGuc4UYyE1NwllTTG5AZP6chAgTmV43z1TTR8YRgfBlFinlBwxW5n5JhLmXHPOIuBZV0ryP9po1QF78Y5E3GqqCBloyANoYpg8eegzxJKVJgZgEnCzKyQzHCCiTI/s2WO4NRXvg0u+z1n0LO/vOmcfqjOsQeegeegCxzwFpyCT+AcDAFp/Lb2rSPr2PrTPGg+aT4trVajyjkGO9GEfwGHRyAt</latexit>

we can reach second term zero by t = eq�Rep = t⇤
<latexit sha1_base64="D8I9zhfWdsczIVHS1Fe26l4v0Zo="></latexit>

argmin
R2SO(3)

X

i

kRp0
i
� q0

i
k22 = argmax

R2SO(3)

X

i

q0>
i
Rp0

i
=

<latexit sha1_base64="RjQ0J0Yse/4Mhx5XlJpfMPuBRiw=">AAADlnichVJbb9MwGHUTLqNc1rEXJF4sKqROgirpkICHoWkbgjfKpdukposcx22t2Y6xHdoozT/i1/DGv8FpA10zBJ9k6eic81386Ysko9p43s+G4964eev21p3m3Xv3H2y3dh6e6iRVmAxwwhJ1HiFNGBVkYKhh5FwqgnjEyFl0eVzqZ9+I0jQRX0wmyYijiaBjipGxVLjT+B4IMsMJ50jEeXBS5AFHZooRy0+KorkhzioxGu ezujbP1uK8COmzLKQ1i8zmtoLsWGWxYV0X3aulcIJEMfRHtjeNiaEsJnnbr/ee8snKlNiflouoPGXZROYBUpOAU1GEfyb8VARUwM8fOvt7BQx0ykMKg8UVtULSjncRSEU5ef6b+7rmgkXYu+g1DzY7ofl/OsHmRq28KmYSWfxzBHgQttpe11sGvA78CrRBFf2w9SOIE5xyIgxmSOuh70kzypEyFDNid5RqIhG+RBMytFAgTvQoX55VAZ9aJobjRNknDFyyVzNyxLXOeGSd5bC6rpXk37RhasavRjkVMjVE4FWjccqgSWB5ozCmimDDMgsQVtTOCvEUKYSNveSmXYJf//J1cNrr+vtd7+OL9uFRtY4t8Bg8AR3gg5fgELwHfTAA2Nl1XjtHzrH7yH3jvnXfraxOo8rZBRvh9n8Bz9syxw==</latexit>

= argmax
R2SO(3)

trace{RH} = VU
>

<latexit sha1_base64="FJTx7eFVQiWTirJt1C1X98XAjJ8=">AAADInicbVLbbtMwGHbCYaOcOrjkxqJC6iRUJQyJSRPSBLvYHePQblITIsdxW2s+RLZDG5k8Cze8CjdcgIArJB4GNw2UZvySpc//9/1HO80Z1SYIfnr+pctXrm5tX+tcv3Hz1u3uzp2RloXCZIglk+osRZowKsjQUMPIWa4I4ikjp+n58yV/+o4oTaV4Y8qcxBxNBZ1QjIxzJTvefiTIHEvOkchsdFTZiCMzw4jZo6rqbJDzhk wndt7mFuWaXFQJfVgmtCXJy4XLkPcd835Duk662wrhBIlqHMauNs2IoSwjthe2a8/4dCWSbtLlIlaap7BOLHMbITV12BX72+OrKqICvn7R39utIOxEBzWhuDUKYVLBaK08djeX7c99NKzeRkbmSbcXDILa4EUQNqAHGjtJut+jTOKCE2EwQ1qPwyA3sUXKUMyIm6nQJEf4HE3J2EGBONGxrZ+4gg+cJ4MTqdwRBtbefyMs4lqXPHXKZZ+6zS2d/+PGhZnsx5aKvDBE4FWhScGgkXD5X2BGFcGGlQ4grKjrFeIZcksy7ld13BLC9sgXwejRINwbBC8f9w6fNevYBvfAfdAHIXgCDsExOAFDgL0P3ifvi/fV/+h/9r/5P1ZS32ti7oIN83/9BiKMCQ8=</latexit>

because when you substitute this rotation into criterion  
you will obtain value higher then for any other rotation

trace{R⇤
H} = trace{VU

>
USV

>} = trace{VSV
>} =

<latexit sha1_base64="abXDfId46kxPMOawu9JAo1Houww="></latexit>

= trace{(V
p
S)| {z }

A

(
p
SV)>| {z }
A>

} =
X

j

a>j aj � trace(RA)A>

<latexit sha1_base64="TO6IkEIrG7ioubO1qnDa3c4a8d4="></latexit> aj
<latexit sha1_base64="5fMriH1xE46m6BuwrkGg2/mbhXk="></latexit>

Raj
<latexit sha1_base64="zK6RPlV0kr+RX6SHerewLSsx7KY="></latexit>
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\camera

p
<latexit sha1_base64="2hBF3DfW4/5rXvCpzKdM5I+bqYc="></latexit>

u
<latexit sha1_base64="TCPCx5Emvxf5ChSya8hEZuE0ywo="></latexit>

Camera captures RGB colors of objects projected on image 
plane (light sensitive sensor which provide images).

image plane
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\camera

\lidar_q

q
<latexit sha1_base64="WNu78XHlq8x8IZQO2+XIrTASjFU="></latexit>p

<latexit sha1_base64="2hBF3DfW4/5rXvCpzKdM5I+bqYc="></latexit>

Let us have one lidar and one camera

u
<latexit sha1_base64="TCPCx5Emvxf5ChSya8hEZuE0ywo="></latexit>



Projection from lidar to image plane consists of two steps: 
• transform of 3D point in \lidar_q             to \camera 

54

\camera

p 2 R3
<latexit sha1_base64="2i7lvnKIiir8aV7rMxkgGnKp70I="></latexit>

\lidar_q

q 2 R3
<latexit sha1_base64="hu3Gu8HeSJ80wCMyJbt1GtW7Jvc="></latexit>

q
<latexit sha1_base64="WNu78XHlq8x8IZQO2+XIrTASjFU="></latexit>p

<latexit sha1_base64="2hBF3DfW4/5rXvCpzKdM5I+bqYc="></latexit>

R, t
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Camera

u
<latexit sha1_base64="TCPCx5Emvxf5ChSya8hEZuE0ywo="></latexit>

p = Rq+ t
<latexit sha1_base64="EIVswU1tI7doSEEMAxj7qLwOgbc=">AAACF3icbZBLS8NAEMc3Pmt9RT16WSyCIJREBb0IRS8eq9gHtKFstpt26ebh7kQoId/Ci1/FiwdFvOrNb+OmTUVbBxZ++58ZZubvRoIrsKwvY25+YXFpubBSXF1b39g0t7brKowlZTUailA2XaKY4AGrAQfBmpFkxHcFa7iDyyzfuGdS8TC4hWHEHJ/0Au5xSkBLHbOM2z6BvuslUYrPfz436YTu0sMJQoo7ZskqW6PAs2DnUEJ5VDvmZ7sb0thnAVBBlGrZVgROQiRwKlhabMeKRYQOSI+1NAbEZ8pJRneleF8rXeyFUr8A8Ej93ZEQX6mh7+rKbEU1ncvE/3KtGLwzJ+FBFAML6HiQFwsMIc5Mwl0uGQUx1ECo5HpXTPtEEgrayqI2wZ4+eRbqR2X7uGxdn5QqF7kdBbSL9tABstEpqqArVEU1RNEDekIv6NV4NJ6NN+N9XDpn5D076E8YH99326Ag</latexit>



Projection from lidar to image plane consists of two steps: 
• transform of 3D point in \lidar_q             to \camera  
• projection of 3D point in \camera on image plane 

55

\camera

p 2 R3
<latexit sha1_base64="2i7lvnKIiir8aV7rMxkgGnKp70I="></latexit>

\lidar_q

q 2 R3
<latexit sha1_base64="hu3Gu8HeSJ80wCMyJbt1GtW7Jvc="></latexit>

q
<latexit sha1_base64="WNu78XHlq8x8IZQO2+XIrTASjFU="></latexit>p

<latexit sha1_base64="2hBF3DfW4/5rXvCpzKdM5I+bqYc="></latexit>

Camera

u
<latexit sha1_base64="TCPCx5Emvxf5ChSya8hEZuE0ywo="></latexit>

p = Rq+ t
<latexit sha1_base64="EIVswU1tI7doSEEMAxj7qLwOgbc=">AAACF3icbZBLS8NAEMc3Pmt9RT16WSyCIJREBb0IRS8eq9gHtKFstpt26ebh7kQoId/Ci1/FiwdFvOrNb+OmTUVbBxZ++58ZZubvRoIrsKwvY25+YXFpubBSXF1b39g0t7brKowlZTUailA2XaKY4AGrAQfBmpFkxHcFa7iDyyzfuGdS8TC4hWHEHJ/0Au5xSkBLHbOM2z6BvuslUYrPfz436YTu0sMJQoo7ZskqW6PAs2DnUEJ5VDvmZ7sb0thnAVBBlGrZVgROQiRwKlhabMeKRYQOSI+1NAbEZ8pJRneleF8rXeyFUr8A8Ej93ZEQX6mh7+rKbEU1ncvE/3KtGLwzJ+FBFAML6HiQFwsMIc5Mwl0uGQUx1ECo5HpXTPtEEgrayqI2wZ4+eRbqR2X7uGxdn5QqF7kdBbSL9tABstEpqqArVEU1RNEDekIv6NV4NJ6NN+N9XDpn5D076E8YH99326Ag</latexit>

u 2 R2
<latexit sha1_base64="FbA5k8hrG2H8q0XCvSES8IaTcAk="></latexit>

??? R, t
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Albrecht Durer (1545), Hitachi Viewmuseum
56

Projection of 3D point in \camera on image plane 
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Projection of 3D point in \camera on image plane 



Pinhole camera modelObject in front of camera
58

Projection of 3D point in \camera on image plane 



sun ray

59

Projection of 3D point in \camera on image plane 



Sun ray is reflected from Lambertian surface in hemisphere
60

Projection of 3D point in \camera on image plane 



Reflected ray (red) forms inverted image of the object
61

Projection of 3D point in \camera on image plane 
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Projection of 3D point in \camera on image plane 



Pinhole camera model

63

Projection of 3D point in \camera on image plane 



Pinhole camera model

64

Projection of 3D point in \camera on image plane 



Pinhole camera model

65

Projection of 3D point in \camera on image plane 
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Projection of 3D point in \camera on image plane 



se
ns

or

67

Projection of 3D point in \camera on image plane 



se
ns

or

Light energy from rays traversed through pinhole is small
68

Projection of 3D point in \camera on image plane 



se
ns

or

Increasing hole size yields more energy but blurs image
69

Projection of 3D point in \camera on image plane 



se
ns

or

Increasing hole size yields more energy but blurs image
70

Projection of 3D point in \camera on image plane 



se
ns

or

Lens focus cone of light rays in a single point 
71

Projection of 3D point in \camera on image plane 



Light travels differently in different materials (refraction index)

FR
<latexit sha1_base64="1/bU2nLo+WiOWKXg1yzJmjqdtB8="></latexit><latexit sha1_base64="1/bU2nLo+WiOWKXg1yzJmjqdtB8="></latexit><latexit sha1_base64="1/bU2nLo+WiOWKXg1yzJmjqdtB8="></latexit><latexit sha1_base64="1/bU2nLo+WiOWKXg1yzJmjqdtB8="></latexit>

72

Projection of 3D point in \camera on image plane 

u =


ux

uy

�

<latexit sha1_base64="DORlJgMmW21N6hK2/rxJAs4hC/A="></latexit>

p =

2

4
px
py
pz

3

5

<latexit sha1_base64="DBlltGsy3AwWhi6/wP2KSq3VavA="></latexit>



FR
<latexit sha1_base64="1/bU2nLo+WiOWKXg1yzJmjqdtB8="></latexit><latexit sha1_base64="1/bU2nLo+WiOWKXg1yzJmjqdtB8="></latexit><latexit sha1_base64="1/bU2nLo+WiOWKXg1yzJmjqdtB8="></latexit><latexit sha1_base64="1/bU2nLo+WiOWKXg1yzJmjqdtB8="></latexit>

73

Projection of 3D point in \camera on image plane 

u =


ux

uy

�

<latexit sha1_base64="DORlJgMmW21N6hK2/rxJAs4hC/A="></latexit>

p =

2

4
px
py
pz

3

5

<latexit sha1_base64="DBlltGsy3AwWhi6/wP2KSq3VavA="></latexit>



Lens geometry

FL
<latexit sha1_base64="E3ipK/aNPG11cLad5s7aOy1xnFM="></latexit><latexit sha1_base64="E3ipK/aNPG11cLad5s7aOy1xnFM="></latexit><latexit sha1_base64="E3ipK/aNPG11cLad5s7aOy1xnFM="></latexit><latexit sha1_base64="E3ipK/aNPG11cLad5s7aOy1xnFM="></latexit>

FR
<latexit sha1_base64="1/bU2nLo+WiOWKXg1yzJmjqdtB8="></latexit><latexit sha1_base64="1/bU2nLo+WiOWKXg1yzJmjqdtB8="></latexit><latexit sha1_base64="1/bU2nLo+WiOWKXg1yzJmjqdtB8="></latexit><latexit sha1_base64="1/bU2nLo+WiOWKXg1yzJmjqdtB8="></latexit>
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Projection of 3D point in \camera on image plane 

u =


ux

uy

�

<latexit sha1_base64="DORlJgMmW21N6hK2/rxJAs4hC/A="></latexit>

p =

2

4
px
py
pz

3

5

<latexit sha1_base64="DBlltGsy3AwWhi6/wP2KSq3VavA="></latexit>



Lens geometry

FL
<latexit sha1_base64="E3ipK/aNPG11cLad5s7aOy1xnFM="></latexit><latexit sha1_base64="E3ipK/aNPG11cLad5s7aOy1xnFM="></latexit><latexit sha1_base64="E3ipK/aNPG11cLad5s7aOy1xnFM="></latexit><latexit sha1_base64="E3ipK/aNPG11cLad5s7aOy1xnFM="></latexit>

FR
<latexit sha1_base64="1/bU2nLo+WiOWKXg1yzJmjqdtB8="></latexit><latexit sha1_base64="1/bU2nLo+WiOWKXg1yzJmjqdtB8="></latexit><latexit sha1_base64="1/bU2nLo+WiOWKXg1yzJmjqdtB8="></latexit><latexit sha1_base64="1/bU2nLo+WiOWKXg1yzJmjqdtB8="></latexit>
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Projection of 3D point in \camera on image plane 

ux
<latexit sha1_base64="x6ZRH/SzMjggOlmwLtAQH0lNZdI="></latexit>

px
<latexit sha1_base64="HRpeVEBHHK6DylxyPaAQF9UbtPo="></latexit>



Simplified geometry
76

Projection of 3D point in \camera on image plane 

ux
<latexit sha1_base64="x6ZRH/SzMjggOlmwLtAQH0lNZdI="></latexit>

px
<latexit sha1_base64="HRpeVEBHHK6DylxyPaAQF9UbtPo="></latexit>



77

ux
<latexit sha1_base64="x6ZRH/SzMjggOlmwLtAQH0lNZdI="></latexit>

Projection of 3D point in \camera on image plane 

px
<latexit sha1_base64="HRpeVEBHHK6DylxyPaAQF9UbtPo="></latexit>

pz
<latexit sha1_base64="ZzTR5t4Fb34e6VujVQkE1zDFuCQ="></latexit>



f
<latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit>
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ux
<latexit sha1_base64="x6ZRH/SzMjggOlmwLtAQH0lNZdI="></latexit>

Projection of 3D point in \camera on image plane 

px
<latexit sha1_base64="HRpeVEBHHK6DylxyPaAQF9UbtPo="></latexit>

pz
<latexit sha1_base64="ZzTR5t4Fb34e6VujVQkE1zDFuCQ="></latexit>



↵
<latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit>

↵
<latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit>

f
<latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit>
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ux
<latexit sha1_base64="x6ZRH/SzMjggOlmwLtAQH0lNZdI="></latexit>

Projection of 3D point in \camera on image plane 

px
<latexit sha1_base64="HRpeVEBHHK6DylxyPaAQF9UbtPo="></latexit>

pz
<latexit sha1_base64="ZzTR5t4Fb34e6VujVQkE1zDFuCQ="></latexit>



↵
<latexit sha1_base64="PnAOvB4iXxoSh94OHxLphEsG0as="></latexit><latexit sha1_base64="PnAOvB4iXxoSh94OHxLphEsG0as="></latexit><latexit sha1_base64="PnAOvB4iXxoSh94OHxLphEsG0as="></latexit><latexit sha1_base64="PnAOvB4iXxoSh94OHxLphEsG0as="></latexit>

↵
<latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit>

f
<latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit>
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ux
<latexit sha1_base64="x6ZRH/SzMjggOlmwLtAQH0lNZdI="></latexit>

Projection of 3D point in \camera on image plane 

px
<latexit sha1_base64="HRpeVEBHHK6DylxyPaAQF9UbtPo="></latexit>

pz
<latexit sha1_base64="ZzTR5t4Fb34e6VujVQkE1zDFuCQ="></latexit>

tg(↵) =
px
pz

=
ux

f
<latexit sha1_base64="+V3GnbFPa5txTMaTjeBZgd4dzko="></latexit>



↵
<latexit sha1_base64="PnAOvB4iXxoSh94OHxLphEsG0as="></latexit><latexit sha1_base64="PnAOvB4iXxoSh94OHxLphEsG0as="></latexit><latexit sha1_base64="PnAOvB4iXxoSh94OHxLphEsG0as="></latexit><latexit sha1_base64="PnAOvB4iXxoSh94OHxLphEsG0as="></latexit>

↵
<latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit>

f
<latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit>
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ux
<latexit sha1_base64="x6ZRH/SzMjggOlmwLtAQH0lNZdI="></latexit>

Projection of 3D point in \camera on image plane 

px
<latexit sha1_base64="HRpeVEBHHK6DylxyPaAQF9UbtPo="></latexit>

pz
<latexit sha1_base64="ZzTR5t4Fb34e6VujVQkE1zDFuCQ="></latexit>

tg(↵) =
px
pz

=
ux

f
<latexit sha1_base64="+V3GnbFPa5txTMaTjeBZgd4dzko="></latexit>



f
<latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit>

↵
<latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit>

↵
<latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit>

)
<latexit sha1_base64="KInroaFcX0G7cv2m2JrNRfEHKNg="></latexit><latexit sha1_base64="KInroaFcX0G7cv2m2JrNRfEHKNg="></latexit><latexit sha1_base64="KInroaFcX0G7cv2m2JrNRfEHKNg="></latexit><latexit sha1_base64="KInroaFcX0G7cv2m2JrNRfEHKNg="></latexit>
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ux
<latexit sha1_base64="x6ZRH/SzMjggOlmwLtAQH0lNZdI="></latexit>

Projection of 3D point in \camera on image plane 

px
<latexit sha1_base64="HRpeVEBHHK6DylxyPaAQF9UbtPo="></latexit>

pz
<latexit sha1_base64="ZzTR5t4Fb34e6VujVQkE1zDFuCQ="></latexit>

�ux = fpx
<latexit sha1_base64="y/mkwIOn6y4Ir6C1aEMjJopkgEU="></latexit>

�uy = fpy
<latexit sha1_base64="gRxxvZIr2W84KDmnrE3yi3isyX4="></latexit>

� = pz
<latexit sha1_base64="TgnUYhGkxnFcMN4LZa+m9uqOvHs="></latexit>

�

2

4
ux

uy

1

3

5 =

2

4
f 0 0
0 f 0
0 0 1

3

5

2

4
px
py
pz

3

5

<latexit sha1_base64="FlWsYkRX7FICzU2/3VDiK/zcUZc="></latexit>



f
<latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit>

↵
<latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit>

↵
<latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit><latexit sha1_base64="Bda9S/6U6+GOakfzd63At97Nll4="></latexit>
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ux
<latexit sha1_base64="x6ZRH/SzMjggOlmwLtAQH0lNZdI="></latexit>

Projection of 3D point in \camera on image plane 

px
<latexit sha1_base64="HRpeVEBHHK6DylxyPaAQF9UbtPo="></latexit>

pz
<latexit sha1_base64="ZzTR5t4Fb34e6VujVQkE1zDFuCQ="></latexit>

�

2

4
ux

uy

1

3

5 =

2

4
f 0 0
0 f 0
0 0 1

3

5

2

4
px
py
pz

3

5

<latexit sha1_base64="FlWsYkRX7FICzU2/3VDiK/zcUZc="></latexit>

�u =

2

4
f 0 0
0 f 0
0 0 1

3

5p

<latexit sha1_base64="aMSA8slgrW3C635Q9ImBuKNq2kI="></latexit>



f
<latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit><latexit sha1_base64="EhH2kURhB0s12puhlZPu3MPyDzo="></latexit>

C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>

center of projection

84

qx
<latexit sha1_base64="4d4N7M2MMzY/ErICt75vGf5VNF8="></latexit> ux

<latexit sha1_base64="x6ZRH/SzMjggOlmwLtAQH0lNZdI="></latexit>

qz
<latexit sha1_base64="Xoi3z5W3hpxYduohsxpUmwMAtGA="></latexit>

image plane



Projection 3D points on the image plane

85

\camera

u
<latexit sha1_base64="TCPCx5Emvxf5ChSya8hEZuE0ywo="></latexit>

�u =

2

4
f 0 0
0 f 0
0 0 1

3

5p

<latexit sha1_base64="aMSA8slgrW3C635Q9ImBuKNq2kI="></latexit>

p
<latexit sha1_base64="2hBF3DfW4/5rXvCpzKdM5I+bqYc="></latexit>



Projection 3D points on the image plane

86

\camera

u
<latexit sha1_base64="TCPCx5Emvxf5ChSya8hEZuE0ywo="></latexit>

p
<latexit sha1_base64="2hBF3DfW4/5rXvCpzKdM5I+bqYc="></latexit>

�u =

2

4
1 0 ox
0 1 oy
0 0 1

3

5

2

4
f 0 0
0 f 0
0 0 1

3

5p

<latexit sha1_base64="F+XqN+8dihr2mJwtrtXxmvkXPxs="></latexit>



Projection 3D points on the image plane

87

\camera

u
<latexit sha1_base64="TCPCx5Emvxf5ChSya8hEZuE0ywo="></latexit>

�u =

2

4
sx so ox
0 sy oy
0 0 1

3

5

2

4
f 0 0
0 f 0
0 0 1

3

5p

<latexit sha1_base64="vryEq31PwQplvIu+qs0YKq7i9Kw="></latexit>

p
<latexit sha1_base64="2hBF3DfW4/5rXvCpzKdM5I+bqYc="></latexit>



Projection 3D points on the image plane

88

\camera

\lidar_q

q
<latexit sha1_base64="WNu78XHlq8x8IZQO2+XIrTASjFU="></latexit>p

<latexit sha1_base64="2hBF3DfW4/5rXvCpzKdM5I+bqYc="></latexit>

R, t
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

u
<latexit sha1_base64="TCPCx5Emvxf5ChSya8hEZuE0ywo="></latexit>

�u =

2

4
sx so ox
0 sy oy
0 0 1

3

5

2

4
f 0 0
0 f 0
0 0 1

3

5 ⇥
R t

⇤
q

<latexit sha1_base64="UmsbgGUv2Zdsu3yW95Rv7z/E0pQ="></latexit>

�u
=

2
4
s x

s o
o x

0
s y

o y

0

0

1

3
5

2
4
f

0
0

0
f

0

0
0

1

3
5 p

<latexit sha1_base64="vryEq31PwQplvIu+qs0YKq7i9Kw="></latexit>



\camera to \lidar_q calibration

89

�u = K
⇥
R t

⇤
| {z }

P

q

<latexit sha1_base64="7loDziREVR8uiMzJRKnqO3cd638="></latexit>

\camera

\lidar_q

q
<latexit sha1_base64="WNu78XHlq8x8IZQO2+XIrTASjFU="></latexit>

u
<latexit sha1_base64="TCPCx5Emvxf5ChSya8hEZuE0ywo="></latexit>

P
=
K
[R

t]

<latexit sha1_base64="c1xr0TGik2qvjfyAtovU2lmgz4w="></latexit>



…………….. intrinsic parameters

             …… extrinsic parameters
…………….. camera projection matrix
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K 2 R3⇥3
<latexit sha1_base64="rLuFLuykmfJHeZeNDrQ6if/qqXw=">AAACDXicbVC7TsMwFL3hWcqrwMhiUZCYqoQiwVjBgsRSEH1ITagc12mtOk5kO0hVlB9g4VdYGECIlZ2Nv8FNO0DLkSwdn3Ov7r3HjzlT2ra/rYXFpeWV1cJacX1jc2u7tLPbVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vBz7rQcqFYvEnR7F1AtxX7CAEayN1C0duiHWAz9IrzOXifxDME9vs/u06moWUoWqWbdUtit2DjRPnCkpwxT1bunL7UUkCanQhGOlOo4day/FUjPCaVZ0E0VjTIa4TzuGCmzmeGl+TYaOjNJDQSTNExrl6u+OFIdKjULfVI7XVbPeWPzP6yQ6OPdSJuJEU0Emg4KEIx2hcTSoxyQlmo8MwUQysysiAywx0SbAognBmT15njRPKk61Yt+clmsX0zgKsA8HcAwOnEENrqAODSDwCM/wCm/Wk/VivVsfk9IFa9qzB39gff4AH12cMw==</latexit>

K 2 R3⇥3
<latexit sha1_base64="rLuFLuykmfJHeZeNDrQ6if/qqXw=">AAACDXicbVC7TsMwFL3hWcqrwMhiUZCYqoQiwVjBgsRSEH1ITagc12mtOk5kO0hVlB9g4VdYGECIlZ2Nv8FNO0DLkSwdn3Ov7r3HjzlT2ra/rYXFpeWV1cJacX1jc2u7tLPbVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vBz7rQcqFYvEnR7F1AtxX7CAEayN1C0duiHWAz9IrzOXifxDME9vs/u06moWUoWqWbdUtit2DjRPnCkpwxT1bunL7UUkCanQhGOlOo4day/FUjPCaVZ0E0VjTIa4TzuGCmzmeGl+TYaOjNJDQSTNExrl6u+OFIdKjULfVI7XVbPeWPzP6yQ6OPdSJuJEU0Emg4KEIx2hcTSoxyQlmo8MwUQysysiAywx0SbAognBmT15njRPKk61Yt+clmsX0zgKsA8HcAwOnEENrqAODSDwCM/wCm/Wk/VivVsfk9IFa9qzB39gff4AH12cMw==</latexit>

R 2 SO(3), t 2 R
3

<latexit sha1_base64="w5CTWLpHJ/1k27j8XevQheEuogs=">AAACInicbVDLSgMxFM3UV62vUZdugkWoIGXGCuqu6MadtdoHdGrJpJk2NJMZkoxQhvkWN/6KGxeKuhL8GDNtFW09EDg5517uvccNGZXKsj6MzNz8wuJSdjm3srq2vmFubtVlEAlMajhggWi6SBJGOakpqhhphoIg32Wk4Q7OU79xR4SkAb9Rw5C0fdTj1KMYKS11zFPHR6rvenE1cSiHox9GLL6+TAql/QP4bavU/nGryW2pY+atojUCnCX2hOTBBJWO+eZ0Axz5hCvMkJQt2wpVO0ZCUcxIknMiSUKEB6hHWppy5BPZjkcnJnBPK13oBUI/ruBI/d0RI1/Koe/qynRJOe2l4n9eK1LeSTumPIwU4Xg8yIsYVAFM84JdKghWbKgJwoLqXSHuI4Gw0qnmdAj29MmzpH5YtEtF6+ooXz6bxJEFO2AXFIANjkEZXIAKqAEM7sEjeAYvxoPxZLwa7+PSjDHp2QZ/YHx+Acv5pHA=</latexit>

P 2 R3⇥4
<latexit sha1_base64="fAROSyqE/wP1VvxQdp890Y4s9zY=">AAACDnicbVC7TsMwFHXKq5RXgZHFoqrEVCVQCcYKFsaC6ENqSuW4TmvVcSL7BqmK8gUs/AoLAwixMrPxN7hpBmg5kqXjc+7Vvfd4keAabPvbKqysrq1vFDdLW9s7u3vl/YO2DmNFWYuGIlRdj2gmuGQt4CBYN1KMBJ5gHW9yNfM7D0xpHso7mEasH5CR5D6nBIw0KFfdgMDY85Nm6nKJsx8lIrlN75MzF3jANK6ng3LFrtkZ8DJxclJBOZqD8pc7DGkcMAlUEK17jh1BPyEKOBUsLbmxZhGhEzJiPUMlMXP6SXZOiqtGGWI/VOZJwJn6uyMhgdbTwDOVs3X1ojcT//N6MfgX/YTLKAYm6XyQHwsMIZ5lg4dcMQpiagihiptdMR0TRSiYBEsmBGfx5GXSPq05ZzX7pl5pXOZxFNEROkYnyEHnqIGuURO1EEWP6Bm9ojfryXqx3q2PeWnBynsO0R9Ynz+G75xj</latexit>

P 2 R3⇥4
<latexit sha1_base64="fAROSyqE/wP1VvxQdp890Y4s9zY=">AAACDnicbVC7TsMwFHXKq5RXgZHFoqrEVCVQCcYKFsaC6ENqSuW4TmvVcSL7BqmK8gUs/AoLAwixMrPxN7hpBmg5kqXjc+7Vvfd4keAabPvbKqysrq1vFDdLW9s7u3vl/YO2DmNFWYuGIlRdj2gmuGQt4CBYN1KMBJ5gHW9yNfM7D0xpHso7mEasH5CR5D6nBIw0KFfdgMDY85Nm6nKJsx8lIrlN75MzF3jANK6ng3LFrtkZ8DJxclJBOZqD8pc7DGkcMAlUEK17jh1BPyEKOBUsLbmxZhGhEzJiPUMlMXP6SXZOiqtGGWI/VOZJwJn6uyMhgdbTwDOVs3X1ojcT//N6MfgX/YTLKAYm6XyQHwsMIZ5lg4dcMQpiagihiptdMR0TRSiYBEsmBGfx5GXSPq05ZzX7pl5pXOZxFNEROkYnyEHnqIGuURO1EEWP6Bm9ojfryXqx3q2PeWnBynsO0R9Ynz+G75xj</latexit>

Example 1: Project point to a given camera.

Projection 3D points on the image plane

Example 2: What is a ray of a pixel?

�u =

2

4
sx so ox
0 sy oy
0 0 1

3

5

2

4
f 0 0
0 f 0
0 0 1

3

5 ⇥
R t

⇤
q

<latexit sha1_base64="UmsbgGUv2Zdsu3yW95Rv7z/E0pQ="></latexit>
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�u = K
⇥
R t

⇤
| {z }

P

q

<latexit sha1_base64="7loDziREVR8uiMzJRKnqO3cd638="></latexit>

\camera

\lidar_q

q
<latexit sha1_base64="WNu78XHlq8x8IZQO2+XIrTASjFU="></latexit>

u
<latexit sha1_base64="TCPCx5Emvxf5ChSya8hEZuE0ywo="></latexit>

P
=
K
[R

t]

<latexit sha1_base64="c1xr0TGik2qvjfyAtovU2lmgz4w="></latexit>

https://docs.opencv.org/2.4/modules/calib3d/doc/
camera_calibration_and_3d_reconstruction.htmlopenCV:
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\camera

\lidar_q

q
<latexit sha1_base64="WNu78XHlq8x8IZQO2+XIrTASjFU="></latexit>

u
<latexit sha1_base64="TCPCx5Emvxf5ChSya8hEZuE0ywo="></latexit>

�u = Pq
<latexit sha1_base64="PfnlcJafNOpSvOh/8DkYIXOkJH8="></latexit>

unknown

P
=
K
[R

t]

<latexit sha1_base64="c1xr0TGik2qvjfyAtovU2lmgz4w="></latexit>
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\camera

\lidar_q

q
<latexit sha1_base64="WNu78XHlq8x8IZQO2+XIrTASjFU="></latexit>

u
<latexit sha1_base64="TCPCx5Emvxf5ChSya8hEZuE0ywo="></latexit>

�u = Pq
<latexit sha1_base64="PfnlcJafNOpSvOh/8DkYIXOkJH8="></latexit>


�q> 0> uxq

>

0> �q> uyq
>

�

| {z }
A[2⇥12]

2

4
p1

p2

p3

3

5

| {z }
p[12⇥1]

= 0[2⇥1]

<latexit sha1_base64="PwGwn2Rs4X3mz3OTO9qJ6+7OrUs="></latexit>

)
<latexit sha1_base64="TY1hUIMBbpWvn5bBZg5NGT14hNs=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cq9gPaUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3Hrk2QsUPOE64H9FBLELBKFqp070XgyFSrdVTr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7OTJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+j/pC80ZyrEllGlhbyVsSDVlaFMq2RC8xZeXSfOs6p1X3buLSu06j6MIR3AMp+DBJdTgFurQAAYKnuEV3hx0Xpx352PeWnDymUP4A+fzB5HFkW8=</latexit>

P
=
K
[R

t]

<latexit sha1_base64="c1xr0TGik2qvjfyAtovU2lmgz4w="></latexit>
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\camera

\lidar_q

q
<latexit sha1_base64="WNu78XHlq8x8IZQO2+XIrTASjFU="></latexit>

u
<latexit sha1_base64="TCPCx5Emvxf5ChSya8hEZuE0ywo="></latexit>


�q>

i 0> uxiq
>
i

0> �q>
i uyiq

>
i

�

| {z }
A[2⇥12]

2

4
p1

p2

p3

3

5

| {z }
p[12⇥1]

= 0[2⇥1]

<latexit sha1_base64="q8GHCKaIuZzeply5O8VFulEx5rM="></latexit>

Each 2D-3D correspondence yields two equations:

P
=
K
[R

t]

<latexit sha1_base64="c1xr0TGik2qvjfyAtovU2lmgz4w="></latexit>
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�q>

i 0> uxiq
>
i

0> �q>
i uyiq

>
i

�

| {z }
A[2⇥12]

2

4
p1

p2

p3

3

5

| {z }
p[12⇥1]

= 0[2⇥1]

<latexit sha1_base64="q8GHCKaIuZzeply5O8VFulEx5rM="></latexit>

Each 2D-3D correspondence yields two equations:

For N 2D-3D correspondences, we obtain  
(2Nx12) homogeneous linear systemAp = 0

<latexit sha1_base64="0c7D39KDP+SzdtoKbe/P3/O8lbE=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCroRqm5cVrAPaEuZTCft0MkkzEyEErPwV9y4UMStv+HOv3HSRtDWAwOHc+7lnjlexJnSjvNlFRYWl5ZXiqultfWNzS17e6ehwlgSWichD2XLw4pyJmhdM81pK5IUBx6nTW90nfnNeyoVC8WdHke0G+CBYD4jWBupZ+91AqyHnp9cRunFD3fSnl12Ks4EaJ64OSlDjlrP/uz0QxIHVGjCsVJt14l0N8FSM8JpWurEikaYjPCAtg0VOKCqm0zyp+jQKH3kh9I8odFE/b2R4ECpceCZySyhmvUy8T+vHWv/vJswEcWaCjI95Mcc6RBlZaA+k5RoPjYEE8lMVkSGWGKiTWUlU4I7++V50jiuuCcV5/a0XL3K6yjCPhzAEbhwBlW4gRrUgcADPMELvFqP1rP1Zr1PRwtWvrMLf2B9fAMv8JYz</latexit>

Assuming  
• i.i.d. measurements and  
• gaussian noise between left-hand-side and right-hand-side

p⇤ = argminkApk subject to kpk = 1
<latexit sha1_base64="7CiJ4toUEIDn2sEiTl5CiOE52Kc="></latexit><latexit sha1_base64="7CiJ4toUEIDn2sEiTl5CiOE52Kc="></latexit><latexit sha1_base64="7CiJ4toUEIDn2sEiTl5CiOE52Kc="></latexit><latexit sha1_base64="7CiJ4toUEIDn2sEiTl5CiOE52Kc="></latexit>



p⇤ = argminkApk subject to kpk = 1
<latexit sha1_base64="7CiJ4toUEIDn2sEiTl5CiOE52Kc="></latexit><latexit sha1_base64="7CiJ4toUEIDn2sEiTl5CiOE52Kc="></latexit><latexit sha1_base64="7CiJ4toUEIDn2sEiTl5CiOE52Kc="></latexit><latexit sha1_base64="7CiJ4toUEIDn2sEiTl5CiOE52Kc="></latexit>

L(p,�) = kApk+ �(1� kpk) = p>A>Ap+ �(1� p>p)
<latexit sha1_base64="vPryRC52R+Z2sCT68LWyHSjNp0E="></latexit><latexit sha1_base64="vPryRC52R+Z2sCT68LWyHSjNp0E="></latexit><latexit sha1_base64="vPryRC52R+Z2sCT68LWyHSjNp0E="></latexit><latexit sha1_base64="vPryRC52R+Z2sCT68LWyHSjNp0E="></latexit>

Lagrange function:

@L(p,�)

@p
= 2A>Ap� 2�p = 0

<latexit sha1_base64="y88Qi61kBzzk3Qox0AQpWe3AmXY="></latexit><latexit sha1_base64="y88Qi61kBzzk3Qox0AQpWe3AmXY="></latexit><latexit sha1_base64="y88Qi61kBzzk3Qox0AQpWe3AmXY="></latexit><latexit sha1_base64="y88Qi61kBzzk3Qox0AQpWe3AmXY="></latexit>

@L(p,�)

@�
= 1� p>p = 0

<latexit sha1_base64="puL/DaJ0yX/JcfrGnq5LnKSMh7k="></latexit><latexit sha1_base64="puL/DaJ0yX/JcfrGnq5LnKSMh7k="></latexit><latexit sha1_base64="puL/DaJ0yX/JcfrGnq5LnKSMh7k="></latexit><latexit sha1_base64="puL/DaJ0yX/JcfrGnq5LnKSMh7k="></latexit>

Critical points:

First equation is characteristic equation (A>A� �I)p = 0
<latexit sha1_base64="iR84k6S0sVZCUd0eyqyrwUDitGA="></latexit><latexit sha1_base64="iR84k6S0sVZCUd0eyqyrwUDitGA="></latexit><latexit sha1_base64="iR84k6S0sVZCUd0eyqyrwUDitGA="></latexit><latexit sha1_base64="iR84k6S0sVZCUd0eyqyrwUDitGA="></latexit>

Every eigen-vector of        is the critical pointA>A
<latexit sha1_base64="CqOu+E8+XQXY4XWFYEvEA+OBQg8="></latexit><latexit sha1_base64="CqOu+E8+XQXY4XWFYEvEA+OBQg8="></latexit><latexit sha1_base64="CqOu+E8+XQXY4XWFYEvEA+OBQg8="></latexit><latexit sha1_base64="CqOu+E8+XQXY4XWFYEvEA+OBQg8="></latexit>

choose one
Cost function in these eigen vectors is equal to eigen-values

kApk = p>A>Ap = p>�p = �p>p = �kpk = �
<latexit sha1_base64="l+yB2B+ZX4am/GBhEdwcyKq72xE="></latexit><latexit sha1_base64="l+yB2B+ZX4am/GBhEdwcyKq72xE="></latexit><latexit sha1_base64="l+yB2B+ZX4am/GBhEdwcyKq72xE="></latexit><latexit sha1_base64="l+yB2B+ZX4am/GBhEdwcyKq72xE="></latexit>

Solution is the eigen-vector of          with  
the smallest eigen-value

A>A
<latexit sha1_base64="CqOu+E8+XQXY4XWFYEvEA+OBQg8="></latexit><latexit sha1_base64="CqOu+E8+XQXY4XWFYEvEA+OBQg8="></latexit><latexit sha1_base64="CqOu+E8+XQXY4XWFYEvEA+OBQg8="></latexit><latexit sha1_base64="CqOu+E8+XQXY4XWFYEvEA+OBQg8="></latexit>
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Summary camera calibration
• Manually estimate 2D-3D correspondences 
• Build matrix 
 
 
 

• Find eigen-values and eigen-vectors of  
(python: numpy.linalg.eig)  

• Reshape the eigen-vector                  with the smallest  
eigen-value to camera matrix 

• Scale does not matter: 
• Optionally decompose:

p 2 R12⇥1
<latexit sha1_base64="1p8YKAV9ROE+zzTioZeWLlPkE4Q="></latexit><latexit sha1_base64="1p8YKAV9ROE+zzTioZeWLlPkE4Q="></latexit><latexit sha1_base64="1p8YKAV9ROE+zzTioZeWLlPkE4Q="></latexit><latexit sha1_base64="1p8YKAV9ROE+zzTioZeWLlPkE4Q="></latexit>
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A =

2

66664

�q> 0> uxq>

0> �q> uyq>

. . .

. . .

. . .

3

77775

<latexit sha1_base64="r610aWEC/o75eSjdpSHkJbNS1+8="></latexit>

P 2 R3⇥4
<latexit sha1_base64="fAROSyqE/wP1VvxQdp890Y4s9zY=">AAACDnicbVC7TsMwFHXKq5RXgZHFoqrEVCVQCcYKFsaC6ENqSuW4TmvVcSL7BqmK8gUs/AoLAwixMrPxN7hpBmg5kqXjc+7Vvfd4keAabPvbKqysrq1vFDdLW9s7u3vl/YO2DmNFWYuGIlRdj2gmuGQt4CBYN1KMBJ5gHW9yNfM7D0xpHso7mEasH5CR5D6nBIw0KFfdgMDY85Nm6nKJsx8lIrlN75MzF3jANK6ng3LFrtkZ8DJxclJBOZqD8pc7DGkcMAlUEK17jh1BPyEKOBUsLbmxZhGhEzJiPUMlMXP6SXZOiqtGGWI/VOZJwJn6uyMhgdbTwDOVs3X1ojcT//N6MfgX/YTLKAYm6XyQHwsMIZ5lg4dcMQpiagihiptdMR0TRSiYBEsmBGfx5GXSPq05ZzX7pl5pXOZxFNEROkYnyEHnqIGuURO1EEWP6Bm9ojfryXqx3q2PeWnBynsO0R9Ynz+G75xj</latexit>

A>A
<latexit sha1_base64="KW9fybtiOMLuIMOyU9exsInC3hg="></latexit>

P = [KR|{z}
B

Kt|{z}
c

] = [B c]

<latexit sha1_base64="VJWZWOctR0qInFwss8tfRiGy8kE="></latexit>

K,R = qr(B)
<latexit sha1_base64="jYirGHUEnFxdRPut7SF1EE8/stE=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsICVRQTdCqRvBTRX7gDaUyXTSDp1M4sxEKCGf4MZfceNCEbcu3fk3TtoUtHpg4Mw593LvPW7IqFSW9WXk5uYXFpfyy4WV1bX1DXNzqyGDSGBSxwELRMtFkjDKSV1RxUgrFAT5LiNNd3iR+s17IiQN+K0ahcTxUZ9Tj2KktNQ19zs+UgPXi6+SQzjlNwk8h3eiNP1Xk4OuWbTK1hjwL7EzUgQZal3zs9MLcOQTrjBDUrZtK1ROjISimJGk0IkkCREeoj5pa8qRT6QTjw9K4J5WetALhH5cwbH6syNGvpQj39WV6Ypy1kvF/7x2pLwzJ6Y8jBTheDLIixhUAUzTgT0qCFZspAnCgupdIR4ggbDSGRZ0CPbsyX9J46hsH5et65NipZrFkQc7YBeUgA1OQQVcghqoAwwewBN4Aa/Go/FsvBnvk9KckfVsg18wPr4BvD+cYQ==</latexit>

t = K�1c
<latexit sha1_base64="4eKs6RxW7JFgduHJ1EgdgfGPY60=">AAACD3icbVDLSsNAFJ34rPUVdelmsChuLIkKuhGKbgQ3FewD2lgm00k7dPJg5kYoIX/gxl9x40IRt27d+TdO2hS09cDAuefcy9x73EhwBZb1bczNLywuLRdWiqtr6xub5tZ2XYWxpKxGQxHKpksUEzxgNeAgWDOSjPiuYA13cJX5jQcmFQ+DOxhGzPFJL+AepwS01DEP2j6BvuslkOILPClu0vvkyE4nJU07ZskqWyPgWWLnpIRyVDvmV7sb0thnAVBBlGrZVgROQiRwKlhabMeKRYQOSI+1NA2Iz5STjO5J8b5WutgLpX4B4JH6eyIhvlJD39Wd2YZq2svE/7xWDN65k/AgioEFdPyRFwsMIc7CwV0uGQUx1IRQyfWumPaJJBR0hEUdgj198iypH5ftk7J1e1qqXOZxFNAu2kOHyEZnqIKuURXVEEWP6Bm9ojfjyXgx3o2Pceuckc/soD8wPn8AREiczg==</latexit>

(python: numpy.linalg.qr) 

P = P/k[p31, p32, p33]
>k

<latexit sha1_base64="sFyzI2j0UpZiZtjcqlwEVt1Ydm4="></latexit>
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\lidar_p

\lidar_q

q
<latexit sha1_base64="WNu78XHlq8x8IZQO2+XIrTASjFU="></latexit>p

<latexit sha1_base64="2hBF3DfW4/5rXvCpzKdM5I+bqYc="></latexit>

Solution: R⇤ = VU>
<latexit sha1_base64="lQbVZKyAHtskKbPweaZSYD65eqA="></latexit>

t⇤ = eq�R⇤ep
<latexit sha1_base64="MsjMwUhHxZe4FGIqtMXxgMXOnS4="></latexit>

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>

     Solve:

R, t
<latexit sha1_base64="FUEbv7mZ3JAKpa7vs4EN/KeC74s=">AAAB83icdVDNSgMxGMzWv1r/qh69BIvgQZZsu7T1VvTisYqthe5Ssmm2Dc1mlyQrlKWv4cWDIl59GW++jdm2gooOBIaZ7+ObTJBwpjRCH1ZhZXVtfaO4Wdra3tndK+8fdFWcSkI7JOax7AVYUc4E7WimOe0lkuIo4PQumFzm/t09lYrF4lZPE+pHeCRYyAjWRvK8COtxEGY3Z3o2KFeQfd6sV906RDZCDafq5KTacGsudIySowKWaA/K794wJmlEhSYcK9V3UKL9DEvNCKezkpcqmmAywSPaN1TgiCo/m2eewROjDGEYS/OEhnP1+0aGI6WmUWAm84zqt5eLf3n9VIdNP2MiSTUVZHEoTDnUMcwLgEMmKdF8aggmkpmskIyxxESbmkqmhK+fwv9Jt2o7NRtdu5XWxbKOIjgCx+AUOKABWuAKtEEHEJCAB/AEnq3UerRerNfFaMFa7hyCH7DePgFowpHu</latexit>
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\camera

\lidar_q

u
<latexit sha1_base64="TCPCx5Emvxf5ChSya8hEZuE0ywo="></latexit>

p⇤ = argminkApk subject to kpk = 1
<latexit sha1_base64="7CiJ4toUEIDn2sEiTl5CiOE52Kc="></latexit><latexit sha1_base64="7CiJ4toUEIDn2sEiTl5CiOE52Kc="></latexit><latexit sha1_base64="7CiJ4toUEIDn2sEiTl5CiOE52Kc="></latexit><latexit sha1_base64="7CiJ4toUEIDn2sEiTl5CiOE52Kc="></latexit>

Solve:

q
<latexit sha1_base64="WNu78XHlq8x8IZQO2+XIrTASjFU="></latexit>

Solution: smallest eigen-vector of A>A
<latexit sha1_base64="KW9fybtiOMLuIMOyU9exsInC3hg="></latexit>
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<latexit sha1_base64="c1xr0TGik2qvjfyAtovU2lmgz4w="></latexit>


